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RT-elements are frequently used for discr. of problems in H(div, Q)

@ Mixed methods for the Poisson equation
e Mixed methods for incompressible flows (Stokes problem)
@ etc.
Analysis of hp-methods — approx. & stability of MR w.r.t. degree k
Q@ M. AINswORTH, K. PINCHEDEZ, hp-approximation theory for
BDFM and RT finite elements on quadrilaterals, SINUM (2002)

@ D. ScuOTZAU, C. SCHWAB, A. TOSELLI, Mixed hp-DGFEM for
incompressible flows, SINUM (2003)

@ D. ScHOTZAU, C. SCHWAB, A. TOSELLI, Mixed hp-DGFEM for
incompressible flows Il: Geometric edge meshes, IMAIJNA (2004)
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Q@ M. AINswORTH, K. PINCHEDEZ, hp-approximation theory for
BDFM and RT finite elements on quadrilaterals, SINUM (2002)
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incompressible flows, SINUM (2003)

@ D. ScHOTZAU, C. SCHWAB, A. TOSELLI, Mixed hp-DGFEM for
incompressible flows Il: Geometric edge meshes, IMAIJNA (2004)

In this talk we consider

MR Wik < C(K)|wlik  Yw e HY(K)

which e.g. is involved in the proof of discrete inf-sup condition in [2].
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Outline
© Explicit representation of M7 and review of Legendre
polynomials
@ Existing stability estimates: proof technique
© Partial improvenemt and ...
@ Optimal stability estimates

© Optimality: analytic examples and numerical tests
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Polynomial spaces:
P, =span{ x' |0 < i< m},
Qm.n = span{x'y/ |0 < i< m,0<j<n},
Reference elements:

I=(-1,1), K=(-1,1)>2
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Polynomial spaces:
P, = span{ x' |0 < i< m},
Qm,n = span{x'y’ |0 < i < m,0 < j < n},
Reference elements:
| =(-1,1), K= (-1,1)2

The Raviart-Thomas space of order k is defined as
RTi(K) == Qus1.k6 X Qi k41
There is a unique interpolation operator M7 : HY(K)? — RT,(K)
/K(”fTW —w)-ve =0 Vv € Quork X Qui1,

/(I'IfTw —w)-ng,=0 Vi € Py(E) and faces E C K.
E

[Brezzi/Fortin,1991]
v

— normal component is prescribed on each edge (L2-proj.)
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Define:
@ 7 is the one-dimensional L2—projection onto Py
® Qm,n is the two-dimensional L2-projection onto Qm,n

HP. X y
Notice: Qm,n =Ty 0T
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® Qm,n is the two-dimensional L2-projection onto Qm,n
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Notice: Qm,n =Ty 0T

Lemma [Ainsworth/Pinchedez, 2002]

2
(nf—rw)x = Qkfl,kwx + 28[5 <7T{(Wx - Qk*l,kwx)

i=1

)

4
(E7w0), = Qi + 3 65 (i (wy — Q1w

i=3 Ei
Es
where e.g.
E> £y )= Mi(x)  oly)
N——
L1 (9 +Lg (x)
= 2
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Excurion to Legendge polynomials L(x)

@ Orthogonal polynomial system in L2(—1,1)

1
/ Le()Li(x)dx = |Li |2

-1

o Normalized such that L,(1) =1, k > 0.
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Excurion to Legendge polynomials L(x)

@ Orthogonal polynomial system in L2(—1,1)

1
/ Le()Li(x)dx = |Li |2

-1

o Normalized such that L,(1) =1, k > 0.

Properties:

@ L(x) are even/odd functions for even/odd values k
= Li(=1) = (-1)

(_1)k +2(_1)k+1 =0, Mk(].) — ﬂ -1

i.e. Mk(x) is a proper extension from a side of K.

= Mk(—l) =

6
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Excurion to Legendge polynomials L(x)

@ Orthogonal polynomial system in L2(—1,1)
1
[ L0k = LRy
-1

o Normalized such that L,(1) =1, k > 0.

Properties:

2
2k +1’

|Lg||? = k > 0.

6
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Excurion to Legendge polynomials L(x)

@ Orthogonal polynomial system in L2(—1,1)

1
/ Le()Li(x)dx = |Li |2

-1

o Normalized such that L,(1) =1, k > 0.

Properties:

°
L, -1

L, = k1 k=1 p > .

2k+1 -

Then
2+1 = (2/( —+ 1)Lk + (2/( — ]_)Lk,Q + ...

