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Motivation

Variational theory of Stokes waves: it is very
important to know whether or not every solu-
tion w of the equation

Cw' = Mw + wCw' + C(ww')}, A>0 (1)
satisfies the Bernoulli constant-pressure condi-

tion

(1—22w){w?+ (1 +Cuw)2 =1 ae.

Here Cu denotes the periodic Hilbert transform
of a 2m-periodic function v : R — R:

L —Y
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Cu(x) = E/—w u(y) cot dy.



J.F. Toland (2000):

a solution w of (1) satisfies the Bernoulli constant-
pressure condition if and only if 1 — 2 \w > 0O;

(1) is equivalent to a nonlinear Riemann-Hilbert
problem with the coefficient 1 — 2 w.

Aim: Show that the nonlinear Riemann-Hilbert
problem does not have solutions such that
1 — 2 \w changes sign.

It is sufficient to show that if 1 — 2 w changes
sign, then the corresponding linear Riemann-
Hilbert problem does not have nontrivial solu-
tions.



Hardy classes

Let D be the unit disc centred at O in the com-
plex plane C. For any holomorphic function
f:D—C, let

2T . 1/p
| fllp := sup (/ |f(re”)|pdt) , p < 00,

re(0,1) \/O

| flloo := sup |£(C)].
¢]<1

The Hardy class HP = HP(DD) is the set of all
such functions f with || fllp < oo.

For any f € HP, *(t) := lim,_1 f(re) is well
defined for almost all ¢t € R and

1 N 0,2+ = 1S 1lp-



Linear Riemann-Hilbert problem (homoge-
neous):
Find ¢,y € HP such that

0" = a*, (2)
where a : R — C is a given 2w-periodic contin-
uous function.

(Connection with Stokes waves: a = 1 —2\w.)

Let p(t) denote the distance from t € R to the
set of zeros of a:

p(t) :=dist(t, N), N :={z € R| a(z) =0}.



Theorem. (ES & J.F. Toland) Suppose 1 <
p<oo, 0<u<1l, a:R — R s continuous
and

la(t)| < constp(t)” forall teR.

Then the Riemann-Hilbert problem (2) has no
nontrivial solutions o,y € HP |if

p=2/p. (3)

Suppose additionally that a changes sign. Then
(2) has no nontrivial solutions ¢, € HP if

2

T+ (4)

D=

Both inequalities (3), (4) are sharp: there are
many cases where nontrivial solutions exist for
any smaller value of p.



J. Virtanen (2004): If the values of a belong to
two rays and the angle between them equals
~ € [0,7], then the Riemann-Hilbert problem
(2) has no nontrivial solutions ¢, € HP if

2
"y Y
p +
and the constant in the right-hand side is sharp.

p >




Definition. We say that f : R — R Jjs non-

oscillating on E C R if the limits
Ea:LITt—of(x)’ ESJ:ITHS—I—Of(aj)

exist, the former for all t such that (t—e,t)NE #*

0 for any € > 0 and the latter for all t such that

(t,t4+e)NE #0O for any € > 0.



Let

So={z€ C\{0}| —a<argz < a},

where o € [0, 7). Suppose a : R — Sgu {0} and
let

Ey :=a 1(Sp) = {z € R| a(z) € Sg} =R\ N.
Eqg is an open set of full measure.

Theorem. (ES & J. Virtanen) Let 1 < p <
oo and let a : R — SguU {0} be a 2w-periodic
continuous function such that

la(t)| < constp(t)” forall teR

with
2 2x
—+ — < p. (5)
p s

Then the Riemann-Hilbert problem (2) has no
nontrivial solutions p,vp € HP provided that
arga Is non-oscillating on Eq or pu < 2.

The condition (5) is sharp.



Let S;={2z€ C\{0} ¢y <argz< g}, 1=0,1
and 0 < apg < 06g < a1 < (B1 < 2w. Suppose
a:R— SguUS1U{0} and let

Eqg = {z € R| a(x) € Sp},

FE1={x eR| a(x) € S1}.

Eo and E; are open sets.



Theorem. (ES & J. Virtanen) Let 1 < p <
oo, > 0,a:R— SguS1U{0} be a 2wr-periodic
continuous function such that

la(t)| < constp(t)” forall teR
and let 0 < |E; N[0, 27]| < 2w. If

2 2
p > MaXx — —
{u+‘“fo pt 2 O‘O)}
2

- 0+ min{a1—Bg,2m—(B1—ag)}’ (6)

T

then the Riemann-Hilbert problem (2) has no
nontrivial solutions p,vp € HP provided that
arga is non-oscillating on E;, | = 0,1 or

a] —ag P11 — ﬁo}
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The condition (6) is sharp.

Question: can one drop the non-oscillation
condition in the above theorems?



Open problem
(which is not really related to my talk)

Let
Aw = Cw'.
Then

A( . k)_ S ikt
L€ = |k|ce™ ;

k=—00 k=—00

~ first order WDO on the unit circle T with
the symbol |£];

~ \/IonT.

Question: Is there a function h : IR%_,_ — R+
such that h(7) — 4o as 7 — 40 and

t{negative eigenvalues of A—ql} > h (HQHLl(T)) :
Vg >0, qe LY(T)?



