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RT-elements are frequently used for discr. of problems in H(div,Ω)

Mixed methods for the Poisson equation

Mixed methods for incompressible flows (Stokes problem)

etc.

Analysis of hp-methods→ approx. & stability of ΠRT
k w.r.t. degree k

1 M. Ainsworth, K. Pinchedez, hp-approximation theory for
BDFM and RT finite elements on quadrilaterals, SINUM (2002)

2 D. Schötzau, C. Schwab, A. Toselli, Mixed hp-DGFEM for
incompressible flows, SINUM (2003)

3 D. Schötzau, C. Schwab, A. Toselli, Mixed hp-DGFEM for
incompressible flows II: Geometric edge meshes, IMAJNA (2004)

In this talk we consider

|ΠRT
k w|1,K ≤ C (k)|w|1,K ∀w ∈ H1(K )

which e.g. is involved in the proof of discrete inf-sup condition in [2].
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Outline

1 Explicit representation of ΠRT
k and review of Legendre

polynomials

2 Existing stability estimates: proof technique

3 Partial improvenemt and . . .

4 Optimal stability estimates

5 Optimality: analytic examples and numerical tests
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Polynomial spaces:

Pn = span{ x i | 0 ≤ i ≤ m},
Qm,n = span{x iy j | 0 ≤ i ≤ m, 0 ≤ j ≤ n},

Reference elements:

I = (−1, 1), K = (−1, 1)2.

The Raviart-Thomas space of order k is defined as

RTk(K ) := Qk+1,k ×Qk,k+1

There is a unique interpolation operator ΠRT
k : H1(K )2 → RTk(K )∫

K
(ΠRT

k w −w) · vk = 0 ∀vk ∈ Qk−1,k ×Qk,k−1,∫
E

(ΠRT
k w −w) · n ϕk = 0 ∀ϕk ∈ Pk(E ) and faces E ⊂ ∂K .

[Brezzi/Fortin,1991]

→ normal component is prescribed on each edge (L2-proj.)
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Define:

πk is the one-dimensional L2-projection onto Pk

Qm,n is the two-dimensional L2-projection onto Qm,n

Notice: Qm,n = πxm ◦ π
y
n

Lemma [Ainsworth/Pinchedez, 2002]

(ΠRT
k w)x = Qk−1,kwx +

2∑
i=1

EEi
k

(
πyk (wx − Qk−1,kwx)

∣∣∣∣
Ei

)

(ΠRT
k w)y = Qk,k−1wy +

4∑
i=3

EEi
k

(
πxk (wy − Qk,k−1wy )

∣∣∣∣
Ei

)

E2 E1

E4

E3

where e.g.

EE1
k (ϕ) = Mk(x)︸ ︷︷ ︸

:=
Lk+1(x)+Lk (x)

2

ϕ(y)
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Excurion to Legendge polynomials Lk(x)

Orthogonal polynomial system in L2(−1, 1)∫ 1

−1
Lk(x)Lj(x)dx = ‖Lk‖2δkj

Normalized such that Lk(1) = 1, k ≥ 0.

Properties:
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Orthogonal polynomial system in L2(−1, 1)∫ 1

−1
Lk(x)Lj(x)dx = ‖Lk‖2δkj

Normalized such that Lk(1) = 1, k ≥ 0.

Properties:

Lk(x) are even/odd functions for even/odd values k

⇒ Lk(−1) = (−1)k

⇒ Mk(−1) =
(−1)k + (−1)k+1

2
= 0, Mk(1) =

1 + 1

2
= 1

i.e. Mk(x) is a proper extension from a side of K .
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Properties of the L2-projection in 1d

u =
∞∑
i=0

aiLi πku =
k∑

i=0

aiLi

‖πku‖0 ≤ ‖u‖0

‖u − πku‖0 . k−1‖u′‖0

‖(πku)′‖0 . k2‖u‖0 (inv. ineq.)

|(u − πku)(±1)|2 . ‖u‖0,I‖u′‖0,I [Georgoulis/Hall/Melenk,2010]

⇒ |(u − πku)(±1)|2 . k−1‖u′‖20,I

‖(πkv)′‖20,I . k‖v ′‖20,I
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Theorem [Schötzau/Schwab/Toselli, 2003]

|ΠRT
k w|21,K ≤ Ck2|w|21,K ∀w ∈ H1(K )2

Proof. For u = wx it holds that

|Qk−1,ku|21,K ≤ Ck|u|21,K .
√

∥∥∥∥∂xEE1
k

(
πyk (u − Qk−1,ku)

∣∣∣∣
E1

)∥∥∥∥2
0,K

≤ ‖M ′k‖20,I︸ ︷︷ ︸
.k3

‖(u − Qk−1,ku)|E1‖
2
0,I︸ ︷︷ ︸

.k−1‖∂xu‖20,K

∥∥∥∥∂yEE1
k

(
πyk (u−Qk−1,ku)

