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VEM: A brand new method

@ Born as evolution of Mimetic Finite Difference (MFD)

> difficult to construct high order approximations
> [Manzini & Lipnikov(14)]
> analysis cumbersome and not always feasible

@ Often, MFD can be recast as VEM

@ [Beirao,Brezzi, Cangiani, Marini, Manzini,Russo (13)]

@ Plate Bending [Brezzi,Marini (13)]

@ Elasticity [Beirao, Brezzi,Marini (13)]

@ Elliptic 3D and more: [Ahmad, A. Alsaedi,Brezzi,Marini,Russo (14)]
@ Mixed H(div)-2D: [Brezzi,Falk, Marini(14),....]

o ......
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Toy Model problem: the Poisson Problem

Let Q € R, d = 2,3 convex. Given f € L2(Q), find u € H?(Q) s.t.
—Au=f in Q u=20 on 0f.

@ Variational Formulation: V = H}(Q)

Find ue V st /VuVWdQ = / fwd) Ywe V.
Q Q
@ Conforming FEM: th""f cVv

find uf € Vot / VuEVwidQ = / fwgdQ Ywf e Vet
Q Q

e Nonconforming FEM V/© ¢ V

find up € V¢ V s.t. 2/ Vuthh:Z/ fw, Yw, € Ve
K /K Kk 'K
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Toy Model problem: the Poisson Problem

Let Q € R?,d = 2,3 convex. Given f € L%(Q), find u € H?(Q) s.t.
—Au=f in u=0 on 0N2.

@ Variational Formulation: V = H}(Q)

Findue Vst a(u,v):= / VuVwdQ = / fwdQ  VYweV.
Q Q

@ Conforming FEM: V&©rf ¢ v

find uf € Vot / VuEVwidQ = / fwidQ Ywf e Vet
Q Q

@ Nonconforming FEM V' & V

finduy € V¢V s.t. Z/ Vuthh:Z/ fwy Vwy, € VJ©
Kk 'K Kk 'K
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Nonconforming FEM: a brief overview...

Variational Crime: V' ¢ V [Strang (73,74)]

Benefits in continuum mechanics:

>

>
>
>

v Vv Vv V

Stokes k = 1 [Coruziex-Raviart (73)]

Fourth order [ Lascaux -Lasaint(75)]

Stokes k = 2 2D, 3D[ Fortin Soulie (85),Fortin (85)]
Hybridization Hellan-Herrmann-Johnson [Comodi [89] any k

Stokes k = 3 [Crouziex-Falk (89)]

Stokes k = 1, K = O [Rannacher-Turek (92)]
Stokes k [Matthies-Tobiska (05),Baran-Stoyan (06)]
Elliptic a-posteriori [Ainsworth-Rakin (08)]

Construction of spaces V/© ¢ V highly depends on:

> degree k and shape of element K
> extensions to 3D not simple for k even
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Non-conforming finite elements k = 2

[Fortin & Soulie (83)]
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[Fortin & Soulie (83)]
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Non-conforming finite elements k = 2

[Fortin & Soulie (83)]
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VEM & FEM in a few words..

@ Similarities:
> same starting point, i.e., variational formulation of the given problem;
> for fixed k > 1 PX C V, (spaces of polynomials of a given degree are
included.
o Differences

> grids made of polygons of arbitrary shape can be used;
> easy to construct high-order (& high regularity approximations.

e Note: VEM offers more flexibility (specially in mesh handling) but in
principle the covergence would not be better than the equivalent FEM

o But: VEM might provide a working element where FEM fails to do
so...7
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Nonconforming VEM

® {Th}n partition into elements K (now polygons!)
@ & skeleton of partition: edges (d = 2) ; faces (d = 3) and £Z = &, N 0N
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Nonconforming VEM

@ {J,} partition into elements K (now polygons!)

