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Main goal: to construct universal hierarchy of integrable
PDEs over the moduli space of semisimple Frobenius manifolds
of a given dimension n

(dim of the moduli space: n(n —1)/2)
Main observation (7): the defining relations in the theory of

these hierarchies = universal identities in the theory of Gromov
- Witten invariants (and their descendents).



Hamiltonian vector fields X
x={x,H}

Integrability: H = Hy1, Ho, ...,
= vector fields X; := Xy, commute

(X, X;] =0, [X;X;]=0
(commutative Lie algebra of symmetries).

Completeness:

{F,H;} =0 = Xpé€span(Xq1,Xp,...)
maximal Abelian subalgebras in the Lie algebra of Hamiltonian
vector fields



Evolutionary PDEs as dynamical systems:

ur = Flu,ug, ugg,...), u= (ul,...,un) cM
vector field on the loop space

L(M) ={St - M}

Cauchy data

ult=0 = uo(z)
Solution u(x,t) = “integral curve” of the vector field beginning
at the “point” ug(x) € L(M)



ODEs

Functions H(u)
Differentials dH = Stdu
Vector fields = F'(u)

: _ ;i Of
Poisson brackets {fogy = v, wW}isosd
Hamiltonian v. fields ' = {u', H}
Super P.B. 7 => {u',u/}0,0;
(7,7} =) 5oL

PDEs
0H = f55H du'(z) dz
5u (x) Z( 1)88.;%7 ub® 1= a;'UJZ
{F,G} = ff Su (x){ui(x),uj(y)}%dazdy
up = {u'(z), H}
= [ (i), v ()} 225 dy
T = ff{ui(a:),uj(y)}ei(x)gj(y) dx dy

{7’% %} = f 50, (:c) 5u (:U) dx
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Local Poisson brackets:
{u' (@), (9)} = Y AY (u(@), ua(2), ..
or k
:/ZAg(u,ux,...)9i9§k) de, {77} =
k
P.B. of local functionals is a local functional

F,G) =

Hamiltonian systems are evolutionary PDEs

up = {u'(2), H} = 37 A (u, ua, .. )05
k

6 (& — o)

oT om

Azj(u, Ug, . . )8k

60;(z) du(x)

0G
T ou (a:)

dr =0



Classify maximal Abelian subalgebras of local Hamiltonians

{H;,H;} =0, H;= /hi(u,ux,...)dx, w= (ul,... u") € M"

e X smooth projective

— 1 (0} (0} * 1 * K
Fx(tie) =) €% QZEt WPt p/[ eV (o, ) . . . eVii(da, )PP
ko M

gzo ng(X)]Virt

b1 =1, ¢o,...,0n basisin H*(X)
Witten's question: is
r(t;e) 1= e’ X
a tau function of a hierarchy of integrable PDEs?



Examples
- X =pt = KdV
- X =Pl = (extended) Toda

New hierarchies constructed using properties of GW invariants?



Frobenius manifold M - multiplication on tangent bundle

a,be M — a-bel M

Commutative, associative, with a unity e and with invariant sym-
metric nondegenerate bilinear form on T*M

(a,b) € C
that is constant in flat coordinates
(da',dz’)y = n¥

Main axiom: the product in the flat coordinates given by triple
derivatives of a function F'(x)

w O°F ()
Ox'OxJ Oxt

0; - 0j = cfi(x)0y, cfi(z) =1



T M
%‘L‘ — {(a,b) € C
il

Other axioms:




e the unity e is constant in the flat coordinates

e quasihomogeneity: linear vector field E is defined
E = (Alad + BY)9,

[e, E] = ¢, LiegF(x)= (3 —d)F(x)+ quadratic



Recall

e Quantum cohomology, M = QH*(X) (genus zero Gromov -
Witten invariants of X).

E.g., QH*(PD), dm=2,d=1
leuUQ—I—eu
2
<au,afv> =1

6230, EZ’U&)—I—Q@u

10



e M =base of universal unfolding of an isolated singularity f(x).

