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Key ideas for HHO
» Degrees of freedom (DOFs)

> polynomials of order k > 0 on all mesh cells and faces
> cell DOFs can be eliminated by static condensation

» Building principles
» discrete differential operators based on local DOFs
> simple reconstruction based on local primal (Neumann) problem
» nonconforming scheme
» face-based penalty linking cell- and face-DOFs

» Main benefits from proposed approach
> can handle (fairly) general 3D polyhedral meshes
> high-order method: energy-error estimate of order (k + 1) and
potential-error estimate of order (k + 2) for smooth solutions
» compact stencil: faces neighbors, no nodal unknowns

» References
» diffusion: Comput. Methods Appl. Math., 2014
> quasi-incompressible linear elasticity: hal-00979435
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Overview: general meshes

» Low-order schemes (k = 0)

(MFD) Mimetic Finite Differences [Brezzi, Lipnikov & Shashkov 05]
(HFV) Hybrid Finite Volumes [Eymard, Gallouét & Herbin 10]
(MFV) Mixed Finite Volumes [Droniou & Eymard 06]

unified approach to MFD/HFV/MFV [Droniou et al. 10]

(CDO) Compatible Discrete Operator [Bonelle & AE 14]; vertex-
and cell-based versions, hybridization, links with MFD/HFV/MFV
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» Higher-order schemes (k > 1)

(IPDG) Interior Penalty Discontinuous Galerkin [Arnold et al. 01]
(HDG) Hybrid DG [Cockburn, Gopalakrishnan & Lazarov 09]
FEM w/ nonpolynomial shape functions [Tabarrei & Sukumar 04]
High-order MFD [Beirdo da Veiga, Lipnikov & Manzini 11]
(VEM) Virtual Element Method [Brezzi, Marini et al. 12-]

v
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Overview:

Face-based DOFs for diffusion

» HHO with k = 0 corresponds to HFV w/ specific penalty value

» Face-based DOFs for diffusion considered in HDG and in

>

>

>

Weak Galerkin scheme of [Wang & Ye 13]
Hybrid-Mixed method of [Araya, Harder, Paredes & Valentin 13]
MFD scheme of [Lipnikov & Manzini 14]

» HHO differs from above in design and/or analysis

>
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based on primal formulation

gradient reconstruction based on local primal (Neumann) problem
simple polynomial space for reconstruction

multiscale information can be incorporated into local problem
global system involves SPD matrix
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Diffusion

» Model problem

» Admissible mesh sequences

» Degrees of freedom

» Gradient reconstruction

» Discrete problem and stability
» Error analysis

» Numerical results
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Model problem

v

Open, bounded, connected, polyhedral domain Q c RY, d € {2,3}

v

Source term f € L%(Q)

v

Weak formulation: Seek v € Hg () such that
(Vu,Vv)q =(f,v)a Vv € H}(Q)

u is called the potential and —Vu the flux

v

Extensions to other BCs and more general diffusion can be
considered
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Admissible mesh sequences

> h-refined mesh sequence (7;,)rc Where each 7, consists of 3D
polyhedral cells partitioning 2

» Each 7, admits a matching simplicial submesh with only one length
scale locally (cellwise)
> submesh serves for theoretical analysis and for quadratures
» generic constants C can depend on mesh regularity

» Usual inverse, trace, and polynomial approximation properties hold
on admissible mesh sequences (see, e.g., [Di Pietro & AE 12])
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Diffusion

Degrees of freedom (1)
» Local DOFs are, for all T € 7,
U = PG(T) x { xrer, Pi_1(F)}
We use the notation (v, (Ve)rez,) for v € Uk

» Local reduction map 1% : H*(T) — U% such that, for all v € H}(T),
v i= (mhv, (Thv)rer,)

k=0 k=1 k=2
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Degrees of freedom (2)

» Global DOFs obtained by patching interface values
Uk = {x7en,PE(T)} x {xrer,Ph_1(F)}
We use the notation ((v1)71eT,, (VF)Fez,) for vy € Uk
» Dirichlet BCs can be embedded in discrete space

Uévo = {v;, € Uﬁ |ve =0VF € _7_-};}
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Gradient reconstruction (1)

> Local gradient reconstruction operator G% : U5 — VPATH(T)
> Let v := (vr, (VF)Fer,); then, Gkv = Vo with @ € PETY(T)

» The polynomial w solves the local (well-posed) Neumann pb.