We assume shape regularity for F,: 3o > 0 s.t:

> K star-shaped w.r.t all the points of a sphere of radius > phg;
> e € &, star-shaped w.r.t. all points of a disk of radius > phe.
> for every K and for every e C OK

he > ohk
@ & skeleton of partition: edges (d = 2) ; faces (d = 3) and £7 = &, N 0N

[Vl =v nl +v ng
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Nonconforming VEM: general plan

Let kK > 1 be fixed

Find up € V¥ such that:
ah(uh, Vh) =< fp, vy > Vv, € V,f

Ingredients:

o Definition-Construction of V) ¢ V
@ Definition-Construction of aj, : V,f X V,f — R
@ Definition-Construction of f, € V}

How: To Guarantee (P) has unique solution v, and optimal convergence....

> “we look for sufficient conditions on as and Vj, that ensure all the good properties
that you would have with standard FE”

> Here: we also aim at avoiding patologies compared to nonconforming FE
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Construction of local element space V/(K) : fixed k > 1

o V{¥(K) associated to polygon/polyhedra K; n:= # edges/faces of K

Recall the definition of conforming VEM:

VErf(K) = { v e H{(K)NC°(0K) : Av e P**(K), |v|. € P(e)

Ve C 9K }

@ Can we still ask v|e to be a polynomial and enforcing non-conformity 7?7

— leads to constructions dependent on k and n being odd or even X
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Construction of local element space V/(K) : fixed k > 1

e V/(K) associated to polygon/polyhedra K; n:= # edges/faces of K

VE(K) ={veH(K): AveP %K), % e P l(e) YeC OK },
] P - nk + k(k —1)/2 for d =2,
dim(Vi (K)) = { nk(k +1)/2 + k(k* —1)/6 for d =3,

Dofs:
© M) = j7 J.vhGk—1ds, Va1 € PX"(e) Ve C OK

o MK 2(v) = ﬁ Jic Vb Pe—2dx,  Vpx_z € PK3(K)

@ Note dim(VX(K)) = # Dofs
@ same dofs as MFD [Manzini & Lipnikov(14)]
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Construction of local element space k =1

k=1 VYK)={veH(K): Av=0, g: PO(e) Ve C 9K }

v

@ 5 = constant on each e ——  n conditions

@ Av=0in K — 1 condition

But: v € V}(K) can be determined if [, g—,‘; =0 — -1 condition.

L
® ®
@ @
[Crouziex-Raviart (73)] [Rannacher-Turek (92)]

Blanca Ayuso de Dios (CEMSE-KAUST) Nonconforming VEM Durham, July 2014 10 / 28



Construction of local element space kK = 2

0
k=2 V2(K)={veH(K): AvePK), a% € Pl(e) Ve COK },
@ Av =constantin K —— 1 condition

o %X cPl(e)oneache — n-dim(P!(e)) =n-d conditions

Blanca Ayuso de Dios (CEMSE-KAUST) Nonconforming VEM Durham, July 2014 11 /28



Non-conforming VEM vs FEM k = 2

JAVA

[Fortin & Soulie (83)] VEM

Blanca Ayuso de Dios (CEMSE-KAUST) Nonconforming VEM Durham, July 2014 12 /28



Construction of local element space: Unisolvence

VE(K)={veH(K): AveP2(K) 9 ecPle) VeCOK }

The degrees of freedom dofs are unisolvent for V/(K). J

Idea or Reason:
o dim(VX(K)) = # Dofs v

® Ifvy e V/(K)st. MY (vy) =0VeCOK & ME2(v)=0== v, =077
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Construction of local element space: Unisolvence
VE(K)={veH(K): AveP2(K) 9 ecPle) VeCIK }

The degrees of freedom dofs are unisolvent for V/(K). J

Idea or Reason: dim(V/(K)) = # Dofs v’
° Ifvy € VA(K)st. M2(vi) =0 & MEH(w)=0VeC K == v, =077