E.g., An singularity, dim=n, d = Z——T—ll

fa(z) =2t 4 a2+ faneM
algebra
ToM = Clz]/{fi(z) =0}, e=1
metric on 1M

0 8, _ 1 . T
60,2')86% _n_|_1 =00 fé(m)

<

Euler vector field

1 O 9 5
E_n—|—1 <2a18f‘bl+3a2%+...—l—(n—|—l)an8fwn>
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Semisimplicity: the algebra T, M is semisimple for generic a € M.



T M

b(a,b) cC

M

On an arbitrary Frobenius manifold
e Canonical flat connection on M x C*

Voo =V +2zu-v

- 1

Vv =0.v+ E-v——(VE)v
z

e Canonical coordinates near a semisimple point

o 0 0
=5y
Ju; Ou; Ou;

e Another flat metric g
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Systems of Integrable PDEs

Bihamiltonian systems of n PDEs:

u%’ = Aé- (u)ugv + € (B; (u)ugm + %C’;k(u)fwggug) + O(e?)
= {u'(z), H1}1 = {v'(2), Hz}>
(1)

v = (ul,...,u") € M local coordinates (later: M=Frobenius
manifold)

Hamiltonians are |local functionals

Hplu] = /hk(u;ux,uxx,...;e) de, k=1,2.
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wrt the group of Miura-type transformations

ul - 4= fé(u) + Gfi(ui uz) + = fé(uv Ug, Uzz) + 0(63)

deg ! (u; ug, ..., u™) =m, det (afo("ib ) + 0

ouJ

Semisimplicity: characteristic roots of (Aé.(u)) distinct for generic
U

Poisson brackets
{u'(@), v (y)}12 = 07 (u(@))d' (z — y) + Fijl,g(u)uf;cs (z —y) + O(e)

det nijQ(u) = 0
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Hierarchy = commuting Hamiltonian flows on the space of vector
functions u(z) = (ul(z),...,u™(x)) of the spatial variable x
organized in n infinite chains

t=0@*?), o=1,...,n, p=0,12,...

ou
otep

— {u(x)v Ha,p}

Ha,p — /ha,p(u, Ug,y . - - . 6) dCU

[ g ’ ]
: =0
otosp’ HtB>aq

o o
ot1,0 ox
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Additional:
e triangular bihamiltonian recursion

{- 7Ha,p—1}2 — Z R'g:% : 7H/6’,q}1

q<p
e cxistence of tau-function.
Hamiltonian densities
52 log T
. N 2
ha’p(u, Ug,y ..., 6) — € axat()é,p‘l—l
In particular
52 log T
2
U~y = € , p— 1, , N
“ OxOt:0

(recall; x = t1:0)
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Tau-function 7(t;e¢) depends on the choice of a solution

w(z, t;€) = ug(t) + eui(z, t) + 2us(z, t) + ...



Results (B.D., Y.Zhang)

At e =0
hierarchies <« semisimple Frobenius manifolds M™ (or their de-
generations)

Must also allow the operation of changing the spatial direction

o, o, 1, .0
— = — =) b—
Ox  Otl0 ozx Z otH0

= ”(”T_l) parameters™ of dispersionless

(= no ¢) integrable hierarchies with n dependent variables.

*moduli = holonomy of the flat connection V
on M" x C*
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of the Principal Hierarchy associated with M

upep = Vo p(v) - vy = {u(x), Hapt1

Hap = /Oa,p—l—l(v) dx
Here the functions

fa(v,z) = Z Ha,p(v)zp_l'”a, a=1,...,n
p=>0

are such that

?dfa =0
i, 4o, ..., un = eigenvalues of d_TQ—VE (assuming semisimplicity
and nonresonancy of VE, uq — pug € Z~g).

