Exceptional field theory for affine algebras

Henning Samtleben
Laboratoire de Physique, Ecole Normale SupZrieure de Lyon

LMS-EPSRC Durham Symposium on "Higher Structures in M-Theory" 08/2018

ﬂ —

ENS de LYON




motivation

exceptional field theory (ExFT)

2 upon toroidal reduction on T 9, eleven-dimensional supergravity
exhibits the global exceptional symmetry group E ()

after proper dualisation/reorganisation of the fields

D=11 supergravity

T7l /T6

D= maximal supergravity
global E7(7)

lIB supergravity

[Cremmer, Julia ]

EXFT: reformulate D=11 supergravity such that Eq@) (or its
remnants) become manifest before dimensional reduction
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motivation

structure of exceptional field theory (EXFT)

Ed) generalized diffeomorphisms

unique invariant two-derivative actions

reproduce the bosonic sector of maximal supergravity

powerful tool for construction of vacua and consistent truncations

unlike DFT: based on a split external / internal coordinates xM, YM

constructed separately for every exceptional group
so far: until E g@) (symmetry of 3D sugra) N D=3 external dimensions

YVV VFVYVVVY

——> now : Eg(9) (Symmetry of 2D sugra) N D=2 external dimensions

T

O—O0—~OCO-0O0000C0

Infinite-dimensional algebra and representations
(integrable structure of 2D sugra)
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plan

exceptional field theory

2 generalized diffeomorphisms
2 tensor hierarchy

affine symmetries in 2D supergravity

2 2D supergravity
2 affine symmetries

exceptional field theory for the affine algebra E 9

2 generalized diffeomorphisms & section constraints
2 invariant actions

based on work with Olaf Hohm, Guillaume Bossard, Martin Cederwall,
Axel Kleinschmidt, Jakob Palmkvist, Franz Ciceri, Gianluca Inverso
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exceptional field theory (EXFT)

? generalized diffeomorphisms
2 tensor hierarchy
invariant actions
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exceptional field theory  (EXFT)

generalized diffeomorphisms  parameter '™ vector V* € Ry irrepof g

L, yM = Nw N vM 4+ ZMN PQ N PyvQ [Coimbra, Strickland-Constable, Waldram]
[Berman, Cederwall, Kleinschmidt, Thompson]

= NONVM 4 g (Pagi) Y pM o (OnED) V@ + poyeN VM B=———7

compatible with E 4() structure (respects invariant tensors)

= NONVM — VN ONEM + Y MV pg OnETV

closure of the algebra

~

N up to section conditon Y™™ pg 0y @ Oy =0
N 3 trivial gauge parameters
N

E-bracket (not associative ! Jacobiator ...)
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exceptional field theory  (EXFT)

B generalized diffeomorphisms  parameter '™ vector V' € Ry irrepof g

L, vM = N» yM 4+ ZMN PO 'N! PyvQ [Coimbra, Strickland-Constable, Waldram]
[Berman, Cederwall, Kleinschmidt, Thompson]
= NONVM —VNONEM Y ME po Ol VY
closure of the algebra
N up to section conditon YN po 0y @ Oy =0
N 3 trivial gauge parameters

~S

N E-bracket (not associative ! Jacobiator ...)

2 infinite-dimensional local gauge structure of ExXFT

yM ot covariant derivatives D, = 0, —La

2 modified YM field strengths
FuM = 20, A0™M — [Au, AJY — YMN o0 9y B, F@

StYckelberg type coupling to 2-forms
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exceptional field theory N tensor hierarchy

generalized diffeomorphisms  parameter '™ vector V* € Ry irrepof g
L!VM :!N"NVM+ZMN PQ"N!PVQ
?Z modified YM field strengths

Fu™ = 20,A,M — A, AN — YMYNpoon B, T¢

StYckelberg type coupling to 2-forms

tensor hierarchy (schematically)
Flo+l]l — pelel £ 4 peleti D : Rpt1 — Ry

similar to gauged supergravity, where Dis the embedding tensor

(embedding of gauged supergravity by suitable Scherk-Schwarz ansatz)
precisely compatible with the supergravity field content
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exceptional field theory N tensor hierarchy

& tensor hierarchy (schematically)