_ 1 _ 1
Ml;( 2(Vh) = W/th Pk—2 dx = 0 M}e( 1(Vh) = H/Vh Qk—1 ds = 0

/ |VVh|2dX = —/ Vh A Vhdx + Z /Vh 7d5 (Divergence Theorem)
K K V

ecdK
€ PF2(K) IP”‘ (e)
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Construction of local element space: Unisolvence

VE(K)={veH(K): AveP2K) 9L ecPle) VeCOK }

The degrees of freedom dofs are unisolvent for V/(K). J

Idea or Reason: dim(V/(K)) = # Dofs v/
@ Ifvye Vi(K)st. M2(vi) =0 & MEH(w)=0VeC K == v, =077

_ 1 _ 1
M‘;( 2(Vh) = W/ Vh Pk—2 dx =0 Mﬁ 1(Vh) = Q/Vh qk—1 ds=0
K e

v,
/K |vVh|2dX = —/lj( Vh dX + Z Vh 87: ds (Divergence Theorem)
| A —

ecoK ¢ ,

= M2 () +> MEYw) =0

ecoK
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Construction of local element space: Unisolvence
VE(K)={veH(K): AveP2(K) %LcPkl(e) VeCOK }

The degrees of freedom dofs are unisolvent for V(K.

Idea or Reason: dim(V/X(K)) = # Dofs v

@ If vy € VA(K) st. M 2(vy) =0 & MEY(v)=0VeCIK — =0/

v,
/ |Vvh|2dX = —/ Vh dX + E Vh 87[‘:1 ds (Divergence Theorem)
K K
—_

ecoK &

= ME2(wy) + > MENw) =0

ecOK

= |Vw| =0 = v, = constantin K

@ But MY(v;) =0 on each e C 9K = v, =0inK
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Construction of (global) virtual element space: Notation

H () = [ H(K)={vel’(Q) : vike H*(K)}, s>0,

KeTh
broken H'-semi-norm: |v|i,7 = E ||Vv||(2),K Vv e HY ()
Ke Ty
e |v|?, is a norm for v € H}(Q)
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Construction of (global) virtual element space: Notation

H (7)) = [] H(K)={vel’(Q) : vike H(K)}, s>0,
KeT,

broken H'-semi-norm: |v|i,7 = Z HVVHg,K Vv e HY ()
KeTh

e |v|?, is a norm for v € H}(Q)
> A space with some continuity built in...

HY" (T k) = { veHY (T) : /|[v]] ‘n.qds =0 VYqecP(e), Vecé&, } .

. |V|ih is a norm for v € H-"<(.7,; 1)
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Construction of (global) virtual element space

HY" (T k) = { veH(%) : /|[v]| ‘negds =0 YqecP(e), Vec & } .

VE={veH"(T k)  (v)lk € VE(K) YK e T}

nk 4 Nelementk(k — 1) /2 ford =2

dim(V4) =
(V2) { nk(k +1)/2 + Neementk(k* — 1) /6 for d =3

1
e edge/face moments: ./\/l’;’l(vh) — m/Vh Qeo1ds  Vge_1 € ]P;k—l(e)

1
e volume moments: M’}}_Z(vh) = K|/ Vi Pk—2 dx Vpr_s € ]P;k72(K)
K

@ Unisolvence v
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Construction of bilinear form  a¥: V&(K) x VAX(K) — R

K K
an(un, vi) = Z ap (un,vh)  Vup, vy € V), a(u,v) =Y ke o @ (u,v)
KeZ,

Aim:
@ computable (we do not have basis functions, only dofs!)
@ continuity and stability

> possible guide: exact on polynomials PX(K) (patch test..)
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Construction of bilinear form  a¥: V&(K) x VAX(K) — R

an(un,vi) = D ap(un i) Vo ve € VE, a(u,v) = o a(u,v)

KETy
Aim:
@ computable (we do not have basis functions, only dofs!)
@ continuity and stability
> possible guide: exact on polynomials PX(K) (patch test..)