Bihamiltonian structure
{u®(x), v’ (y)}1 = P8 (z — y)
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{u*(@), v’ (¥ }2 = g*° (v(2))8' (z — y) + P (V)6 (z — y)
with
g*P(v) 1= EV(v)c2F (v)

another flat metric on M



The deformation space of a given Principal Hierar-
chy with n dependent variables is at most n-dimensional

of the parameters cq, ..., ¢n fOr a bihamiltonian
structure

{w®(z), w(y)}1 = 18 (x — y) + AT (w(2))8" (x —y) + ...
{w(z), w’ ()} 2 = g* (w(x))d (x — y) + M (w)w)s(z — y)

+2 A (w(z))d" (x —y) + ...
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e Canonical coordinates uqy, ..., unp on M: roots of
det(g*(v) — An*’) =0
Main property:
9/0u; - 0/0u; = 6;;0/0u;
The two metrics are diagonal in the canonical coordinates
du?

i
Ujg

mn mn
n="> ni(wdu?, g= niu)

e Define
out oul
Ow Owh

B (w) := AP (w), k=1,2
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e | hen

—nm(w)(B (w) — w; Zf(w)), 1=1,...,n.

This is the complete set of invariants of the bihamiltonian struc-
ture with the given leading term at e = 0.

Uses results of S.-Q.Liu, Y.Zhang on deformations of bihamilto-
nian structures and also quasitriviality:



Riemann wave — KdV

2

vt +vvge =0 — wt+www+ﬁwwxazzo
T he substitution Baikov, Gazizov, Ibragimov, 1989

2
€
= — 9% (lo .
w v—|—24 < (log vy)
1A% 3

402 v ( VrpaVoax Uza 6
9 - O(e5).
e <1152v§ 102003 | 360vg) +0(e)
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From Frobenius Manifolds to Integrable Systems of the
Topological Type

Hierarchy of the topological type:

Cl1 =C=...=Cp = —

For any semisimple Frobenius manifold there ex-
iIsts unique integrable hierarchy of the topological type s.t. the

additional flows
oT

:Lm’r, m > —1

act by (infinitesimal) symmetries

[ 0 0 ] — 0
8ta’p’88m -
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Here
2 2
— € a,p:ﬁ,qa— Bqrap Y %
bm = Z 29m Hrangtha + bmapt OB

1

S5t 4 b

_|_

[Lm, Ln] = (m — n)Lm—I—n

a2PiPa. bmg;%, Cap:B.q €O Are some constant coefficients depend-

ing on the Frobenius manifold.

Any regular solution to the hierarchy is obtained from the vacuum
solution 7Vvac

aTvaC -
— O, I.€. LmTvaC

aSm



by a shift

T(t;€) =72t —to(e)ie), tole) = (t57())

. all known relations for the topological correlators
reproduced for the topological solution specified by the shift



Proof based on
For any semisimple Frobenius manifold M™ there exists

a unique solution
AF =Y 972F (v;va, ..., v3972)
g>1
to the system of Virasoro constraints

Lom (T(\)/ac(t)eA’?:) =0, m>-1

(cf. Virasoro conjecture by T.Eguchi et al. and S.Katz).
The substitution
O°NAF
0t1,095¢a,0
transforms the Principal Hierarchy associated with M"™ to the
hierarchy of the topological type associated with M™.

Vo — Wa = Vo + €2
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Let X be a smooth projective variety with
Hdd(X) =0 s.t.
e QH*(X) is semisimple
e Virasoro constraints hold true for the total GW potential

FX(te) = Y 297 2FF (t)

g=>0
(e.g., X = P2 due to Givental)
Then
T =exp F*

is the tau-function of the topological solution to the hierarchy
of the topological type associated with the Frobenius manifold

M"™ = QH*(X), n=dimH*(X)
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Examples of Integrable PDEs

n = 1, trivial Frobenius manifold

1 3
F(v) = —v
() = ¢
= KdV hierarchy
Uty — Ux
2
Uy = UU —|— —
1o 2 4 v
u = — Ux
ta = ot 240
Construction: Lax operator
2 d2
L=""_ + u