(Vw,Vq)r = (Vvr,Vaq)r + Z (ve =v7,Vanre)F
FeFr

for all g € PA*1(T), and we prescribe [, = [;vr

» We can also define the local potential reconstruction operator
pk Uk — PETL(T) such that p&v := w; hence,

V(pkv) = Ghv /T phv = /T vr
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Gradient reconstruction (2)
» Commuting diagram property

L2( T)d

l I%— . lﬂ'VPZJrl( T)
G
Us —=% VPLT(T)
For all u € HY(T) and all g € PXT(T),

(V(p5150), Va)r = (GF15u, V)T = (Vu, Va)T

> Interpolation operator psl% : HY(T) — P51 (T) with optimal
approximation properties for all k > 0,

lu— pltullr + b lu — pitsullor + hr |V (u— plisu) 7

+ BV (u = plbu)lor < CHE2ull
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Discrete problem and stability (1)

» Local bilinear forms on U% x UX such that

ar(u,v) = (GXu, Gxv)1 + st(u,v)

v) = Z he ' (wE(ur — PFu), mf(ve — PFV))F

FeFr

with Py := vy + (phv — mhphv) for all v € Uk
—_——

high-order correction

> Global bilinear form on U x UK is assembled cellwise

ap(up,va) == Z ar(Lrup, Lrvp)
TeT,

where L7 : Uf — U% maps global to local DOFs
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Discrete problem and stability (2)

» Discrete problem: Find uj, € Uf ; such that, for all v, € Uf,

ap(up, va) = lp(vp) = Z (Fvr)T

TeT,

> Energy-norm |||}, ==} 77 /lLr[I3 7 where

WIB = I9vrlB + 3 hetlve —vrlp e Uk
FeFr

» Norm equivalence: There is n > 0 s.t., for all T € 7y,

n NI < ar(v,v) <mlviEr  Wv e US

» The discrete problem is well-posed
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Error analysis

» Energy-norm error estimate
[t = unlln < CHHull oz

> |EU = ((Ws-U)TeT,,v (Wilgu)Fe]-‘,,)

> consistency error Ex(va) == an(lfu,vn) — £n(va) for all v, € Uf

> immediate corollary: ||V u —Q,fuhHLz(Q) < Chk“||u|\,.,k+z(9)
» [2-norm error estimate: Assuming elliptic regularity,

1/2
k 2 k+2
{Z lm7u—ur|F < Ch* 2 ||ul] sz
TE€T,

> for k = 0, assume additionally that f € H'(Q)
» similar estimate as for mixed FE
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Remarks on implementation

> Local systems solved using Cholesky factorization (Eigen v3)
» Monomial basis in local translated/rescaled coordinates

> Global system: PETSc interface (SuperLU) [Demmel et al. 99]

> Dirichlet BCs are enforced by means of a Lagrange multiplier
» simplicial submesh can be exploited for quadratures

» Qualitative comparison with IPDG
> IPDG requires pol. order (k + 1) to achieve the same CV order
» HHO uses less DOFs for k > 1 (O(k?™!)x #(faces) vs. O(k?)x
#(cells))

> block-stencil for IPDG is approx. twice as small, but blocks are larger
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Numerical results (1)

» Dirichlet problem with smooth solution in unit square

» Mesh families from FVCA benchmark [Herbin & Hubert 08] and
from [Di Pietro & Lemaire 14]
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Numerical results (2)

» Energy- and L2?-norm error as a function of h
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Linear elasticity

Linear elasticity

» Model problem and state of the art
> Degrees of freedom

» Reconstruction operators

» Discrete problem and stability

» Error analysis

» Numerical results
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Linear elasticity

Model problem

» Open, bounded, connected, polyhedral domain Q C RY, d € {2,3}
» Source term f € L?(2)9, homogeneous Dirichlet BCs
» Weak formulation: Seek u € H}(Q)? such that

UV, Viv)o + (AV-u, V-v)g = (fv)e Vv e H(Q)?

with scalar Lamé coefficients ;x > 0 and A > 0 and Vg denoting the
symmetric part of gradient operator

> u is the displacement field, £ = Vu the (linearized) strain tensor,
and g = 2uVsu 4 A(V-u)ly the stress tensor
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Linear elasticity

Quasi-incompressible limit

» Quasi-incompressible limit A — 400 requires discrete space to
accurately represent nontrivial divergence-free fields

> locking phenomenon for classical conforming FE

v

Nonconforming primal methods on specific meshes

» CR [Brenner & Sung 92], IPDG [Hansbo & Larson 02-03]
» HDG with strong symmetric stresses [Qiu & Shi 14]

v

Low-order methods on general meshes

» MFD [Beirdo da Veiga, Gyrya, Lipnikov & Manzini 09], generalized
CR [Di Pietro & Lemaire 14], approximate gradient schemes
[Droniou & Lamichhane 14]

v

VEM on general meshes for planar elasticity with vertex-, edge-, and
cell-based DOFs [Beirdo da Veiga, Brezzi & Marini 13]

v

HHO with k > 1 on general 3D meshes
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Linear elasticity

