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Challenges for (Polynomial) Approximation

point source: real part

Oscillatory wave solutions

wavelength \ := Zk—ﬂ —0 fork = co.

(Piecewise) polynomial approximation by
#cells

® h-FEM: O minimum 3

9 p-FEM: O resolution threshold p ~ w

Polynomial h-FEM:

O

Numerical dispersion (pollution effect)

approximation isn’t enough !

log([lu — unll,,)
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Best approximation error estimates (p.w. linear FE):

U= Unll2(q) = O((hw)?) [lu - UN () & O(hw)] .
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<1 observation (p.w. linear FEM, 1D):
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For degree-p Lagrangian FE:
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[ Fixed “no. of points per wavelength” is not enough ! j
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Wave Propagation: The Pollution Effect (Il)

polynomial C°-FE Galerkin discretization

Helmholtz BVP +
v
— typical error behavior for h-refinement:
=3
= “Energy” norm:
N
2 2 2 2
2w > w Jully, = [uly +w luflg -
S| w3 > w2
o . .
~ | --- best approximation delayed onset of
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Wave Propagation: The Pollution Effect (Il)

Helmholtz BVP + polynomial C°-FE Galerkin discretization

—~———

typical error behavior for h-refinement:

“Energy” norm:

PR Q}l
W S>> ws
— w3 > w2

- - - best approximation

2 2 202
Julle, = ult +w”[lully -

log({ju — unll,,)

delayed onset of
—Tlog{wh) asymptotic convergence !

[ |. BABUSKA AND S. SAUTER, Is the pollution effect of the FEM avoidable
for the Helmholtz equation?, SIAM Review, 42 (2000), pp. 451-484.

[d Y. Du AND H.-J. Wu, Preasymptotic error analysis of higher order FEM

and CIP-FEM for Helmholtz equation with high wave number, Tech. Rep.

arXiv:1401.4311 [math.NA], 2014

R. Hiptmair (SAM, ETH Zdrich) PWDG Durham Symposium, July 2014

7154



Pollution Effect: Remedy for Classical h-FEM

R. Hiptmair (SAM, ETH Zdrich) PWDG Durham Symposium, July 2014 81/54



Pollution Effect: Remedy for Classical h-FEM

Setting: #® CO%-hp-FEM on quasi-uniform families of meshes

R. Hiptmair (SAM, ETH Zdrich) PWDG Durham Symposium, July 2014 81/54



Pollution Effect: Remedy for Classical h-FEM

Setting: #® CO%-hp-FEM on quasi-uniform families of meshes

® Q polygonal (2D) or 092 analytic (nD)

R. Hiptmair (SAM, ETH Zdrich) PWDG Durham Symposium, July 2014 81/54



Pollution Effect: Remedy for Classical h-FEM

Setting: #® CO%-hp-FEM on quasi-uniform families of meshes

® Q polygonal (2D) or 092 analytic (nD)

Idea: Curb dispersion by mildly coupling p to w

R. Hiptmair (SAM, ETH Zdrich) PWDG Durham Symposium, July 2014 81/54



Pollution Effect: Remedy for Classical h-FEM

Setting: #® CO%-hp-FEM on quasi-uniform families of meshes

® Q polygonal (2D) or 092 analytic (nD)

Idea: Curb dispersion by mildly coupling p to w

Theorem. 3 C, Cq, C, independent of mesh, data, wavenumber w:

R. Hiptmair (SAM, ETH Zdrich) PWDG Durham Symposium, July 2014 81/54



Pollution Effect: Remedy for Classical h-FEM

Setting: #® CO%-hp-FEM on quasi-uniform families of meshes

® Q polygonal (2D) or 092 analytic (nD)

Idea: Curb dispersion by mildly coupling p to w

Theorem. 3 C, Cq, C, independent of mesh, data, wavenumber w:

?Scl

R. Hiptmair (SAM, ETH Zdrich) PWDG Durham Symposium, July 2014 81/54



Pollution Effect: Remedy for Classical h-FEM

Setting: #® CO%-hp-FEM on quasi-uniform families of meshes

® Q polygonal (2D) or 092 analytic (nD)

Idea: Curb dispersion by mildly coupling p to w

Theorem. 3 C, Cq, C, independent of mesh, data, wavenumber w:

— < C

and
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Pollution Effect: Remedy for Classical h-FEM

Setting: #® CO%-hp-FEM on quasi-uniform families of meshes

® Q polygonal (2D) or 092 analytic (nD)

Idea: Curb dispersion by mildly coupling p to w

[1 S.ESTERHAZY AND J. M. MELENK, On stability of discretizations of the
helmholtz equation, Springer LNCSE 83, 2012, pp. 285-324.

Theorem. 3 C, Cq, C, independent of mesh, data, wavenumber w:

u-—u <C inf |lu—-v .
= Ju—unl, <C inf fu—wl,
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@ Operator Adapted Trial Spaces
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Idea for reducing/suppressing (?) numerical dispersion,
improving wave approximation:

Locally use solutions of —Au —w?u =0 to incorporate
qualitative information about solution into trial spaces

Example (Std. Galerkin context, Helmholtz BVP): Partition of unity FEM
O Conforming Galerkin FE scheme with special trial spaces:
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Plane wave
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Wave Modulation Approach

Idea for reducing/suppressing (?) numerical dispersion,
improving wave approximation:

Locally use solutions of —Au —w?u =0 to incorporate
qualitative information about solution into trial spaces

Example (Std. Galerkin context, Helmholtz BVP): Partition of unity FEM

O Conforming Galerkin FE scheme with special trial spaces:

Vy = ({exp(iwdg - X) - 1,(x),k =0,...N — 1, z € {vertices of FE mesh}})

Plane wave directions )
dy := (cos(27k/p),sin(27/p))T, k =0,...,p — 1.
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Wave Modulation Approach

Idea for reducing/suppressing (?) numerical dispersion,

improving wave approximation:

Locally use solutions of —Au —w?u =0 to incorporate
qualitative information about solution into trial spaces

Example (Std. Galerkin context, Helmholtz BVP): Partition of unity FEM

O Conforming Galerkin FE scheme with special trial spaces:

Vy = ({exp(iwdg - X) - 1,(x),k =0,...N — 1, z € {vertices of FE mesh}})

1, = piecewise linear “hat function” associated with vertex p
Plane wave directions )
dy = (cos(27k/p),sin(27/p))T, k =0,...,p — 1.
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Wave Modulation Approach

Idea for reducing/suppressing (?) numerical dispersion,
improving wave approximation:

Locally use solutions of —Au —w?u =0 to incorporate
qualitative information about solution into trial spaces

Example (Std. Galerkin context, Helmholtz BVP): Partition of unity FEM

O Conforming Galerkin FE scheme with special trial spaces:

Vy = ({exp(iwdg - X) - 1,(x),k =0,...N — 1, z € {vertices of FE mesh}})

1, = piecewise linear “hat function” associated with vertex p
Plane wave directions )
dy = (cos(27k/p),sin(27/p))T, k =0,...,p — 1.
[1 1. BABUSKA AND J. MELENK, The partition of unity method, Int. J. Numer.
Methods Eng., 40 (1997), pp. 727—-758.
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Ultra-Weak Variational Formulation (1)
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Ultra-Weak Variational Formulation (1)

Variational problem on skeleton space | X := H L2(0T) | of FE mesh T,
TeTh

R. Hiptmair (SAM, ETH Zdrich) Durham Symposium, July 2014 11/54



Ultra-Weak Variational Formulation (1)

Variational problem on skeleton space | X := H L2(0T) | of FE mesh T,
TeTh

Seek;’?-:()(l, L) eX:  alX))=fQ) vwWex,

a(xX,y) = {/ XV dv — Z/ XnFi ;))J)dv},f(j)::Zglfj(yj)dv
j=1
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Ultra-Weak Variational Formulation (1)