2 dx?
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2k+1

aL 2 2k+1
O Ay, L], k>0, A= L&
op, T - ¢ (2k—|—1)!!< )+

Dispersionless limit e = 0,

L(x,ed/dx) — A(x,p) = %pQ + v(x)

(the symbol). The Frobenius manifold

M ={2p 4o} = C/w(an)



Vacuum tau-function

has the form

vacC
TKdV —

U — €

vacC

282

~logT

1 5
2413 + O(to)]

LmTKdV — O, m Z —1
1 1 3 ta¢
— exp ~0 2
(—tq1)1/24 2| 6t
toto  t3ts t3t3 3
O(t
+[24t2 48t3+24t‘1‘+ (1)
ta 29 tots3 7t3
T1es3 T 4 144045
1152¢3  5760t7 14403

42 [

—I—O(e4)} .

+ (o)]
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Relationship between vacuum tau-function and the topological
tau-function

(Kontsevich - Witten)
log Tlté()jpv(to, t1,to,...) = log T&%(i/(to, t1 —1,to,...)

= Y 2972 F,(t)
g=>0

where

1
_E: b
.;g— —nltpltpn/./\;lgnwll/\.../\wgn

28



Topological KdV tau-function

top __ 1 tg tgtl t3t2 t3t3 t3t4 t4t2 tgtl to
logTKdv—e—Q(ng 2o oy fon Toey fol

0"1
T T T120t 30 T70

tgt3to  t3t3 | 3tz | tatits t8t4+ )

t2 3 toto  totita | tot3ty  t3t3
+(—I—+—|—+ 4—12—|—8—|—24

40324 002y

t3ts  tatits t8t4_|_
48 16 144

1 <7t3 +7t1t +29t2t3+29t1t2t3 29t2tat3 | Htotals

1440 5760 1440 576 144
29t0t3  29tot1t3 tita | t3ta  t3ta  1ligtata
+ 5760 ah 1152 o 1152 + 384 + 192 + 96 + 1440
11totitrts 17tot3t4

_|_

4
288 1920 +) +0(e).



n =2,

1
F(u,v) = SU v? 4+ e

The Frobenius manifold
M? = {)\(p) =P +v+ e“_p}
—=symbol of the difference Lax operator

L=AN+v+e'A"t, A=¢e?

Extended Toda hierarchy
(G.Carlet, B.D., Y.Zhang)

oL 1

E— = ———
8tk (k + 1)!
oL 27, .

b = [(L (log L — ck))+,L}

[(Lk+1)+7 L}

1 1

Sso=«x



— — 1
, = v(x) :(az €) _ va— e var + O(e2)
u(xz+e) _ u(x) 1
Vi = - : C = Uy + S COME O(e?)

(infinite order PDEs)
Eliminating v and defining

t
un = u(ne), t= Y
€
= the standard

times s1,s9, ...are new.
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~

Interchanging time/space variables © = sg < tg = &
transforms Toda <« NLS



to QH*(P1)

Claim (B.D., Y.Zhang, using A.Okounkov and R.Pandharipande) Substi-
tuting s1 — s1 — 1 into the vacuum tau-function of the extended
Toda hierarchy gives the generating function of the Gromov -
Witten invariants and their descendents of P1

F = log (to,t1,...;80,81 — 1,...;€)
— Z EQg_Qfg(t,S)
g=>0

1
Fg = Z ﬁ Z tonp; - - - tam,pm<7'p1(¢a1) T Tpm((bo‘m»g’ﬁ

a=1,2, p=0,2,... t1p=38p, top=1p
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o1 =1¢€ HO(Pl), ¢ € HQ(Pl), /¢2 =1
<Tp1(¢a1) .. Tpm(ﬁbam»g,ﬁ

— / 00 (Jo) AU A .. A ety (o) AT
Mm(PL,3)



Application to enumeration of fat graphs/triangulations

1 —1iTrv(a)
Zn(Xe) = € dA
N(Ai€) Vol(Uy) NxN

1
V(A) = 5A? — 3 AR
k>3

as function of N =z/e, A
is a tau-function of Toda lattice
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LLarge N ~ small e expansion of