Fettl = pcll .. + pclrtl] D : Rpt1 — Ry

precisely compatible with the supergravity field content

2 until (DN3) forms Cy; € R;  (dual to the vector fields)

whose field strength requires further correction

Fvu = DCuyr+ ... —|—(ta)MN(9NCa + By

by a covariantly constrained (DN2) form 5,
related to symmetries from higher-dim dual graviton

? D=4, Ex)FT : modified YM field strength (vectors dual to vectors)

1
Fa™ 20, A M 2[A L A D220 )M InByer ST Bun

2 D=3, BFT : modified scalar currents (vectors dual to scalars)

D,VV P L VvV T Ly Vs By T

In particular: standard algebra of generalized diffeomorphisms no longer closes

MK
Y NLBM!!K

Y MK GL Bm Bk
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exceptional field theory N tensor hierarchy

& tensor hierarchy (schematically)

Fettl = pcll .. + pclrtl] D : Rpt1 — Ry

2 D=4, Ex)FT : modified YM field strength

1
Fua™ U 20, AM " 2[A AT 122 )M INBy ST B

2 D=3, BFT : modified scalar currents
D,VV H 1 L VWV Ly Vo By T

In particular: standard algebra of generalized diffeomorphisms no longer closes

? D=2, BoFT : modified scalar field content! V,

together with additional vector fields | AuM , Bum :

again: standard algebra of generalized diffeomorphisms no longer closes
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exceptional field theory N tensor hierarchy

Invariant actions

e.g. E7z) EXFT with D=4 Mun ! Ezq)/SU(8)
— |!2 1 M MN | 1 M !N
L = +ﬂDHM vun DFM ! Z-M MN FH! F

+ I—top : Vpot(l\/I MN ,gu!)

with OpotentialO (invariant under generalised diffeomorphisms)
1 1

V = | ESMMN!MMKL Iy M kL +§MMN!MMKL!LMNK
1 1 1
5o MtwglaM T MM gty gg fvg! MM Ty gt g

2 unique action with generalized diffeomorphism invariance
(modulo section condition)

2 upon explicit solution of the section condition (breaking E7)
the theory coincides with the full D= 11 / lIB supergravity
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exceptional field theory N tensor hierarchy

Invariant actions

e.g. E7z) EXFT with D=4

1 1
L = |12+ﬂDuM vy DHM MY 2 M wmn Fop M FEIR

+ I—top : Vpot(l\/I MN ,gu!)

with OpotentialO (invariant under generalised diffeomorphisms)

1 1
V = | ESMMN!MMKL I M ke +§MMN!MMKL!LMNK
|1!1| I MN | 1 MN ! 1 I 1 |1 MN VT
- §9 'mg!nM - ZM g *m3gg "nNnO° ZM M9 N Gur

consistent truncations

IS 1
!/',,.:}

7 M -
v

0: Cremmer-Julia theory, D=4 E 7(7
./> Mun = UMA(Y)UNB(Y)MAB (X)
Scherk-Schwarz reduction to gauged supergravity
2.
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affine symmetries in D=2 supergravity

2 D=2 supergravity

2 affine symmetries
2 vector fields

Henning Samtleben ENS Lyon

ENS de LYON



affine symmetries in D=2 supergravity

2D Lagrangian (dimensional reduction of D=11 supergravity)

L = | W!'! R+ tr[P*P,] + Lferm("',"'z,#ﬁ"‘)

IS

coset space sigma model coupled to dilaton gravity Vi ,V=Qu+ P, ! &g

off-shell symmetry (target space isometries): E g -
y y (target sp ) (8) So(16)
symmetries
has a remarkable structure : lu™ = Ao ! " dual dilaton
'uYr = " INoeth dual scalars

(infinite tower of) dual scalar potentials

——> classical integrabillity, affine Lie-Poisson symmetry E o

realised as a coset action SL(2)! Egg SO(1,1)! K(Eog)

.
Vs
\Z"
>

0 — ngW! BeYZW! zeY]_W! 1V e'—l_l 1 | Lo

Virasoro L, 1&=1

central extension k! =1
Vl’é
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affine symmetries in 2D supergravity

W vector fields AM € R,

(non-propagating in D=2)
restore by embedding known examples: level 1 (basic) representation of Eg