Degrees of freedom
» Admissible mesh sequence; local DOFs are, for all T € 7,

U =Pg(T)? x {xrerPy_1(F)’}
» Local reduction map 1% : H(T)9 — UX such that
5y = (7hv, (Tfv)Fes,)

» Global DOFs obtained by patching interface values, Dirichlet BCs
can be embedded in discrete space

Upo={vn €Uk |vr =0VF € 7}
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Linear elasticity

Reconstruction operators (1)

> Local symmetric gradient reconstruction £5 : Uk — W PE*1(T)d
hinges on solving a local (well-posed) Neumann problem with
prescribed rigid-body motions

> EXv = V,w, and @ € P& (T)9 is computed by solving the local
(well-posed) Neumann problem

(Vsm, Vsq)T = (Vovr, Vig) T + Z (vF —v7,VsqnTe)F
FeFr

with rigid-body motions prescribed by v

» Local displacement reconstruction operator pT Uk — IP’kH(T)d
s.t. Vi(phv) = E#y and rigid-body motions prescrlbed by v
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Linear elasticity

Reconstruction operators (2)
» Commuting diagram property

Vs
Hl(T)d LZ(T)dXd

k
l'T K l”mﬁﬁl(r)d
LJ/_(,_ =T VS]P)5+1(T)d
k
For all u € H}(T)9 and all g € PK(T),
(Vs(P,%lkTL’)a VSg)T = (E![('Is'gv ng)T = (ngv ng)T
> Interpolation operator psl% : HY(T)? — P5T(T)? with optimal
approximation properties
lu = Pl + hY u = P55 ullor + hr| Ve(u — p515u)

+ WPV (u — Pl u)lor < CHE2|ull
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Linear elasticity

Reconstruction operators (3)

» Local divergence reconstruction operator D% : U% — P4(T)

» Forall v = (vr,(vr)rer,) € U%, DXy is determined from

(DFv,q)T = (Vvr,q)7 + Z (v — VT, qn7F)F
FeFr
for all g € PX(T)

» Commuting diagram property (key for incompressible limit)

H(TY Y 12(T)

IkT , lﬂ—T
D

Uk T P&(T)
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Linear elasticity

Discrete problem and stability (1)

» Local bilinear forms on U% x UX such that
ar( .y) = 2/L(E;<—U. E¥v)7 + A(Dku, Dkv) 7 + 2ps7(u,v)

st(u,v) = Y hp'(wf(ur — Pfu), wf(ve — PFv))e
FeFr

\ c

with Py := v + (pkv — mhpky) for all v € UK

» Global bilinear form a; on UK x U¥ is assembled cellwise
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Linear elasticity

Discrete problem and stability (2)
» Discrete problem: Find uy, € LJ;O such that, for all v, € Qﬁyo,

an(un,vn) = Ca(vp) = Z (fyvr)r

TeT,

> Discrete strain norm [|-||2 , := > ;c 7. [|L7[|12 7 where

W27 = 1Vavrlf+ 3 betlve —vrlp  wve Uk
FeFr

» Norm equivalence: Let k > 1. There is p > 0 s.t., for all T € 7y,

vl < |Efv]% +sr(v,v) <7 Yvl2s Vv e Uk

» The discrete problem is well-posed
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Linear elasticity

Error analysis
» Define energy norm as ||\7/,,||gn7,1 = an(vh,Vvh), i.e.,
||\lh||§n,h = Z {20 EFLTvhl|F + MIDSLrvall3 + st(Lrva, L7vs)}
TET)

> Energy-norm error estimate
(21) [ Vsu = unllen,p < CHY 2ullullrsze) + il i (@)

> lju = ((W,';'H)TETM (ﬂ—l[f'H)FeJ-',,)
> C independent of h, u, A

» [2-norm error estimate: Assuming elliptic regularity,

1/2
{ Z Iy — UT||2T} < Cuh 2| ul| oo

TeT,
» C, independent of h, A
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» Two-dimensional, pure-displacement problem on unit square with
w=1, A € {1,1000}, and smooth solution

—~~

Numerical results

» Energy- and L2-norm error as a function of h (A = 1000)

triangular Kershaw hexagonal
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Linear elasticity

Numerical results (2)

» Performance assessment: assembly time 7.4, solution time 74,

» Results for hexagonal mesh family

2
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Linear elasticity

Conclusions and outlook

» HHO methods: high-order, compact-stencil, general 3D meshes
(cell- and) face-based DOFs

nonconforming schemes

simple reconstruction of differential operators

global SPD linear system

v

vyvyy

» Quasi-incompressible 3D linear elasticity
> requires k > 1
> low-order case (k = 0) under investigation

» 3D Benchmarking using, e.g., meshes from [Herbin & Hubert 08]
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