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% Motivation
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% Second order elliptic eigenvalue problem

Let Q ¢ RY be a bounded domain with Lipschitz boundary (i.e. polygonal
domain if d = 2), A piecewise W'>°(Q) uniformly positive definite symmetric
matrix-valued function i.e.

ailé? < A(X)E- €< af¢P,VEERY, Vx € Q,
and B a scalar function such that

b1 < B(x) < b, for some by, b, > 0.
PDE formulation of elliptic eigenvalue problem

-V -(AVU) = MBu in Q,
u =20 on 09Q.
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Leta,b: H} x H} — R be the bilinear forms defined by
0 X Ttg
a(u,v) = /AVU Vv,
b(u,v) = /Buv

a and b induce norms of the form

. ueHNQ)
ue L3(Q).

lulla = a(u,u)?
1
lully = b(u,u)z,

Because of certainly chosen A, B, || - ||la = || - IIHé(Q) and || - |lp= || lla-
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% Weak formulation for eigenvalue problem

Weak formulation for continuous eigenvalue problem

{a(u,v) = Ab(u,v), VveHQ)
lulle = 1.

Weak formulation for discrete eigenvalue problem
Given the finite-dimensional subspace V;, € V, we get the discrete
eigenvalue problem of the following form

{ a(up, vn) = Anb(Un, Vi),  Vvh € Vi, C HY(Q)
lunllb = 1
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% The Poisson problem

PDE formulation

—Au=Xuec and u=0 on 92

A=land B=1.
Continuous variational formulation

a(u,v) == A(u,v) Vv eHy(Q)
with

a(u,v) := / Vuvvdx, (u,v):= / u v dx.
Discrete variational formlsjlation "

a(Up, Vi) = An(Un, Va),  Yvh € Vi C HY(Q).

Let Vi = span {¢f,...,¢h}. Then discrete eigenvalue problem can be
written as algebraic eigenvalue problem

AhXh = /\hBhXh'
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I Error estimation

A priori error estimation

Proving convergence of FEM approximations and determing
convergence rate when the mesh is refined.

A posteriori error estimation

Obtaining two-sided computable error bounds based on the data and
the discrete solution.
Computable quantity that indicates distribution of the error.
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% A priori error estimation

A priori error estimates [RaviartThomas83]

||U_ Uh”a < Chr7
lu—upl| < CH|lu— upa,
A=Xn|l < Cllu— up’

ue H'(Q), r € (0,1];C — constant depending on X and T,

A priori error estimates [KnyazevOsborn06]

~ s 2
0< T < H(/_ Q+ P1,...,j—1)UjH
1(1-@) TP 12\ S O)
: sin u; .
mini—1__j—1 [Ajn — A2 g
T — sp. operatoron H; U = span{uyp, . . ., Upy}; @ — orthogonal projector onto U;

Py j—11 £(uj, U) largest principal angle.
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Rayleigh-Ritz majorization error bounds

Simple bound

IxHAx — yH Ay| < spr(A)sin?6(x, y)

X,Y — one-dimensional trial subspace, perturbed X', spanned by unit vectors x, y; A - Hermitian matrix.

Generalizations for subspaces X and Y

I\ (XHAX) ~\ (YHAY) | <w spr(A)sin?0(X, V)

dim(X) = dim(Y); X, Y A-invariant; X, Y — o.n. basis.

Error bounds for FEM

0 < A((PxA)|x) = Adimx (PyA) |y)
<w  (N(PxA) %) = Amin(x1y)) SIPO(X, D)

A:H — H; X,Y, X + Y finite dimensional subspaces of H; P orthogonal projector onto X’;

(P~ A)| x restriction of operator Py A to its invariant subspace X'; ©(X, V) vector of principal angles.
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% A posteriori error estimates

Residual-based error estimator [DuranPadraRodriguez03]

1

1 ou, :
= (Z HRl|nl oy + 5 D e [a—,’j Hfzus))
TeT Eef

Averaging estimator [MaoShenZhou06]

=

fth = <Z 3| Antn — Bun + div(A(Vup))||? + [|A(V up) — thH?)
TeT

hy — element diameter; he — edge diameter;
— 1 : .
AV Up) = ¥ zen, TasT (fuy Tundk) ¢z

{552} = (Vup I1, () = Vup |7y (0)vE.
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% A posteriori error estimates

Edge-based residual estimator [CarstensenGedicke08]

1

= (32 el [ 2] e )

EecE

Averaging estimator [CarstensenGedicke08]

1
2
fh = (Z IA(Vup) — VUthz(T)) ~

TeT
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% Convergence of AFEM for eigenvalue problems

Global convergence [CarstensenGedicke08]

The sequence of discrete eigenvalues (\p) converges toward some
eigenvalue A of the continuous problem. Each subsequence (up,) of
discrete eigenvectors has a further subsequence which converges
toward some v in V and u is an eigenvector of \.