1 |
9
Q L
= 1+ 2 4248 + 3875 + 3038 2 |
Q@ !
2al +3 4248 + 243875 + 30380 + 27000 + 14725
\4 : \ 4
o = 1+ 2489+ 4124y + 347527 + 213126(" + 10575047 + 4530744 + ...
W ——— ExFTcoordinates YM € Ry YMoro IxLyi, Yikm o --- )
construct the associated generalised diffeomorphisms
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exceptional field theory for the affine algebra E 9

section constraints

generalized diffeomorphisms
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exceptional field theory for the affine algebra E 9

2! section constraints YMNpo Oy @0y =0 72

lives in the tensor product R1! R :linear combination of level 2 representations
R(2! o), R(! 7), R(! 1)

Ri! Ry = 1+ ¢+ ’+...)R2' o) " (F+P+q"+...)R(!7)

"ttt )R )

(Eo)1! (Eo9)1
(Eo)2

specifically [Goddard,Olive ]

Ri! Ri = Taup! R2'o) " tTen! R(V7) " Teay! R(N1)

1
where the multiplicities carry representations ofthe C ZQ?set CFT

rescaled coset Virasoro generators C,, = 32L& = 32 (I[ LY + LW T — L?(f))
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exceptional field theory for the affine algebra E 9

Ri! Rt = tapnp! R2'o) " topn! R(P7) " tey! R( 1)

rescaled coset Virasoro generators C,, = 32 L' = 32 (]1 LY + L T — L?(f))

.| section constraints

(<81‘®<82’—|—<82’®<(91D C; =0 <— 3(M®8N) ClMNpQ

(01l ® (O2]) (Co —I1+0) = 0 etc.
V>0 :  ((0i|®(0]) C—, = 0

|
-

2 reproduce correct higher-dimensional constraints & solutions

2 sufficient in order to define consistent generalised diffeomorphisms

@
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exceptional field theory for the affine algebra E 9

=¥ generalised diffeomorphisms full affine algebra { T4 } = { Ton, Lo, K }
LiVM = eNonVM 4 g (Pagi) N pM o (OnED) VO + BoneN VM

= NNV — s (TN (TB) o™ (OnET) VO — aneN VM

- >4
_—~

: NM

Index-free notation

2 1

LelV) = (Dv]€) ® V) + (Bl (Co — DIE) @ |V)

2 as expected: do not close into an algebra (but come closeE)

2 additional symmetry /-> weight compensating internal derivative
LsVM = C INMpy 2T VE

with covariantly constrained parameter Yy "
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exceptional field theory for the affine algebra E 9

=¥ generalised diffeomorphisms full affine algebra { T4 } = { Ton, Lo, K }
LiVM = eNonVM 4 g (Pagi) N pM o (OnED) VO + BoneN VM

= NONVM —nap (T PN (TP)o™ (OnET)VE —aneN VM

- >4
_—~

: NM

Index-free notation

2 1

1 2 2 1 2 12 , 12 2 1
LelV) = (0v|€§) ® V) + (9|(Co —D[§) @ [V) + (15| C_1 %) @ V)

additional symmetry
LsVM = C_1VMpg 5y VO

with covariantly constrained parameter ~ Yxn' ~ |3)(7y]

2 close into an algebra (modulo section constraints)
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exceptional field theory for the affine algebra E 9

*» generalised diffeomorphisms

2 1

1 2 2 1 2 12 5 12 2 1
LelV) = (0v]§) ® V) + (0] (Co —D)]§) @ [V) + (1| C_1 %) @ V)

algebra closes [351,21,352,22} = 15,55

12 = [[51752]] = % ("%5152 - 35251)

Sufmnl = Lo (S2)(ms,]) + 5 (r, 0 [25) © [21) s
+ 7 al0nl(16) 8 6) ~ 16) @ 1) (el — (14+2)

modulo section constraints, non-associative, Jacobiator

2 the computation is remarkably simple !

only relies on commutation relations of the coset Virasoro generators

13 23 — 13 23 12 ) 123
[ C., ; o= ] _ m i n (Cm—l—n + Cm+n — Cm+n> -+ gm(m2 — 1) (5m_|_n,0 + Cm+n

not on any details on the E g structure constantskE
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exceptional field theory for the affine algebra E 9