Variational problem on skeleton space | X := H L2(0T) | of FE mesh T,
TeTh

Seek X := (X1,....,4) eX:  aX,Y)=fQ) vVeX,
N

a(X,y) = ]Zl{ . 5V dv — § - Xmﬁj(yj\)dV} , f(ﬁ);;:;ﬁ;(yj)dv :

F; = local DtN-operator w.r.t. impedance traces
(Fj - lwu+Vu-n|yr — iwu—=Vu-nlyr)
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Ultra-Weak Variational Formulation (1)

Variational problem on skeleton space | X := H L2(0T) | of FE mesh T,
TeTh

Seek X := (X1,....,4) eX:  aX,Y)=fQ) vVeX,
N N

a(X,y) ::Z{ . xYav — Z g XmF; ij},f(ﬁ);‘}ﬁ,(y,)dv
j=1 i .m =1

F; = local DtN-operator w.r.t. impedance traces
(Fj - lwu+Vu-n|yr — iwu—=Vu-nlyr)

[1 O. CESSENAT AND B. DESPRES, Application of an ultra weak variational
formulation of elliptic PDESs to the two-dimensional Helmholtz equation,
SIAM J. Numer. Anal., 35 (1998), pp. 255-299.
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Ultra-Weak Variational Formulation (1)

Variational problem on skeleton space | X := H L2(0T) | of FE mesh T,
TeTh

Seek X := (X1,..., ) € X: a(X,Y)=f(Q) vVeX,
N N

a(X,y) ::Z{ . xYav — Z g XmF; ij},f(ﬁ);‘}ﬁ,(y,)dv
j=1 i .m =1

F; = local DtN-operator w.r.t. impedance traces
(Fj - lwu+Vu-n|yr — iwu—=Vu-nlyr)

[1 O. CESSENAT AND B. DESPRES, Application of an ultra weak variational
formulation of elliptic PDESs to the two-dimensional Helmholtz equation,
SIAM J. Numer. Anal., 35 (1998), pp. 255-299.

Convergence theory: Estimates for [[u — x| 2(oq)
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Ultra-Weak Variational Formulation (II)

Idea: X;, )j from Trefftz functions: —Av —w?v =0
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Ultra-Weak Variational Formulation (II)

Idea: X;, )j from Trefftz functions: —Av —w?v =0

Trial/test space for the original ultra-weak formulation:

-Xj,)jj S (iW\BTj +V. nJ|aT,)PWP(TJ) .

impedance trace operators
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Ultra-Weak Variational Formulation (II)

Idea: X;, )j from Trefftz functions: —Av —w?v =0

Trial/test space for the original ultra-weak formulation:

-Xj,)jj S (iW\BTj +V. nJ|aT,)PWP(TJ) .

impedance trace operators

plane wave space:

PW, = Span {x ~ exp(iwd; - x)}_,,

p € N = no. of plane wave directions
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Ultra-Weak Variational Formulation (II)

Idea: X;, )j from Trefftz functions: —Av —w?v =0

Trial/test space for the original ultra-weak formulation:

-Xj,)jj S (iW\BTj +V. nJ|aT,)PWP(TJ) .

impedance trace operators

plane wave space:

PW, = Span {x ~ exp(iwd; - x)}_,,

cos(%(j — 1)) ,
di=|{ . P~ , J=1,...,p.

’ (sm(i;f(; ~1))) ! P
p € N = no. of plane wave directions
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Ultra-Weak Variational Formulation (lII)

T. Huttunen, P. Monk and J. Kaipio (2002), ‘Computational aspects of the
ultra-weak variational formulation’, J. Comp. Phys. 182(1), 27-46

T. HUTTUNEN, J. KAIPIO, AND P. MONK, The perfectly matched layer for the ultra
weak variational formulation of the 3D Helmholtz equation, Int. J. Numer. Meth.
Eng., 61 (2004), pp. 1072-1092.

