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1 Introduction

Let V' be a nonnegative, real and continuous

yotential on RY. and h a small parameter,
potential on R”, P

The speetral asymptotics of the operator
I, = —h*A +V on L?(R) have been intensively

studied.
Non degenerate case :

Assume V(z) — +oc as |z| — +oo . Then H), is
essentially selfadjoint with compact resolvent
and the following semiclassical asyvmptotics hold,

as h — 0:

N(X Hy) ~h % (2m) ‘iv,;z] (A — f'[:r}]{_{’ﬂﬂ.’.:;:.
R
(1)

N(A, Hy) : number of eigenvalues less than a

fixed energy A. vy : volume of the unit ball .




Remarks

1) The classical asymptotics are also given by the
formula (1), provided we Tet b — 1 and A — +oc.

2) In both cases :

asyiptolic correspondance between :

the number of eigenstates with energy less than A
and

the volume in phase space ol the set

Sy ={(x. &), f(w.§) <A}

where f(x,£) = &% + V(x) is the principal symbol

of Hh-

What about the degenerate case 7

If the potential V' does not tend to infinity with

\z|, the volume in phase space of S, may be

infinile.




2 Min-max approach

A large class of degenerale potentials
X=(r,y) e R"xR"=RY, d>?2

V(X)) = f(x)gly), f e C(R™;RY ),

ge C(R™ R,),

(H1) for any ¢ > 0 g{ty) = t"g(y) ( a >0 and
gly) = 0 for y # 0.

The spectrum of the operator —A, + ¢{y) in
) ; " . vy ow
L2(R™) is discrete and positive. Let us denote by

jrj its eigenvalues. *

Remark 2.1 If f(¥) — +oc as |y — +oc (H2),
then H;, = —h*A + V has a compact resolvent.

(H3) (local uniform regularity for f) :

Ib,e> 081t ¢ < fy) and

F(0 — )] < efo)lm—x|".

for any y o verifying |y — /| < 1.




Theorem 2.2 Let us assume the previous
conditions on [ and g. Then N(A; Hy) “behaves”
like h="(27) " upnp, p(A)

where :

Ty _f{}.‘i

JR“ _ R2a/(21a) fz,f(ﬂ | ﬂj{,xj:u wf-{,__g_
Remark 2.3 If moreover f~™/% ¢ LY(R") and
g CH(R™\{0}), then the formula (1) holds.

[f there is some inlormation on the growth of f,
then the asymptotics can be computed in terms of

power of h:

Remark 2.4 [f there exists k > 0 and C > 0
such that

Li® < f(a) < Clu|* for |y| > 1, then
ifk >a N\ Hy) ~ h™@

ifk=a N{AH)~h 4n:
ifk<a N(MHp)~=h "%




There exists o, 7 €0, 1] such that, for any A > 0,
one can find hy €0, 1], C1,C5 > 0 in order to have

(1 = h7Cr)Ny (A — W7 Ch) < N(A; Hy)

i""srli}l; Hh) < (l—l—flﬂr(}] }_Nhhf'[:.:’h—f-h'_crg:] vh E]U, hn{
f"'wrh‘_f(}.} = f?:_ﬂ{:lﬂ'} _ﬂ"uﬂ_?’ﬂhd' l:}\}

np,r(A) = o ZjEN[A—hzwlfg"‘ff-}f?f'{ﬁ I-ﬂ][:x}ﬁjJ-ifEdﬂ |

[f moreover one ecan find a constant C'5 such that,
for any p > 1 :

/ FPle () dy < C [ FP ) dy
S S <2p} J{x. fla)<p}

then take 'y = 0 in the previpous theorem :
(I=h7Cr)np, ¢ (A) < N(As Hy) < (14+07C ng, 1 (N)

Wh €0, h




3 Accurate estimates on

eigenvalues

Hy = K2D2 + 12D% + f(z)gly)  (2)

with g € C*(R™\ {0}) homogeneous of degree
a >0,

We replace assumptions (H2-H3) by -

[ e C¥(R"),
Voo IN", (|f()] +1)102 f(z) € L=(R")
0 < f(0) = infyern flx)

f(0) < liminfy, . f(z) = f(o0)
a?f(0) = 0

(3)
Homogeneity :
Define : i = h2/(2—0),
Change ¢ in yh and get :
sp (Hy) = K sp (H") . (4)

with H" = D2 + D2 + [(2)g(y) .