Ll = k1) 5= +(2k=1) 5+ = (k+1)(k+2)

6/14



Properties of the [2-projection in 1d

00 k
UIZQ,’L,‘ ﬂku:Za;L;
i=0 i=0
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Properties of the [2-projection in 1d

0 k
UIZ&,’L,‘ ﬂku:Za,-L,-
i=0 i=0

o [[mrullo < llullo
o |[u—miullo S k7|l
o |(mxu)|lo < k?||ullo (inv. ineq.) <

(v = meu) (D)2 < Mlullollullos

[Georgoulis/Hall/Melenk,2010]

= |(u = mew) (1) < K ([5

1) 150 < KlIVIIG
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Theorem [Schétzau/Schwab/Toselli, 2003]

INETwE i < CR2wlTx  Yw e HY(K)?
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Theorem [Schétzau/Schwab/Toselli, 2003]
INETwlix < CRPlwlix  vw e HY(K)?
Proof. For u = w, it holds that

|Qu-1kuls k < Cklulf . V/

2
\ 0.Ef (wz(u  Qursw) ) < 1MUY, 1w = Qv 2,
Eq 0,K N——
< k10l v/
2
] 0,5E: (w{(u—ok_mu) ) < M2, 10,7 (0 = Qerit)les 2,
E1 O,K N——

<k-1y —(+)

(+) S k(v — Quriw)lgllg) S KKk Ocull§ k-



Theorem [Schétzau/Schwab/Toselli, 2003]
INETwlix < CRPlwlix  vw e HY(K)?
Proof. For u = w, it holds that

|Qu-1kuls k < Cklulf . V/

2
2
< M5 1w = Qv k)& 1134
0K “——
<k9? kL0l v/

8)(551 (W{(U — Qkfl,ku)

2

Q,EEI <7r{(u—Qk_17ku)

< [IMicllo s 10y (1 — Qu—1.kt) £, 115,
——

E1>

)
<kt =(+)?

(+) S K l(u = Qu-rat)l& 115 < K k| Oxullg k-

0,K




1) Notice the exact relation (recall: L}, = (2k + 1)Ly + (2k — 1)Ly_o + .

1 k 4+ 1)?
MR = 2k + Lhl? = SO0l + ) = S5
— the “0," part of the gradient converges at optimal rate k.

)

)

2) Notice that

Aymip(u— Qo ku)|,_y = (ld = m5_y) 0 (97 )ul| _,
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1) Notice the exact relation (recall: L}, = (2k + 1)Ly + (2k — 1)Ly_o + .

1 1
2 2 2
IMI? = G l1ln + Gll? = g (1L 1P + 117 = >

— the “0," part of the gradient converges at optimal rate k.

(k +1)2

)

2) Notice that
Aymip(u— Qo ku)|,_y = (ld = m5_y) 0 (97 )ul| _,

Proceed first with the x-part rather than with y-part
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1) Notice the exact relation (recall: L}, = (2k + 1)Ly + (2k — 1)Ly_o + .
1 (k+1)?
HMM2=1W~H+LH2 WL+HF+HLH) —

— the “0," part of the gradient converges at optimal rate k.

)

2) Notice that
Aymi(u = Quor )|,y = (Id — 1) 0 (Oym))ul,_,

Multiplicative trace inequality [Georgoulis/Hall/Melenk,2010]
(v = 7)) S IvlloaIV'llo,s

use it for v — (9,7 )u
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1) Notice the exact relation (recall: L}, = (2k + 1)Ly + (2k — 1) L2 +...)

1
IMEl? = 4 l1Lkn + Lel* =

2
Sl + 1407 = B

— the “0," part of the gradient converges at optimal rate k.

J

2) Notice that

Oy (U — Qu—vetr) |y

= (ld — 1) o (Oymy)ul,_,

Multiplicative trace inequality [Georgoulis/Hall/Melenk,2010]
(v = 7)) S IvlloaIV'llo,s

use it for v — (9,7 )u

I(ld = 7%_1) o (Bymy)ul,_y

< C 1Oy mi)ullok 16x(Dymi)ullo.x

- -~

SKkY2|8yulloe Sk NOxullo.k

e
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1) Notice the exact relation (recall: L}, = (2k + 1)Ly + (2k — 1) L2 +...)

1
IMEl? = 4 l1Lkn + Lel* =

(IIL ll? + L) =

(k +1)?
s

— the “0," part of the gradient converges at optimal rate k.

)

2) Notice that

8y7Tk(U—Qk 1,kU } =1

I(1d = 7§_1) 0 (Bym})ul .4 15

= (ld — m_1) o (Oym)u]

< Cll(9ymi)u

«( y”k)UHOK

-~

Skl/ZIIByUIlo,K

5k2||5xu||o,;<
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1) Notice the exact relation (recall: L}, = (2k + 1)Ly + (2k — 1) L2 +...)

(k +1)2

1 1
2 2 2
IMI? = G l1ln + Gll? = g (1L 1P + 117 = >

— the “0," part of the gradient converges at optimal rate k. J

2) Notice that

Aymi(u = Quor )|,y = (Id — 1) 0 (Oym))ul,_,

I(1d = 7§_1) 0 (Bym})ul .4 15

< C||( y”k) «( y7Tk)U||0K

Skl/zllayUIlo,K §k2||3xu||o,K

— the “0," part of the gradient converges at the rate k3/2,
Is this optimal?
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Numerical experiment: estimate the smallest C(k) s.t.

RT ,x
10,1 ull§ k < RV ullf i
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Numerical experiment: estimate the smallest C(k) s.t.

RT ,x
18,1 ullg i < CURIVullf
Let

U—ZUU L(y
Then

HaynftXUHaK = u' Agu, A = My @ Hy

IVul§x =u"Bu, B=K@M+MaK
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Numerical experiment: estimate the smallest C(k) s.t.