= generalised diffeomorphisms

12 2 1

LelV) = (Ovl€) ® V) + (Bl (Co —DIE) © V) (+ (G| Oy [5) @ |V

additional symmetry

with a covariantly constrained gauge parameter S’ ~ [2) (s

12 2 1 1
G| Co1 D) @ VY ~ 1ag) (TN (TB) M syt Ve

with shifted Cartan-Killing form and
sum over the extended algebra { TA } - { Tom, L1, K }

brings in additional generator L
upon Scherk-Schwarz reduction: matches gauge structure of 2D sugral
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exceptional field theory for the affine algebra E 9

2 invariant action
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exceptional field theory for the affine algebra E 9

recall: Invariant actions

e.g. E7z) EXFT with D=4

1 1
L = R+ﬂDuM vy DHM MY 2 M wmn Fop M FEIR

+ I—top : Vpot(l\/I MN ,gu!)

with Opotential © (invariant under generalised diffeomorphisms) for M = VV'

1 1
V = | ESMMN!MMKL I M ke +§MMN!MMKL!LMNK
|1!1| I MN | 1 MN ! 1 I 1 |1 MN | VT
- §9 'mg!nM - ZM g *m3gg "nNnO° ZM M9 N Gur

main challenge: construct the invariant OpotentialO for E o(9)

building blocks: Om)L = Mp IuMFPK

in a Borel gauge, such that at given level, M MNhas only finitely many entries
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exceptional field theory for the affine algebra E 9

main challenge: construct the invariant OpotentialO for E o)
building blocks: Om)L = Mp IuMFPK
expand on By, (for simplicity truncateto k=)0

Jm ! A = JMHmT"m'l'JMOLo'FJM(K)K = JMATA
k=

2 generic contribution vy = 1P AIMMN g A gy B

2 generic contribution \'Z

AEMME vk (Ao

2 specific contribution V3

IM MY 3k dIm Q)N

In terms of the shifted current

(Jr 1)m }'_

= Jy "Tomi1+IvLii+ !y K

bringing in the extra scalar fields * v

Henning Samtleben ENS Lyon {
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exceptional field theory for the affine algebra E 9

final step: restore kdependence

‘]l\/l!l;—o = Iy "Tom+InLlo+IM)K + Iyt Ly +Iu' Ly

generic contribution

Vy = 1 IM MN JMAJM

there is no longer a bilinear invarianton  SL(2) ! Eg(q)
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exceptional field theory for the affine algebra E 9

final step: restore kdependence

vt o T Iv "Tom+In’Llo+t InYIK + Iyt Ly +In' Lig

complete contribution

V]_: !!1M|\/|NJMAJMB"AB +M|\/|N .\JI\/I+!+,N+J|\/|!!!,N

with the ! + mrelated to the above ! ias

P+ M — I'M
Loy = "yl #H (M)A du”

final result V MMN 1 = + Y+ e+ L

(upon completing into  Fpower series and adding standard terms E)

Invariant under generalized diffeomorphisms (up to total derivatives)
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conclusions

exceptional field theory

\\,

unique theory with generalized diffeomorphism invariance in all coordinates
(modulo section condition)

exceptional group structure manifest

W

universal formulation of [IA and |IB supergravity

\\Z
"\;:/

powerful tool for construction of vacua and consistent truncations

\§ﬁ4

exceptional field theory for affine algebras

Infinite-dimensional algebra and representations

algebra of generalized diffeomorphisms with additional gauge symmetry

T

0—0—0—0—0—0—0—0

P dynamics: invariant action N potential
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outlook

complete the E ¢ construction:

P external part of the action
72 duality equations for scalar fields ———linear system
7 remnants of the integrable structure

supersymmetry

P representation theory of K(E o)
7 potential as an internal curvature scalar
P predictions for D=2 supergravity

® extend to the higher-rank algebras:

» (Ewo, E11, Borcherds, tensor hierarchy, E)
P relate to [Damour,Henneaux,Nicolai ][West]

understand / weaken / relax the section constraints

tool for analyzing existing theories or hints towards a more
fundamental structure ..?
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