-,

H" = D2 + Q.. [2,) :

Qr,y,Dy) = D + f(x)g(y) .

Denote the eigenvalues of D; + gly) by
(1 )j>0 -
By homogeneity the eigenvalues of Q. (y, D, ), for
a fixed z, are given by the (A;(x));~0, where :
Y 2/(24a) (.,
Aj(a) = py [2EV ()

So we get

H" > [ﬁ?ﬂ:‘i + ;..r,ifgﬂg‘k”'}(m)} : (5)

inf 'qpcﬁs'::ﬁh} > Hlfzﬂ:£ Jr-m}{'j‘:'} - (6)



3.1 Born-Oppenheimer
approximation :

"Effective 7 potential @ A (x) = 1y fi’f{i’+ﬂ](m}

Assumptions on [ == existence of unigue and
nondegenerate well U = {0},
with minimal value equal to .
Hence we can apply a theorem of A. Martinez and
getf :

Theorem 3.1 For any C' =0, 4 hg >0 5. 1.
for any 0 < h < hy , the operator (H") admits a
finite number of eigenvalues Ey(h) in

1y i1+ Chl, equal to the number of the

i epss re et L L P . -
eigenvalues ey of DI + 370 < 9°f(0) =, = >
in [0, +C' verifying :

Eu(h) = M\ (ﬁ'-*-’ﬂ}ﬁ g f2 2 ﬂ?'(g:_}) + O(h?) .

] (7)
More precisely E(h) = A (H™) has an
asymptotic expansion

f;”(h) ~ i+ h L ek + Z[l‘kjﬁjfz j [8;}

j=1



If Ex(h) is asymptotically non degenerated, then

there exists a quasimode

i " p— e -y
G, y) ~ e VEIRNT R (a gy, (9)
=0

Remarks

The previous formula implies
a}llf;: {_ﬁ- ﬁ') —

i R (D2 4 8 < 02 1(0) a2 > ) + O(R2)

When k£ = 1, one can improve @(#%/%) into
O(%?) .

The function ¢ is defined by : ¥(x) = d{z,0),
where d denotes the Asmon distance related to

the degenerate metric py f2/1249)(z)dz2.

11




3.2 Improving Born-Oppenheimer
approximation :

Chanee of variables :
|

i

(2, 9) — (=, f/C@)y) . (10)

(Change of test functions :
U — ji—it?.fid—irr._] [:I')u. ,
L]
—> gefb a unitary transformadtion.
Thus :
sp (H") = sp (H") (11)
where H" is the self-adjoint operator on

L2(R™ x R™) given by

J'r{;]rh — K2L* [ + fﬁff{?lﬂ}[:;f:} [iJU'j‘FHEH)) ’ {]—3)

with
IJ(-E- ?JI-' D:;ﬂ 3 .L;-}-y;l rm—
1 e
D, - _(yD,) — i—]V f(z) .
Bl {2 + ”f:]f[::{"} ’{y .E-f) i 2] f(,j}"}

I —
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Decompose H' in lour parts :
—I—hz I:E—I—H%f':ifﬂ (vf(ﬂ}ﬂ“l}(gﬂ’i‘;}

+ih? {2+ﬂ_jlfz{1. (¥ fz |E - f(-T}&f( 1) [{yD2y)
(13)

Our goal : prove that the only significant role up
to order 2 1m A 1s played by the first operator,
namely

g i 21y2 270 24n) 2 4

Hi = wD; ‘|‘ff+”{)(ﬂ g(y}) -
Nenote by y;k the cigenvalues of the operator

x S i .

A2D2 4 p; f32Fel(x) and by bj"’ . the
associated normalized clgenfunctions .