RT ,x
10,1 ull§ k < RV ullf i

Let
u= Z ujL; x)L; i(y)
Then
18, ul2 e = u" Ak, A = My @ Ha
\|VUH(2)7K: u' Bu, B=KoaM+MaK
and
C(k) = max ul A A~ max ul A = Amax(By " A)

ueRNXN 4T Bu  yeRNxN u! Byu

N> k.
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10

max

---A~k

10

11/14



10

)
max
R
< 10"} ]
0
10 : :
10° 10’ 10° 10°

Potential for an improvement!
We need for an new tool, however...

Key — multiplicative stability estimates!
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Multiplicative stability estimates:

(a) stability of mx : H}(1) — H(I), [C/Egger, 2013]

I(rw)'[I5 < 4k*[[wllo,rllwllo,r,

(b) trace inequality, [Georgoulis/Hall/Melenk, 2010]

2
(v = me) (D S Ivlioallv/llo.-
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(a) stability of mx : H}(1) — H(I), [C/Egger, 2013]

[(mew) 13,1 < 4k wloslw . )

(b) trace inequality, [Georgoulis/Hall/Melenk, 2010]

(v =)L) S lIvloalIv'llo,r-

Then (a) + (b) imply

N

I(d = mi_y) o ()l _y 8.5 < K2 (llullo,kl|Oxullok 1By ullok 10xDy ullo,k)
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Multiplicative stability estimates:

(a) stability of mx : H}(1) — H(I), [C/Egger, 2013]

[(mw)' 13 1 < k2| wilo,l1w'llos )

(b) trace inequality, [Georgoulis/Hall/Melenk, 2010]

(v =)L) S lIvloalIv'llo,r-

Then (a) + (b) imply by interpolation, cf. [Tartar, 2007]

N

I(d = m_y) o (Ol _y 5.1 S K2 (lullok10xullo.k | Oy ulloxl0xy ullo.k)

< KNl 2yl gy
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(v =)L) S lIvloalIv'llo,r-

Then (a) + (b) imply by interpolation, cf. [Tartar, 2007]
I(d — 7§_1) 0 (Oym)ul 4 1161 < K2[lul

<K

2
B11(K)

2
Ullgge(r
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Multiplicative stability estimates:

(a) stability of mx : H}(1) — H(I), [C/Egger, 2013]

I(rw)'[I5 < 4k*[[wllo,rllwllo,r,

(b) trace inequality, [Georgoulis/Hall/Melenk, 2010]

(v =)L) S lIvloalIv'llo,r-

Then (a) + (b) imply by interpolation, cf. [Tartar, 2007]

10 = 1) () ul 135 S KNl ey
< Kl

Accounting for the extension ||M ||, ~ k!

RT ,x >
Mg ulf i < Chllullfyer  Yue HY(K).
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We have

RT ,x >~
MR ul e < Eklullyene Vu e HY(K). J
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We have
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RT,
e
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uld S Nl s+ KIMET >l )
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We have

M ulf < Chllul e Vo€ HY(K), )

How to get to the H(K)-norm on the right-hand side?

One-dimensional results (inv. ineq., stability) imply

RT, =
e uf} k< TPl e J

There exists a constant C > 0 independent of € and k such that

METwE o < CKEwli o Yw e HY(K)?

Take the limit £ — 0!
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There exists a constant C > 0 independent of k such that

INETwEE < Chlwli  Yw e HY(K)?
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There exists a constant C > 0 independent of k such that

INETwEE < Chlwli  Yw e HY(K)?

Optimality
X

For u = Lk+1(X)Lk+1(y), Lk+1(X) = / Lk(t)dt
1

INFT w2 o~ k72 Juf2 o~ k3.

Therefore the stability estimate is sharp up to Ve > 0.
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There exists a constant C > 0 independent of k such that

INETwEE < Chlwli  Yw e HY(K)?

Remarks:
o A sharp stability estimate for M7 : HY(K) — HY(K)
e Same stability estimate holds for K = (—1,1)3

@ The same result can be proven using the representation

RT ,x _AX y RT,y X Ay
I_Ik Wy = Tjy1 O Ty, ﬂk Wy = T 0 fh q-

[Hientsch, 2001],[Schétzau et al., 2004]
@ Similar estimates for the Nedelec interpolant — in progress

@ Estimates for triangles and tetrahedrons — in progress
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There exists a constant C > 0 independent of k such that

INETwEE < Chlwli  Yw e HY(K)?

Remarks:
o A sharp stability estimate for M7 : HY(K) — HY(K)
e Same stability estimate holds for K = (—1,1)3

@ The same result can be proven using the representation

RT ,x _AX y RT,y X Ay
I_Ik Wy = Tjy1 O Ty, ﬂk Wy = T 0 fh q-

[Hientsch, 2001],[Schétzau et al., 2004]
@ Similar estimates for the Nedelec interpolant — in progress

@ Estimates for triangles and tetrahedrons — in progress

Thank you very much for your attention!
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