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Nomencloture

In={a€Z: |la]=n}

(0,0,4)

'‘Multi-Indices’

'"Domatn Pointa’

(4,0,0) (3,1,0) (2,2,0) (1,3.,0) (0,4,0)
Case: n=4




Bernatein-Bezier Polynomials

A = (A1, A2, A3) barycentric coordinates
Non-negative, partition of unity » ~ BI = 1.
Natural identificationa: a€cl,

Bn(fﬂ) :I:E}:‘ 'CEEI’H
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Bernatein-Bezier Polynomials

o’

Vertex m Edge
Function Function

| nternal
Function

Typical degree 3 Bermatein-Bezier Polynomialas
Interactive View
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http://i33www.ira.uka.de/applets/mocca/html/noplugin/BezierTriangle/AppBernstein/index.html

why Bermnatein-Bezier?

o ELegant, efficient and astable algorithma, eg. de
Caateljon, ...

o Induatry atandard for graphica, eg. pafonta
defimed aa Beztier curves, CAD/CAM packages uase
Bez1ier extenaively,

o Induastry standard for graphica hardware, eg.
OopeMGL hardware optimised routimeas to render
Bezier curves and aurfacea,




Some Nice Properties of
Bernateim Poldymomiala

i
Ba(x)dx = ———, a €1y
/T (")
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De Caatefjou ALgorithm (m=1)

How to evaluate BB poly (n=1) at x?
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De Caatefjou ALgorithm (m=1)

Replace coordinates by controd poimta

. Atmply Limear interpolation,

¥ AN,
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De Caasteljou ALgorithm (m=3)

How to evaluate BB poly (n=3) at x?

C. &N
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De Caasteljou ALgorithm (m=3)

xX = ‘)q'x|+ (A-z,xz +)~31'3




De Caasteljou ALgorithm (m=3)

LOCAL fLimear interpolation (as for M=)

R
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De Caasteljou ALgorithm (m=3)

LOCAL fLimear interpolation (as for M=)
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De Caasteljou ALgorithm (m=3)
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De Caasteljou ALgorithm (m=3)

Perform LOCAL fLimear itnterpodation again
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De Caasteljou ALgorithm (m=3)

1z = ‘)«r'xl"F 9&2_1'2 +¢A31‘3
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De Caasteljou ALgorithm (m=3)

Perform Linear interpolation again

= Py
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De Caasteljou ALgorithm (m=3)
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De Caateljou Adgorithm (n=3)

Stacking the arrays => Pyramid Algorithm

BOOK: R, Goldman, Pyramid Algorithmas: A
Dynamic Programming Approach to Curves
N b and Surfaces for Geometric Modeding,




Queastion

we conatider following Aimple question:

what advantages do Bernastetn polymnomials
offer
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Queastion

we conatider following Aimple question:

what advantages do Bernastern polynomials
offer (if any) for high order FEM?

Question motivated by:

- almoat ubiquitous use of Bermnatein polys 1n
CARGD community

- ... and tn apline Literature,

- Similar philosophy to IGA (Hugheas et al))
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Bernatein-Bezier H ' FEM

Previoua work on using Bermatein-Bezier basia
Awanou (PhD Theaia), Armold et al, (2009), ...
BUT dom’t take advantage of aspecial properties
of BB (could equally well used Lagrange basia),

wort aeceking to exploit properties of BB

* R.C. Kirby, Numer. Math., (2011). Constant data, affine
simplicesin 2D/3D.

* Ainsworth, Andriamaro & Davydov, SAM J. &i. Comp.,
(2011). Variable data, curvilinear elements, non-linear
problems, simplices, prisms, bricks, ..., any dimension.
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Duffy Tranasformation

Define x : [0,1]9 — T = conv(xy,...,xq41) by rule
d+1

X(t) — Z )\kxk
k=1

where

AL =t,2=101—A1),...;, Ag =tg(l —Ar — -+ — Ag_1).

mim] B OWN
2 f: Duffy ‘81, Dubiner ‘92, warburton et al, 99




Stroud Conical Quadrature Rule

Duffy tranasformation giveas

/T f(x)dx =

d|‘T|fU df]_ 1— tl _lf(] dtz(]. = f2 fﬂ dfd fOX)(t)

Approximate integral over ¢ # variable by
Gauss-Tacobi rule:

1 q
/0(1—-5“”‘ dmz (A=K} g (4=}




Stroud Comical Quadrature Rule
Givea

(d—1) d—2 0
\/-;- d)( d||T|Zw Z ( ) “ngd)f(xflafbma"d)'

11—1 12—1 fd=1

“Stroud contcal quadrature”

- poaitive quadrature weighta
- quadrature nodes on T

(d—1) .(d—2 0
Xi1yinyeuyiy — X(é- )?f ) cee ’é-fd))

1< i,i2,...,1g = Q.




