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Intend to revisit some old results of Kimura
Take point of view of coalescent.

e Motivation: Some actual data!

e [ he diffusion equation

e An analytic result

e A Martingale argument

e Future work?
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Haplotype Homozygosity
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Panmictic constant size population
Study coalescent and allele frequency jointly
Unit time 2N generations.

Let us look at 2 haplotypes carrying an allele
If z is allele frequency at —t

define C(x,y,t) to be
joint pdf that frequency is y at time O
and no coalescence has occurred

C is main object of study.



Backwards diffusion equation: (Griffiths)

oC  z(1l—=z)0%C C
— = - — (1)
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There is also a forwards equation.
This is the Wright-Fisher diffusion with Kkilling.




(k copies of an allele)

Co=C
T heorem
Cr(z,y;it) = y* 121 —2).
1,2k—1 1,2k—1
R
1=0 NZ' 7
where
+ k)t +k+1
@y = GFRGE+E+D)
2
The polynomials Jil’%_1 are Jacobi polynomi-
als
and ]\72.1’2]‘:_1 are explicit constants

Generalizes a result of Kimura for £k = 1.

The series behaves badly for small t (Gibbs
Phenomenon)
Taylor expansion is available.



T heorem
Let an allele have frequency f.
Consider k copies of the allele.

Expected time to first coalescent event
i« _f
IS —4—

(2)

Expected age of each coalescent event
same as in ordinary coalescent

(with fixed size population f)

Result not as obvious as it may seem!



(Idea of proof)
From diff. egn.
show that if X is frequency at coalescence

and 7 is coalescence time then:
k
E(X) = (,)E(7)

But (Watterson)

time-reversed process is Martingale
and 7 is stopping time.

Thus E(X) = f and result follows



Future work

e Run exact coalescent simulator
keeping track of population frequency.

e (Generalize to case of selection
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