Can we compute a (v, pk) = a"(px, vin) with p, € PK(K) ?

Ip1

—1- K —

k=1: a (vh,pk)——/thdx + E Vb on ds
N————

ecoK &
_ 0
= 0 + E M e ( Vh)
ecOK
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Construction of bilinear form  a¥: V&(K) x VAX(K) — R

an(un,vi) = D ap(un i) Vo ve € VE, a(u,v) = o a(u,v)

KETy
Aim:
@ computable (we do not have basis functions, only dofs!)
@ continuity and stability
> possible guide: exact on polynomials PX(K) (patch test..)

Can we compute a (v, pk) = a"(px, vin) with p, € PK(K) ?

Ip2

—_9. K _

k=2: a (vh,pk)——/thdx + E Vbl on ds
N—————

ecoK ,
— 0 2 : 1
= M K( Vh) + M e ( Vh)
ecOK
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Construction of bilinear form  a¥: V&(K) x VAX(K) — R

an(un, vn) = Z ap (un,vh)  Vup,vh € Vj, a(u,v) = Yxe, @ (u,v)
Ke T

Aim:
@ computable (we do not have basis functions, only dofs!)
@ continuity and stability
> possible guide: exact on polynomials PX(K) (patch test..)

Can we compute a¥(vy, px) = a*(pk, vi) with px € PX(K) ?

0
aK(vh,pk): —/ vhdx + Z /v/7 % ds
K ecoK ¢ ,
= M3 (w) + > MEH(w)
ecoK

Vv, € VE pr € PX(K) a¥(vh, px) is fully computable
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Construction of bilinear form: ingredients
Y ovy € VE pr e PR(K) a"(vh, pi) is fully computable

o NV : HYK) — PK(K) a*(M?vy — v, qk) =0 gk € PK(K)
/ V(Y (vi) — v) Vardx =0 Vai € P5(K), vy € VE(K)
K

/(I'Iv(vh)fvh)dszo if k=1, /(I'Iv(vh)fvh)dxzo if k>2
oK K

> I'Ia(v,,) =v, Vv, € Pk(K)
> | — T2 captures the nonpolynomial part

ah (un, vi) = 3" (M°(up), M2(v)) +  S™(up — NM°(un), v — N°(vs))

~~

polynomial part Stabilization
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Construction of bilinear form

Polynomials Others
- | -
ak=af | al = aff
|
|
ak = ak | Sk
i | |

a,’f(uh, vp) 1= aK(I'Ia(uh), Mne(vy)) + SK(uh — M?(up), v —N%(vy))

polynomial part Stabilization

Blanca Ayuso de Dios (CEMSE-KAUST) Nonconforming VEM Durham, July 2014 18 / 28



Construction of bilinear form

Polynomials Others
K _ K K
a" = aj | a" = ap
H—al | 5~

af(uh, Vp) = aK(I'I"(uh), ne(vy)) + SK(uh — M(up), v —N%(va))

polynomial part Stabilization

c*a* (v, vin) < S*(vi, vi) < cd® (v, vin) Vv € ker(M9)

Take : S"(vi, viy) =~ h? 2w =~ h¥72|v||,
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Construction of bilinear form: Definition and Properties

ap (up, vi) = a"(M%(up), N%(vi)) +  S"(un — N?(un), v — M%(v4))

polynomial part Stabilization

c*aK(vh, vi) < S% (v, vi) < c*aK(vh, Vh) Yvp, € ker(M?)

@ Stability: there are a* and . (depending only on p)

a*aK(vh, vp) < aff(vh, vh) < a*aK(vh, vh) Vv e V,f((K).