Consider the following test functions :

”fa(f J:'_t{;a{ )y ': 4)

Dyeily) + gei(y) = poiy) -
Wo have immediately :

Hﬁ(”J.P1T "'J)) = F?ATFTIE;(T-,?}} .

IIIII

12
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Theorem 3.2 For any fived integer N >0,
there exists a positive constant ho(N) verifying :
for any h €]0, hy(N)|, for any k < N and any
7 < N such that .

i < A (o)

there cxists an eigenvalue N € spg (H") such
that

| Njk — Ak (52ﬂ§+g.jf?f‘iﬁ+ﬂi'(m)) | < BC.
(14)

Consequently, when k =1, we have

1;2”‘:(5%(“):‘1’@)] |
(2+a)"/2

| Aj1 — [#;ﬁ + Alpy)




Sketch of the proof .

Prove that :
\(H" — HY)(ull(x,0) || =

I(" = ()l = O?) .

Lemma 3.3 . For any inleger N |, there exisls a
positive constant C' = C(N) such that for any

N ] ;I' : . " 5 ,'I h‘ ' .

k< N, the eigenfunction i} satisfies the

following ineqgualities : for any

ac INY . |la| < 2.
G | | | - 2
| BV gl < © (16)
i)\ Yk lee| /2 v
| (-ff.wj}) T-’I?,ﬁ: | < hjf (.
with hy = hu;

14



3.3 Middle energies

Assume : a > 2 and f(oo) = 0o, and
g € C®°(R™).

Goal : Refine the preceding results and get sharp
localization near the p;'s for much higher values
of 7's.

Theorem 3.4 If j is such that p; < h?,
then for any integer N | there erists C = C(N)
depending only on N such that, for any

k< N, there exists an eigenvalue
Air € spq (H%) such that

Ak~ A (W2D2 = [ C(2) | < Cugh?
(17)
Consequently, when k =1, we have

1/2 Lr((8%£(0))"/?)
(24 a)l/2

(18)




4 An application

We consider a Schrodinger operator on L2{R?)
with d > 2,

P, = —HA + V(z)
Ve C°(RY; 0, +oc])
liminf,i_. V(z) > 0

I' = V=H{{0}) is a regular hypersurface.
(19)

More assumptions :

(H1) 1" is conpected and
Jm € IN' and Oy = 0 s.t.

G[_}_ldgm'(ﬁ, r) < L‘_[E} < {:’TD dﬂ':ril.{;‘:,:I 1-1}
¥z, dlz, T) < O3t

Choose an orientation on 1 and then a unit
normal viector N{s) oneach & € ['.

Define the function o 17

1) = o (VOZ) V@), veer
T (2m)! _I 0z 25 i "

10




(H2) [ achieves itsminimum on [' on a finite
munher of discrete points:

El_’l — f_]{{'”ﬂ}} - {ST'.'"': Efu}!

it o = miz fls).

(H3) The hessian of f at each point s; € Xy
is non degenerated.

Then , f(s) > 0, Vs e I'.

Hess(f)s, has d—1 non negative eigenvalues
Pi(si) < - < paals) . (pi(s) > 0).

We denote by (p;);>1 the increasing sequence of
2

the eigenvalues of the operator - p7) + t*™ on
I*(R). |

and by (p;(f) )j=1 the associated orthonormal
Hilbert base of eigenfunctions.




Theorem 4.1 For any N € IN* |

there exist fg €10,1] and Cy > 0 such that,
if p; << hmi@mismtl)

and if o« € IN“' and |a] < N

then ¥V sy € %, EI)’L.?'-E - sx}d(ﬁh) s.t.

0 ]

}‘?P - fiszfm-l—l} {nlﬂm.—f-l}ﬁj + ﬁrlf{ﬂﬁ—ljplllfﬂ( A

- g ' 3

< h-2ﬂ§4rrl+ ijE’.r??,CD .
A-E p—

- 1 [
o D

2ap(s¢) + Tr(Hess(f(s¢)))]

(aplse) = arpi(se) + o Og-1pd—1(5e) ) .