T(x,t;¢) = Zn(X; €)

N
:B::, tk: (k+1)!)‘k—|—1
has the form
logr = ) _ 629_2fg(x,t)
g=>0
so the solution uw, v admits regular expansion

u = Z ekuk(w,t)

k>0

v = Z ekvk(m,t)

k>0

33



For small A the e-expansion can be obtained by applying the
saddle point method to

1
Ty = / TV (A g g
VO|(UN)

= Fy4(x,t) = generating function of numbers of fat graphs on

genus g Riemann surfaces

Corresponds to the one-cut asymptotic distribution of the eigen-
values of the large size Hermitean random matrix A

34



Claim: Substituting

(t07t17t27"°;807817327"';6)

to=0, t1 = -1, txz = (k+ 1) gqq, k2> 2
sop=z, s, =0, k>1

one obtains

F :=log (0,—1,3IX\3,41M4,...;2,0,...;¢)
2 2g—2
3 1 g B
:x—(logx——>——logx+z<5) 29
De2 2 12 5o \T 2g(2g — 2)
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Fg(a:; A3, A4, .- )

— Z Z ag(kl, c ooy k’n)>\k1 “ . )\knajh,

" ky,..k
_ L} _
h=2-—2g— n—2 , |kl =k14+ ...+ kn,
and
(k1eekn) = -
a ey =
gail " = #Sym 1
where
[ = a connected fat graph of genus g
with n vertices of the valencies k1,..., kn.
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genus

1,

one

vertex,

valency

4



1 3
F =¢? [5@2 (Iog x — 5) 4+ 62323% + 22301 + 2162 0320 4+ 18x%\42

+288x° M43 + 4524 \3)s + 21602° A3 a5 4+ 9022252 + 54002 4052 + 52 \g
4+10802°X3% Mg + 14422 a)dg + 43202504% 06 + 108002 A3A506 + 270002 \52 \g

4+3002%)6° + 21600z Mg g2 + 36000:1:8>\63]

1 3
- log z + 5“32 4+ 24 + 2342°X3° s + 30220412 4 105623043 4+ 602° 305

+6480x3 A3 4 5 + 30023 \52 4 324002 M\ )s2 + 1022 Mg 4+ 333023032 )6

460023 X106 4+ 31680z Ma° X + 6660024 A3 506 + 2835002° A52 N6
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+2400x* g2 4 27000022 A4 )62 + 69600025263

1

2 —
Te 24022

1
+ 2402043 4+ 14402X3)4 )5 + 5165x>\52 + 2835022 A4 )52
+6752)3°\g + 1562406 + 280802212 A6 + 5616022 A3 M5 \6 + 58095023 M5°\g

4238522 \g° 4 58068023 A4 )62 + 2881800:54)\63} + ...



Proof (B.D., T.Grava, in progress) uses
the for the Hermitean matrix integral

1 —1Trv(4)
Zn(\e) = € dA
N(xi€) Vol(Upy) N><Ne

1
V(A) = 5AQ — 3 ApAF
k>3

(‘t Hooft; D.Bessis, C.Itzykson, J.-B.Zuber)

where one has to replace

N — —

and
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This is the topological solution for the (extended) non-
linear Schrodinger hierarchy



Universality of critical behaviour
Commuting Hamiltonian PDEs

ut + [f(w)], =0

H = /h(u) do,  h'(uw) = f(u).

Any other commutes

us + [g(u)], =0, (ut)s = (us)t.

Gradient catastrophe at (xq,tg, ug):

Upr = OO

(see MOVIEL1 ; for KdV u; + uwugz + €2uzrr = 0 see MOVIE?2)
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Hamiltonian regularization, mod O(e®)

ur + 9z | f(w) —|— (f’”(u)u -+ 2f”(u)um)

64

5760

+ ( 5V (wul + 44V (Wuluee + 12 (w) [bugtizes + 3u,] + 24f’"(U)uIV(u)uxxm>]

Claim. Near generic critcial point, a = (d3u/dw3) + 0 the
solution behaves as follows:

—_ / JR— —_— —
u(x,t; €) > ug + U (m fO(t@/YtO) =, t€4/t70> + O (e%) .