Bernatein Polynomials & Duffy

How does Bernastetrn poldynomial behave
under Duffy transformation? x(t):[0,1]9 = T

Conatder univariate Bernatein polynomial

B'(t) = (T) t“"(1-t)" % ke {0,1,...,m}

then
B (x(t) = By, (t1)Bh, “H(t2) -+ Bay 7 (ta)

- Tendorial Mature

BROWN -
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Bernatein Polynomials & Duffy

KEY OBSERVATION:

n—y n_ﬂl_“._ﬂ’.d_l
Bo(x(t)) = By, (t1)By, " (t2) -+ Ba, (td)
Bermnatein polymomials possess key property
needed for Sum Factortsation Algorithm,

Ref. Orazag, 1980

BUT baata Mot tied to a temaorial conatructiom,

e
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Application: Evaluation of BBFEM

How to efficiently evaluate o BBFEM approx

at ofl of Stroud pointa? X; ; . j,

u(x) = ¥ caBlX)

CIEIS




Application: Evaluation of BBFEM

How to efficiently evaluate o BBFEM approx

at ofl of Stroud pointa? X; ; . j,

u(x) = Z Ca Bl (x)

cxelrg

Method 1: Apply de Caateljou AfLgorithwm,
=» CoAt of O(n‘tl) per porné




Application: Evaluation of BBFEM

How to efficiently evaluate o BBFEM approx

at ofl of Stroud pointa? X; ; . j,

u(x) = ¥ caBlX)

CIEIS

Method 2: Apply aAum factorisation,




Application: Evaluation of BBFEM

(u » :x') (L-) — N o, n-ofy=oly
Z Bnc. ({31) Z Enu:](tZ) Z B 3 (ti) C'ﬁ"fz"":s
&)= 0 ®2=0 (3= 0

uAiNng KEY OBSERVATION, where x 14 Duffy
tranaformation.,
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Application: Evaluation of BBFEM

('Uk, ° x) (b) — n - oy n-ofy=ol -
Z Bnc. (§ ) Z' Bn Il’“(3- ) Z B ;3'(51) C“’I'*z"fj
<=0 X2T0 3= 0

where  t= (%:, 5%, 55),

Of"?:“lj ‘i2413 — CL.

1.e. want to evaluate at Stroud pointa,
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Application: Evaluation of BBFEM

(uo DC) (t) = Nt n-o¢=oly o =
Z 8%, (%) Z R" (%) Z B () Cuman
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Application; Evaluation of BBFEM

('Uk, o DC) (t) — _— — .
Z B (5) ) R"(3) B’y (3) Cumane
<=0 ) °(3=o g P

" defne

C‘("Cf;a(z, ‘E.,g)




Application: Evaluation of BBFEM

(uox)(t)—— _—
Z Bnc.(g) Z Bne«c:](g) C ("(1,"(1113)
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Application; Evaluation of BBFEM

Wex) ()= aa
Z B“"(g) Z B"(z (S )C (“11“1:7’3)
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Application; Evaluation of BBFEM

Wex) ()= aa
Z B“"(g) Z B“z (g )C (“1:“2: 13)
<=0 ’:(z- o o

I\ def
Cz(o{‘) 'E«z ) {3)
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Application: Evaluation of BBFEM

(wex)(t) =
Y B (%) C* (=i iz, 1s)

<=0

- N
- 3
\
i
J
- J
- p)
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4



Application; Evaluation of BBFEM

(o) (£) =
Z B:,('s':) Co( Ky tai,7A3)
Ch-‘-'-ﬂ —~ g

)| def

Cs( 1:": 'i'i‘-} {'3)