∣∣∣∣
E1

)∥∥∥∥2
0,K

≤ ‖Mk‖20,I︸ ︷︷ ︸
.k−1

‖∂yπyk (u − Qk−1,ku)|E1‖
2
0,I︸ ︷︷ ︸

=(∗)

(∗) . k4‖(u − Qk−1,ku)|E1‖
2
0,I . k4k−1‖∂xu‖20,K .
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1) Notice the exact relation (recall: L′k+1 = (2k + 1)Lk + (2k − 1)Lk−2 + . . . )

‖M ′k‖2 =
1

4
‖L′k+1 + L′k‖2 =

1

4
(‖L′k+1‖2 + ‖L′k‖2) =

(k + 1)2

2
.

→ the “∂x” part of the gradient converges at optimal rate k.

2) Notice that

∂yπ
y
k (u − Qk−1,ku)

∣∣
x=1

= (Id − πxk−1) ◦ (∂yπ
y
k )u
∣∣
x=1
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∂yπ
y
k (u − Qk−1,ku)

∣∣
x=1

= (Id − πxk−1) ◦ (∂yπ
y
k )u
∣∣
x=1

Proceed first with the x-part rather than with y -part
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use it for v → (∂yπ

y
k )u
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Is this optimal?
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Numerical experiment: estimate the smallest C (k) s.t.

‖∂yΠRT ,x
k u‖20,K ≤ C (k)‖∇u‖20,K

Let

u =
∞∑
i ,j

uij L̂i (x)L̂j(y)

Then

‖∂yΠRT ,x
k u‖20,K = u>Aku, Ak =Mk ⊗Hk

‖∇u‖20,K = u>Bu, B = K ⊗M+M⊗K

and

C (k) = max
u∈RN×N

u>Aku

u>Bu
≈ max

u∈RN×N

u>Aku

u>BNu
= λmax(B−1N Ak)

N � k .
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Multiplicative stability estimates:

(a) stability of πk : H1(I )→ H1(I ), [C/Egger, 2013]

‖(πkw)′‖20,I ≤ 4k2‖w‖0,I‖w ′‖0,I ,

(b) trace inequality, [Georgoulis/Hall/Melenk, 2010]

|(v − πkv)(1)|2 . ‖v‖0,I‖v ′‖0,I .

Then (a) + (b) imply by interpolation, cf. [Tartar, 2007]

‖(Id − πxk−1) ◦ (∂yπ
y
k )u
∣∣
x=1
‖20,I . k2

(
‖u‖0,K‖∂xu‖0,K‖∂yu‖0,K‖∂x∂yu‖0,K

) 1
2

. k2‖u‖L2(K)‖u‖H2(K)

Accounting for the extension ‖Mk‖20,I ∼ k−1

|ΠRT ,x
k u|21,K ≤ C̃ k‖u‖21+ε,K ∀u ∈ H1(K ).
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We have

|ΠRT ,x
k u|21,K ≤ C̃ k‖u‖21+ε,K ∀u ∈ H1(K ).

How to get to the H1(K )-norm on the right-hand side?

One-dimensional results (inv. ineq., stability) imply

|ΠRT ,x
k u|21,K . ‖u‖20,K + k4‖ΠRT ,x

k u‖20,K

Theorem

There exists a constant C > 0 independent of ε and k such that

|ΠRT
k w|21,K ≤ Ck1+ε|w|21,K ∀w ∈ H1(K )2

Take the limit ε→ 0!
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Theorem

There exists a constant C > 0 independent of k such that

|ΠRT
k w|21,K ≤ Ck|w|21,K ∀w ∈ H1(K )2

Optimality

For u = L̂k+1(x)L̂k+1(y), L̂k+1(x) :=

∫ x

−1
Lk(t)dt

|ΠRT ,x
k u|21,K ∼ k−2, |u|21,K ∼ k−3.

Therefore the stability estimate is sharp up to ∀ε > 0.
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Theorem

There exists a constant C > 0 independent of k such that

|ΠRT
k w|21,K ≤ Ck|w|21,K ∀w ∈ H1(K )2

Remarks:

A sharp stability estimate for ΠRT
k : H1(K )→ H1(K )

Same stability estimate holds for K = (−1, 1)3

The same result can be proven using the representation

ΠRT ,x
k wx = π̂xk+1 ◦ π

y
k , ΠRT ,y

k wy = πxk ◦ π̂
y
k+1.

[Hientsch, 2001],[Schötzau et al., 2004]

Similar estimates for the Nedelec interpolant – in progress

Estimates for triangles and tetrahedrons – in progress
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Thank you very much for your attention!
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