> provide continuity and coercivity of an(-, )
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Construction of RHS

e Pl :L%(K) — PYK)  L2-projection

PE2(F for k > 2
(A)lk=4 & () YK€ T,
Py(f) for k=1
- k—2
e k>2 (fn, vi) = Z/ P “(f)vhdx computable
< JK

o k=1 (fn, V) ::Z[{Pﬁ(f)ﬂhdx ~ Y IKIPR(F)PR(vA) -

K

P%(vs) is computed using quadrature rule [Lipnikov, Manzini (14)]

3 1 1
A - Z m/vhds ~ Pr(va),
e

ecoK
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Nonconforming VEM: Recap general plan

Let kK > 1 be fixed

Find up, € V& such that:
ah(uh, Vh) =< fh, Vp > Vvh € V,f

(P)

Ingredients:

@ Definition-Construction of V/ ¢ V v
@ Definition-Construction of a, : V,f‘ X V,f‘ — R
> computable, stable & continuous.... v/
@ Definition-Construction of f, € V| v
Lax Milgram  — (P) has unique solution uj

> optimal convergence?
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Measuring the Nonconformity

@ Variational Formulation: V = H(Q)

Findue V=Hj(Q) st a(u,v) ::/ VuVvdQ =< f,v > YveV
Q

For v € HY( ;1)

(u,v) Z / (Au)vdx + Z / 6‘TVdS_<f v > 4+ Ny(u, v)
K

Ke T K€ Ty
£0
o Np(u,v)= Z/ —vds—z Vu-[v] ds
KET, oK Oni ec&y €

o If ue H(Q) with s > 1/2 and v € H»"(F},; 1)
Wiy, v)| < C(0)A™™ 0 lullss1,]vrn
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Error Analysis: Strang-type Lemma

.. ) o u; cPKZ)
approximations of u: { . ulevk
3C = C(p,a*, a) > 0 such that:
<f - fh, Vp >
lu—uplip < Cllu—u|ip+ |u—urlin+ sup [<f=fhvn>|
—— —— | eVt Va1,
N,
o sup Melu:vn)

weve  [valin

@ if f € H1(Q) withs >1

lu— unlrn < CH™" I (lullissa + || Flls—1.0) -

@ [>-Optimal error estimates similar to [Beirao,Brezzi, Marini (13)]
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Nc-VEM-k versus Nc-FEM-k

Randomized triangular mesh
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Nc-VEM-k versus Nc-FEM-k

Randomized triangular mesh

VEM-k vs FEM-Pk - H1 errors
randomized triangular mesh (M201)

| O/e/e‘/e./e
001 &
0.0001 N
GO VEM-1]
s G- VEM-2| 7
1e-06— 6 VEM-3[ ]
A-AVEM-4
E << VEM-5 E
E GO FEM-1 | 3
- G FEM-2 | ]
1e08 &— FEM-3
A—A FEM-4
<4< FEM-5 |
: Ll 3
1e18 01 01
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Further Bridges.. (to be built..)

@ Stokes, Elasticity,.. and many others

@ Analysis for low regularity

@ Bridges with Mixed VEM [Arnold & Brezzi (82)]
@ Bridges with HHO [Ern, Pietro (14-)]

@ Bridges with DG..

@ [2-projections..?

@ VEM for non-symmetric?

Blanca Ayuso de Dios (CEMSE-KAUST) Nonconforming VEM Durham, July 2014 26 / 28



Nc-VEM-k versus FEM-k

Randomized quadrilateral mesh
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Nc-VEM-k versus FEM-k

Randomized quadrilateral mesh

VEM-k vs FEM-PK - H1 errors
randomized quadrilateral mesh (M102)

1 ; e

001 .

0.0001 /<] 4

GO VEM-1]

s G- VEM-2| 7

1e-06— 6 VEM-3[ ]
A-AVEM-4

E << VEM-5 E

E GO FEM-1 | 3

- G FEM-2 | ]
1e08 &— FEM-3
A—A FEM-4

<4< FEM-5 |

: Ll 3

1e18 01 01
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