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P. Griffiths (> 69): VHS

W. Schmid '73: PMHS and
nilpotent orbits of HS

S. Cecotti, C. Vafa (> '91):
topological-antitopological fusion
N = 2 supersymmetric field theories

B. Dubrovin '92

M. Jimbo, T. Miwa, Y. Mori, M. Sato
(> '78): holonomic quantum fields
(semisimple case)

A weaker version is in the work of
C. Simpson (> '88) on
harmonic bundles

C. Sabbah €01):
Polarizable twistor D-modules

T. Moechizunlk [2 62 ) \2/
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Definition 1: A polarized Hodge structure
(PHS) of weight w € Z is a tuple |
(H*, F*, Hg’, S) with

. a finite dim. C-vector space;
i a decreasing filtration on H®°;
Hg° C H* an R-vector space with

H* = Hg° z’Hﬁo;

S a C-bilinear (—1)Y-symmetric
nondegenerate pairing on H*®
with S : Hp® X HH%O—>R;
such that /?::f
»

) ]

H |
F* and F“—*° are opposite, ?r'j_—,-/r( |

Wwith HP*"P = P N FY 7,

- L won
. o [
S gives a polarization, i.e.  ,=> & - F
S(FP, Fwt+l-p) =0 and
the form hgggge + H° x H* — C with

hHodge(aa b) 1= ip—(w—p)S(a, b)
for a € HPW~P b € H®®, is hermitian and
positive definite.
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(How to generalize F* — FY™°7?)

Given a (TERP)-structure
(H — C,V,H&,P) of weight wn .

"v

. el 1 1
¥ PP B el

Define

T . Hs— H,y(z) a (C-antili‘near isom.

a— V-flat shift to H,,) of -

2 =id.

Glue H — C and v*H — P! — {0} with 7

to a bundle

H — Pl
It has a pole of order < 2 at oo.

I+ han Jtr'u 0.
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Define the C-bilinear symmetric nonde-
generate pairing

g : HoXx Hpg— &
(a,b) — z~*“P(@,b) mod zO¢ g

for a,b € O(H)g
with @(0) = a, b(0) = b.

Define a nondegenerate pairing h on Hy,

h=g(.,k.).
Nontrivial exercise: h is hermitian.

Thum: (lecli-Vnla 9, Lotbal 85 )
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Lemma 6: Given a (t'r.TIERP(v.t))—stru’c_ture.
There exist unique endomorphisms

U:Hg— Hg and Q: Hgog— Hj

4
1 v |
Vzaz = —U — Q+§|d — 2zklUK
z

on (P, O(H)) £ Hy.

( -
(pos.def.tr TERP)-structure: ~ h(La,b) L[a,‘ &s)
Q is a hermitian endomorphism with
eigenvalues in R symmetric around O.

PHS: Q ~ @p(P = %)id | frpw—p-

Cecotti-Fendley-Intriligator-Vafa '92:
Q is a new supersymmetric index.
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Variation of (TERP)-structures
= tt* geometry:

(H— CxM,V HR, P) with pole of Poin-
caré rank 1 along {0} x M .

(This generalizes a variation of PHS.)

D‘ ﬁ s deiviaf

Rewrite it as structure on H|gyy s

real structure s, hol. metric g, hermitian '
metric A, hermitian connection D, Higgs
field C, endomorphisms &4 and QO;

conditions: tt* equations ...

> l H,"]xm:’b:v’“}xm )
lrmvmtnic 'ohntuc




Fix a reference PHS (H®, Hg, S, F3) of
weight w.

D= { tiltrations ¥* C H™ |
dim FP = dim F?,
U oper S(FP, Futl-p) = 0},

D:={F*e D | F* is part of a PHS}.

Fix a nilpotent endomorphism
with S(Na,b) + S(a, Nb) = 0.

It induces a unique filtration We oOn HH%O
s.t.