C. &N
=
AW
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Application; Evaluation of BBFEM

(e x) (L) = C3( 11, 12, 13)
where t= (5:,, 5, i)

C. &N
—n =
GIEALY
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Application: Evaluation of BBFEM

- N
- 3
\
i
J
- J
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Application; Evaluation of BBFEM

N—-ofy

C (e, 22,%8) = Z Bﬂ;jl(gsz)c{(o{q,ocz,is]

Xa2= 0O
T

S, = 8 n o
C ("'1, 12,1'5] = Z Bﬂ-: (gi-:)cz(o(”iz’{‘-")

O(l..'-'-O

{ . - -




Application: Evaluation of BBFEM

N-ofy
] ] n'il i " o
Cz(oc«,*tz,ts] = q,Z:o Bocl(gi;)c (“*:“z:"*s]

g’

Cinrais) = 25 By (85)C (o, 3n, 1)

O(I:-'O

- N
- 3
Al
i
4
- p)
- p)
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Application; Evaluation of BBFEM

e st
£ it , 1s) = L é"l“;“’(*s'i) C«I{f«;
n—oty
Ciloterinis) = 2 B (31)C (wets is)
ok
C'(i1,42,45) = ; B, (53,)C (1, 12, 1s)
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Application: Evaluation of BBFEM

S

N-of, —of2
4 Nneo, ~X3 2 !
C (O('l o(z > ) = B <3 (Sts) Cn{.nf.;

l® va
Cz(o(q,'lz,ts Z B I(S )C (o(.. ,%s 1»5)

qzr

o
C ('51;":2,1:5] = Z B:il: (ng)cz(o(hiz’;'f’]

0(,:-'0
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Application; Evaluation of BBFEM
Step 1. Apply KEY OBSERVATION to write

(uox)(t) =
2 ar=0 Ba,

(t1) > n,—0 Bay

(t2) ... 2

Nn—o]—...—X4q_1 Bn—ﬂfl—...—&d_l
aqg=0 Qg

(tq)




Application; Evaluation of BBFEM

Step 1. Apply KEY OBSERVATION to write
(U O X)(t) —
Ym0 Bo(t) X0 S B () 3 Sy T Bay T ()

Step 2: Express IN recuraive form

..... ﬂd_l.ﬂkd
H—CE]_— —Odd 1 .’T—CE]_— —ﬂ:d_l {DD} 0
clag,..., O 1, 0d) = Zad_g Ba, (& ) (ar, a, ..o o)
2 . . - n—(_!]_——&d_z !T—CE]_— —t'_‘hfd 2 {1 D} 1 ]
C (alf‘*'ﬁ"d—lt"d) = Zad_]_:[} Bad—l (E-'d_l)c (C}:l,...,ﬂﬁd_]_,fd)
. . . d—1,0 d—1 . .
Cd{flﬂ*"ﬁ’d—lﬂ’d): 2;1:0 Bgl(fgd ))C (1, v sig—1,iq)
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Application: Evaluation of BBFEM

Recuraton Leada to

u(x!.l:....,f.d_l,fd) — Cd("l? et f.d_]_:, J[t'.I")
at total coat for all pointa of
O(nd+1)




Application: Evaluation of BBFEM

Recuraton Leada to

u(x!.l:....,f.d_l,fd) — Cd("l? et f.d_]_:, J[t'.I")
at total coat for all pointa of
O(nd+1)

te, we get all pointa at same coat for de
Caasteljou to get a Aimgle point,




Application: Evaluation of BBFEM

Recuraton Leada to

u(x!.l:....,f.d_l,fd) — Cd("l? et f'd_]_:, J[t'.I")
at total coat for all pointa of
O(ncH—I)

te, we get all pointa at same coat for de
Caasteljou to get a Aimgle point,
. tncluding the coat of evaluating basias

fumnctiona ‘on the fiy',

Wi,
—n =

GIENTEALY
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Evoluation of Momenta

Bermatein-Bezier Momenta of £ defimed by

;fo(f)—ﬁB;(x)f(x)dx, o€l

~ needed for element Load wvector,




Evoluation of Momenta

Bermatein-Bezier Momenta of £ defimed by

;fo(f)—ﬁB;(x)f(x)dx, o€l

~ needed for element Load wvector,

1f data £ conatant, then have simple closed
form ‘ Tl
M?I(f) — n+d) f\Tﬂ SA= Ig

("4




Evoluation of Momenta

Bermatein-Bezier Momenta of £ defimed by

e () = [ B dx, aeT;
T
. needed for efement Load wvector,
General data: need quadrature rule with O(q9)

Pointa W'\Qre q - O ( n)

"rotal of O (r ) moments => potentially costly.