€

Here U = U(X,T) is the unique smooth solution to the ODE

X=f6UT—|—a[éU3—|—2 (U’2_|_ UU”)—I—%U”/]

(see MOVIE3)
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Hermitean matrix model, multicut case: G gaps i in the asymp-
totic distribution of eigenvalues of random matrices = singular

1at

behaviour of the correlation functions (terms ~ e ¢ arise)

o R a2
(c)

08}

04+

)

2’

(from Jurkiewicz, Phys. Lett. B, 1991)
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correlation functions: average out the singular terms

Question: Which integrable PDEs describe the large N expansion
of smoothed correlation functions?

Claim: The full large N expansion of the smoothed correlation
functions is given via the topological tau-function associated with
the Frobenius structure M"™, n = 2G + 2 on the Hurwitz space
of hyperelliptic curves

2G+2
pr= T Ov—uy)
i=1



Recall the general construction: Frobenius structure on the Hur-
witz space M"™ = moduli of branched coverings

)\ZZG—>P1

fixed degree, genus G, ramification type at infinity, basis of a-
and b-cycles (n = number of branch points A\ = u; for generic
covering).

Must choose a primary differential dp (say, holomorphic differen-
tial with constant a-periods)

Then, for any two vector fields 91,9>, on M™ the inner product

n 81 (Adp) B (Adp
(01,00) = ) resy—,, 1( C)Z>\2( )

1=1
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for any three vector fields 01, 0o, 03 on M"

Z res,_ a1(>\d]0)<92(>\dp)<93(>\dp)

01 - 0o, 03)
(01 - 02,03) I dp



G = 1 (two-cut case). Here n = 4. Flat coordinates
on the Hurwitz space of elliptic double coverings with 4 branch
points are u, v, w, 7. Can describe by the superpotential (= sym-
bol of Lax operator)

Ap) =v+u (Iog 61(p = w|7)>/
01(p + w|T)
The Frobenius structure given by
' 0’ 0]
F:LT’U 2uvw—|—u log il (O)
A7 u91(2w\7')
Recall
6, (0|7) 2" sin’mtma
log [W91(33|7')] |ogsun7rx—|—4z 1_q —

1T
q—¢
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Corresponding integrable hierarchy of the topological type for
the functions u, v, w, 7, four infinite chains of times
twP tvP WP TP Then

Z ~ 7_VaC
with t% 1 — ¢l — 1 490 =0, t¥* = (k + 1)!\4q

10 — o

other couplings = 0.
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The solution is given via zero section of the Lagrangian manifold

{p: dcba:,)\}m{p: O}

b= xw —uv + u?Pr(2w|T)
+3Xsu [v? - 2uw Py(2ulr) 4+ u? (P2(2uw|r) — P2(2wlr) + 4ri(logn(r))')]
+2Xu [20% — 6uv?Py(2ulr) + 6u”v (P2(2w|r) — Pa(2uwlr) + 4 i(logn(r))')
—u® [ Ps(2w|r) + 2P1(2w|r) (P1(2w|r)? — 3P2(2w|r) + 127 (log n(7))')] |
+...
where

P.(z|r) ;= 8Flogb1(z|T), k=1,2,3

Canonical coordinates (branch points)

w; = v —2uflog§;(w|r)), i=1,...,4.
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e2-correction

1 1 &
F1=—=logu—logn(2r) + — ) logu]
6 24 =1



Further developments/problems
e (p,q) brackets, their normal form and deformations.

e Existence of the bihamiltonian structure for arbitrary cq(u1),

., en(un).

e Construction of the Lax operators; connections with infinite-
dimensional Lie algebras

e Universal identities in the theory of integrable hierarchies and
those in the theory of Gromov - Witten invariants and their
descendents

e Other applications of new hierarchies
46