> S.Giani, |.G.Graham 2007,
> C.Carstensen, J.Gedicke 2008 (without inner node property),
> E.M.Garau, P.Morin, C.Zuppa 2008.
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adaptive discretization
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Figure: (a) spectralize-discretise, (b) discretise-spectralize.

Agnieszka Miedlar Work with Volker Mehrmann Adaptive solution of eigenvalue problems for PDEs



adaptive discretization
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% New AFEM algorithm for eigenvalue problem

Solve — Estimate — Mark — Refine

Goals

> decision about refinement should be based only on the solution
calculated on the coarse grid,

> we should use relation between coarse and fine grid,

> solving the problem using Krylov subspaces reduce computational
effort,

> expressing the solution computed on the coarse grid in terms of
basis functions from the fine grid can be used to mark elements,

> marking strategy should be based on reliable and efficient a
posteriori estimators.
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% Algorithm

Algorithm 1 AFEM for eigenvalue problem
Input: An initial regular triangulation 7y, k
Output: Smallest eigenvalue A; with corresponding eigenvector
Solve: compute eigenpair (Ay,zy) for the coarse mesh Ty using Arnoldi method with &
to compute (Ay,zy)
if ||ry|| < € then
return (Ay,zy)
else
Express zy using basis functions from the fine mesh T
P = projection matrix from coarse mesh Ty to fine mesh 7,
ip="P- oy

Estimate: compute 7, = A7), — An#y, and
indentify all large coefficients in 7, and corresponding basis functions (nodes)
Mark: mark all edges that contains identified nodes and apply closure algorithm
Refine: refine coarse mesh 7y using RedGreenBlue refinement to get T,
Start Algorithm 1 with T,

end if
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Figure: (a) coarse mesh 7y, (b) fine mesh 7p.
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Uy = X11911 + X12012 + X14914 + X15015 + X20¥20-
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% Prolongation to fine mesh

2

44

Figure: (a) coarse mesh 7y, (b) fine mesh 7;,.
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Prolongation matrix

Let x € R” be a vector of coefficients on the coarse grid such that

X =[x1,...,xp]" and y € R™ be a vector of coefficients on the fine grid
y =[X,...,xm]",m > n. Then there exist a matrix P € R™<"
(prolongation matrix) such that

Px=y.
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A priori error estimate for eigenvalue

An—Anl = ||up Antn — TY Anlin|| < spr(An) - sin® ©(up, Tn),
A= Anl < A= Ap| + spr(Ap) - sin? ©(up, ).

A priori error estimates for eigenvectors

< lu—uyll + lug — ufll + lufs — Tnll
K K K
< lu—unll + lug — ugll + |lug — Pugl|
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Residual error

< | Anlin — Al + | AnTk — Anlnl|
< | An = Anl|l|Gnll 4+ [ An — Al Tnl]
< spr(Ap) + spr(Ap) - sin? ©(up, Up).

A posteriori error estimate

| Al — Apiin|| < e = small error
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Ay Marking strategies

> max strategy:

> ©max
nr =z TE’TnT

donr=0Y ur

TeM TeT

> bulk strategy:
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Figure: Marking strategy.
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Ay Refinement strategies
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Figure: Refinement strategies.
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Figure: Adaptively refined mesh after 1 step.
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% Eigenvalues and eigenfunctions

A~ 9.6397

Expnireion for =13 1662 Exprircton for =174 Eoertncinato) 108173

Figure: First eigenfunction for (a) coarse mesh, (b) uniformly refined mesh, (c)
adaptively refined mesh.
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L-shape domain

Figure: Adaptively refined mesh after 8 steps.
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% Approximations for the smallest eigenvalue

A~ 9.6397

step || #DOF A

1 5 13.1992
2 27 10.8173
3 99 9.9982
4 306 | 9.7721
5 641 9.6982
6 1461 | 9.6652
7 2745 | 9.6528
8 5961 | 9.6455

Table: Smallest eigenvalue approximation.
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Square domain

Figure: Adaptively refined mesh after 8 steps.
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% Approximations for the smallest eigenvalue

A\ =272 =~ 19.7392

step || #DOF A

1 1 32.0000
2 9 23.0695
3 37 | 20.6068
4 121 | 19.9673
5 439 | 19.7998
6 1321 | 19.7613
7 2449 | 19.7524

8 5353 | 19.7448

Table: Smallest eigenvalue approximation.
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Thank you very much for your attention !
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