N(W;) Cc W;_» and
N': GrE/_H - GrY_,

IS an isomorphism.
/

o o
0 —>pD -
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Definition : Fix (H*, Hg>, S).
Choose N as above and F*® € D.

a) The pair (F* N) is a
polarized mixed Hodge structure
(PMHS) of weight w € Z, if

e F°Gr}V is a Hodge structure of we|ght k,
e N(FP)c FP1,
e and the mduc:ed Hodge structure on

the primitive subspace

is polarized by S; := S( Nl)
b) The pair (F*,N)

gives rise to a nilpotent orbit if
e N(FP)c FP~1 and

e “NF®*c D for ¢ eC with Re¢ > 0.




Theorem _:
The pair (F*,N) is part of a PMHS
<= it gives rise to a nilpotent orbit.

Proof: |
< Schmid’s Siy-orbit theorem '73,
= Cattani-Kaplan-Schmid '86.
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Conjecture : Suppose a (TERP)-structure

without ramification is given.
D i i W e

It is a (mized. TERP)-structure
’MMWW

<= It gives rise to a nilpotent orbit of

(pos.def.tr. TERP)-structures.

T heorem:
(&)I => i1 Prne
v & i tewe i) U s wilpotemt

e i (H,V) has a
rij. }';'.n'?, Fve( a!"&

(¢) &z it due ;j ranlk H = 2
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Proof: (a) Case U nilpotent:

Hertling '03 .
(Crelle vol. 555 (2003), Theorem 7.20.)
with

Cattani-Kaplan-Schmid '86

+ additional estimates.

Case U semisimple: Dubrovin '92,
Riemann boundary value problem,
solution with a

singular integral equation.

New solution (Hertling): with.a Toeplitz
operator (a la Malgrange '83).

General case: combination of both.

(B) AFP_L'OH-{M. 4 a uaa/f &/ ﬂd&&:euk:’,ﬂiz
Towm A2.1N v wmoth. D) 6/03422 30
(n payt V2 ¥ . 39 % g)aa.y, )
+awe havmvm'c..kmar{é », A*
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Rank 2 and U semisimple:

Given a semisimple (pos.def.tr. TERP)-
structure of rank 2. Then with respect
to a distinguished basis of

r(P, A) & H,

(8 P (8
cosh§ —isinh§ )

et o ( isinh§  cosh 3

Given a nilpotent orbit of (pos.def.tr. TERP)-
structures: |

a = a(r) is a nonsingular real solution

of the radial sinh-Gordon equation (~
Painlevé III) |

(82 + %8,)0:(-0 il

McCoy-Tracy-Wu '77 and
Its-Novokshenov '86 =

for all such solutions real structure and
Stokes structurg. compatible. £

e




For » > O define = :C — C, z|—>%z

(r ~ eReE)

Definition . :

A (TERP)-structure (H,V, Hg, P)
gives rise to a nilpotent orbit

it

p(H,V,Hp, P) is a (pos.def.tr. TERP)-
structure for »r > 0.




Definition . (not precise): _
A (mized. TERP)-structure is a (TERP)-
structure s.t.:

(a) (condition without ramification)
(O(H)p, V) is formally isomorphic to a
sum *

k
@ e Ui/ Z ® R,
=1
where u; € C with u; # u; for ¢ 7 j are
the eigenvalues of

U:=[zV,5]: Hy — Hg

and R; are free O¢ g-modules with flat
connection with regular singularity at O:

(b) real structure and Stokes structure

are compatible {def—next—twe—stites~

(c) the regular singular pieces give rise
to PMHS's.




What happens for »r — 07

Given a (TERP)-structure (H,V, H,, P),
Sabbah defined a tuple

(HOO, H]ioa Sa MS: Nn Fgabbah)

(from the behaviour at z = c0).

Tuceavew : ~ This tuple is a PMHS |
L=t AT N, H]i%’ P) is a (pos.def.tr. TERP)-
structure for »r > 0 close to 0.

pTUUJg = lotlan ~ Mnhiqn'-JM-'d
x oddi Mownl o2& mate .

(= Arrt\'énkou v! /b[vlét; %uk; rj’ MOVLW.
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