BROWN
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Evoluation of Momenta

Duffy tranaformation and KEY OBSERVATION
givea

Mg(f) __ d"T|f0 dtd n Cﬁl— Co 8 1(td)
o dta—1(1 - fd 1)Bag T (tg-1)

[y At (1 — 81)71B2 (11)(F 0 x)(t)

o] BROWN

W



Evoluation of Momenta

Apply Stroud conical quadrature rufe to obtain
recuratve formulae:

FO(i, i, yig) = (Fox)(g 6", ...

Flag, ia,. .., 0g) = j W Wl ”B” G 1))F0(;'1,f2,...,id)

n

Fz(aljagj...jfﬂ;): fz ;W (1d 2)8” al(géd 2))F1(C]flj.l'2,...,fd)

Fd((ll,(}fz,...,ﬂfd) = 9 (O)Bn R ad_l(g}:))l'_d_l(ﬂfl,ﬂfz,..

fd].

.



Evoluation of Momenta

Apply Stroud conical quadrature rufe to obtain
recuratve formulae:

FO(i, i, yig) = (Fox)(g 6", ...

Fl(al,l’z,...jl’d): ?1 1 Elj :)Bn (f(ld :;))ZFO(I']_,fz,...,fd)
Fz(aljagj...jfﬂ;): fz ;W )B” &1(552 ))Fl(alﬁfz,...,fd)
Fd((ll,(}fz,...,ﬂfd) p— Z 1 (O)Bn R &d_l(ggj))l'_d_l(a’l,ﬂfz,...,

Result of recuraton
p (F) = d!|T|F¥ (a1, o, ..., ay)

BROWN
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Evoluation of Momenta

Claim: The number of operations needed to compute p2(f) is
O(n9t1), even including the cost of evaluating basis functions on
the fly.

» Can obtain element load vector at a cost of O(n“+1)
operations, even with variable data f.
» Hence, curvilinear elements also handled in same complexity.

Ref: Atnaworth, Andriamaro & Davydov, SISC 201




Evoluotion of Element Mosa Matrix

M], = [r c(x)BL(x)B(x)dx, B €1
Dimenaion (1Y) x (") e O(n*9)

14 it possible to compute matrix tn O(1)
operation per entry? tie. complexity O(n*?)




Evoluotion of Efement Mosas Matrix

M;ﬁz/;rc(x)B;(x)Bg(x)dx, o, B €l

Dimenaion (1Y) x (") e O(n*9)
14 it possible to compute matrix tn O(1)
operation per entry? te complexity O(n°?)

Karniadakis & Sherwin approach gives O(n??'1)




Evoluotion of Efement Mosas Matrix

M;ﬁ:/;rc(x)B;(x)Bg(x)dx, o, B €l

Dimenaion (1Y) x (") e O(n*9)
14 it possible to compute matrix tn O(1)
operation per entry? te complexity O(n°?)

Karniadokis & Sherwin approach giveas O( n2d+1 )

Etbner g Melent (2006) gives O(n*“)
BUT requires 6-fold increase i dimenasion,

. MIP
=

GIENTEALY
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Evoluotion of Efement Mosas Matrix

Claim: Bermatein-Beztier basia achieveas optimal
complexity (without timtering with the apace),

M;ﬁ—/Tc(x)B;(x)Bg(x)dx, a,Becl]

Recall property of Bermatein poldymomiala

gl

(a3

BLB = B2 5, «,B €]




Evoluotion of Efement Mosas Matrix

Claim: Bermatein-Beztier basia achieveas optimal
complexity (without timtering with the apace),

M;ﬁ—/Tc(x)B;(x)Bg(x)dx, a,Becl]

Mgm_ﬁ — ( 5 )MinJrﬁ(C): o,B€ly




Evoluaotion of Eflement Masas Matrix
Apply ARD ALgorithm to compute the momenta
ngj:t B (¢)

Complexity: O((2n)?*!)




Evoluotion of Efement Mosas Matrix

Apply ARD ALgorithm to compute the momenta
ﬂfxiu 3 (¢)

Complexity: O((2n)?*!)

(*a")

()
Remartably, multinomials dominate the coat!
. careful treatment givesa O(n’?) complexity,

/‘Lin—{—ﬂ(c): a?l@ = Ig

BROWN
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at
t
e
t
A
A

[676]
S / grad A o, 3
BA
;3()() '
(X)
- grad B
;(X)
dx
:I
3
=
i i
d




Evoluation of Element Stiffneasas
Matrix

S,;_ﬁ = /T grad B3(x) - A(x) - grad Bo(x)dx, «,B € Zj

Another useful property of Bermatein polya
d+1

grad B (x) = n Z Bg__lek(x) grad \,, a€l]
k=1




Evoluation of Element Stiffneasas
Matrix

Saﬁ = /T grad B3(x) - A(x) - grad Bo(x)dx, «,B € Zj

Another useful property of Bermatein polya
d+1

grad B (x) = n Z Bl o (X)grad \y, a€Z]
Hemce
d—I—]. ﬂ: Ek—|—[3

T 2 a— in=i5
Sag=n Z 2 e;) grad \j - pa”_eﬁﬁ_eg(l-\) - grad \y
k=1 n 1

BROWN
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Bernatein-Bezier =5
Optimal Complexity

Theorem: All element matrices can be assembled in optimal
complexity O(n*?) including cases where

» non-constant coefficients
» non-affine elements
» coefficients depending on solution u (and/or its derivatives).

Moreover, complexity achieved even if basis functions

evaluated on the fly.
Ref: Aimaworth, Andriamaro & Davydov, SISC 201
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Exameple: 2D

Mass --4--
102 Stiffness ----@--
Stiffness (variable) ----©@--
Stiffness (variable, precumE) —a—
Cn" -~~~
100 |
»
o
=
S
iﬂ';, 10-2 -
@
=
[_
= g
o
10'6 -
-8 !’
-IU r oo | 1 [ R N RN A |
] @ 10° 10 10°

Polynomial Degree



Exomple; 3D

4 M'ass' sufie
107 1 Stiffness - @--
Stiffness (variable) ----©--
Stiffiness (variable, precomp) —4—
10% T Cn® g
)
S 100 -
O
b
bl
£ 102}
I_
=)
O 4
Q 107
10 +
8 = |
10 - R
n] n 100 101

Polynomial Degree



CPU Time (seconds)

Exam?lr 4‘D

o
o
|

o o [
(= ™ .
[ [ I

—
D.l
M
I

Mass - -
Stiffness ---

Stiffness (variable) -

Stiffness (variable, precnméa) +
Cn

@'! 2

10’
Polynomial Degree
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Bernatein-Bezier Basta for
Raviart-Thomaa Efementa




Raviart-Thomaas Efementa

Raviart-Thomas finite element RT,, of order n € Z.
RT, = P2 + P,
dimension (n + 1)(n + 3).

e.g. Vo = span{wy : k = 1,2,3} coincides with RT.

1

— k=1,2 3
2|T|(;13 :I?,tg) : J?i

Wk =




Raviart-Thomaa (M=0)

“Business as usual”

% -

\ 4

FiGuRE 1. Basis functions for BTy with Whitney functions indi-
cated by arrows.

BROWN
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Equivalent Expresasaton for

- Baasla
Sandard RTO Basis
1
- 2|T|

Whitney functions

Wik (x — ) ——

W = )\2 curl )\3 - }\3 curl /\2

1 0 0

= M A9 A3
curlA\; curl)y, curlA;




‘Gemeralised’ whitney

Functiona
By analogy with 1 0
Wi = )\1 }\2
curl \; curl ),

For o € Z,, define

C. &N

N
“.'
(3

Xy

A1

curl \,

(X9
A2
curl \y

0
A3

curl \;

(3
A3
curl s

BROWN
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Bernatein-Bezier Basts fo RT

Dispense with all three vertex functions:

" span {curl Bttl: a € Iﬂ_|_1}

curl —
where

L

T, =1, —4(n,0,0),(0,n,0),(0,0,n)}

That leaves us two short ...




Bernatein-Bezier Basts fo RT

Dispense with one 'generalised’ Whitney function:

T

v =span{Y, :ax € 1 }
where
7, = L,, minusany oneindex

We're three short now ...




Bernatein-Bezier Basts fo RT

Include all three lowest order Whitney functions.

Theorem 3.6. The set

Gk aEI:}U{curlB;“: aefnﬂ}u{wl,wg,w;g}

2

forms a basis for RT,,.

What does it mean geometrically?




Raviart-Thomaa (n=1)

Ficurg 2. Basis functions for RT;: e denotes functions belonging
to V! .. & correspond to functions belonging to 1-{}: { denotes the

curl’

(arbitrarily chosen) index omitted from the set Z; to obtain Ij.

Srée
—a=
OIS

oM BROWN
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Raviart-Thomaa (n=1)

_—
GIENTEALY




Raviart-Thomaa (n=2)

FIGURE 3. Basis functions for RT2: e denotes functions belonging

r2 e . i . : b T2, =
to V5,0 # corresponds to functions belonging to Vi: ¢ denotes

the (arbitrarily) chosen function omitted from the set 73 to ob-
tain Z3.

= Py

2 )

BROWN
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Raviart-Thomaa (n=2)




Raviart-Thomaa (n=3)

FIGURE 4. Basis functions for RT5: e denotes functions belonging

3. : i e -3, &
to V3, ¢ corresponds to functions belonging to Vi: ¢ denotes

the (arbitrarily) chosen function omitted from the set Z3 to ob-
tain T,.

Wi,

GIENTEALY
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Raviart-Thomaas (Gemerol

CaAe)
Order Internal Dofs Edge Dofs Total

no |V Ve Ve Vo

() - - 3 - 3

1 2 - 3 3 8

2 § 1 3 § 15

3 9 3 '} ) 24

n nn+3)/2 nn-1)/21 3 3n |(n+1)n+3)




Application: Darcy Flow

(u,p) € H(div; Q) x L5(Q2) such that

n-u =1 on Jf) and

v
 (w,0) (p.dive) = —olg.v
(divu, w) = (f,w)

for all (v,w) € Hg(div; Q) x Li()




Darcy: ELement Rearduala

Current Approximation:

(uf, p*)

Residuals:
v
v = —o(g,v)r — — (uf, U) + (p*, divo)r
K

W (f,w)r — (dive’, w)r

v is chosen to be X", curl B®** and wy, and w = B".

BROWN
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CPw for Element Reatduaola

109 ¢ ———
101 |
o |
- 10 o
« i
S 10° ¢t
(4]
-
= 10 |
L]
E
= 107° &
o
- -5 h
10 Stroud nodes Eval. e ]
I Residual Constit. —&— |
1077 + Residual Conserv. =
[ Total —-o-— ]
,ID—B". . i Cn”
10° 10 102
LD Polynomial Order
e
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Application: Maxwells Equationa

find u € Hy(curl) and \ € R such that

(curlu, curl v) = M\ (u,v), v & Hy(curl).

Q= [0, 1]*
True Solution: )\ﬁ,{ =7m(k*+ %), klcZ,.

o

ksin(kmx) cos({mx)

{ sin({my) cos(kmx)




Application: Maxwell’s Equationa
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Application: Maxwell’s Equationa

100
N

0.01 |
0.0001 L NN\ T
1e-06 ;
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1e-10 -

1e-12

Error absolute value (full system)
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1e-16
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Summary

eConceptual simplicity:

BaAis Functiona <-> Nodea
cOptimal complexity computation of efement
matrices using AAD ALgorithm/fast matrix
multiply (MA, Andriamaro & Davydov, SISC, 2011)
sExtension to H(div)/H(curf) MA, Andriamaro &
Davydov, Brown Tech. Rep, 20, 2012)
sMon-untform Local Podynomial Orders with de
Caateljou ‘pyramid’ algorithma for entire FE
1m?lementattov\. (Rinaworth, SISC 36, 2014).
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