T. HUTTUNEN, J. KAIPIO, AND P. MONK, An ultra-weak method for acoustic
fluid-solid interaction, Journal of Computational and Applied Mathematics, 213
(2008), pp. 166-185.

T. HUTTUNEN, M. MALINEN, J. KAIPIO, P. WHITE, AND K. HYNYNEN, A full-wave
Helmholtz model for continuous-wave ultrasound transmission, IEEE Trans.
Ultrasonics, Ferroelectrics and Frequency Control, 52 (2005), pp. 397—409.

T. HUTTUNEN, M. MALINEN, AND P. MONK, Solving Maxwell's equations using the
ultra weak variational formulation, J. Comp. Phys., 223 (2007), pp. 731-758.

T. HUTTUNEN AND P. MONK, The use of plane waves to approximate wave
propagation in anisotropic media, J. Computational Mathematics, 25 (2007),
pp. 350-367.
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What Next ?

© Trefftz-Discontinuous Galerkin Discretization
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(PW)DG: Derivation (1)
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(PW)DG: Derivation (1)

C. GITTELSON, R. HIPTMAIR, AND |. PERUGIA, Plane wave discontinuous
Galerkin methods: Analysis of the h-version, Math. Model. Numer. Anal.,
43 (2009), pp. 297-331.
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(PW)DG: Derivation (1)

C. GITTELSON, R. HIPTMAIR, AND |. PERUGIA, Plane wave discontinuous
Galerkin methods: Analysis of the h-version, Math. Model. Numer. Anal.,
43 (2009), pp. 297-331.

Helmholtz BVP: —Au—w?u=f inQ,
Vu-n—iwu=g onoQ.
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(PW)DG: Derivation (1)

C. GITTELSON, R. HIPTMAIR, AND |. PERUGIA, Plane wave discontinuous
Galerkin methods: Analysis of the h-version, Math. Model. Numer. Anal.,
43 (2009), pp. 297-331.

Helmholtz BVP: —Au—w?u=f inQ,
Vu-n—iwu=g onoQ.

T
first order system: iwo =Vu in Q|
iwu—V~0':iif inQ,
w
iwo-Nn —iwu=g on ox2 .
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+

(PW)DG: Derivation (1)

C. GITTELSON, R. HIPTMAIR, AND |. PERUGIA, Plane wave discontinuous
Galerkin methods: Analysis of the h-version, Math. Model. Numer. Anal.,
43 (2009), pp. 297-331.

Helmholtz BVP: —Au—w?u=f inQ,
Vu-n—iwu=g onoQ.

T
first order system: iwo =Vu in Q|
iwu—V~0':iif inQ,
w
iwo-Nn —iwu=g on ox2 .

partitioning 7, = {T } of Qinto cells (— generalized FE mesh)
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(PW)DG: Derivation (1)

Helmholtz BVP: —Au—w?u=f inQ,
Vu-n—iwu=g onoA.

————
first order system: iwo =Vu inQ,
iwu—V~a=%f inQ,
iwe-n—iwu=g on N .
+ partitioning 7, = {T } of Q into cells (— generalized FE mesh)

T, test & i.b.p. locallyon T € T,
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(PW)DG: Derivation (1)

Helmholtz BVP: —Au—w?u=f inQ,
Vu-n—iwu=g onoA.

————
first order system: iwo =Vu inQ,
iwu—V~a=%f inQ,
iwe-n—iwu=g on N .
+ partitioning 7, = {T } of Q into cells (— generalized FE mesh)

T, test & i.b.p. locallyon T € T,
/iwa-?dV—&—/uV-TdV— uT-ndS =0,
T T oT

/iwquV—i—/a'-WdV—/ a-anS:i/deV,
T T aT lw Jt

for all 7 € H(div; T), v € HY(T).
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(PW)DG: Derivation (I1)

/iwa-?dV—&—/uV-TdV— urT-ndS=0,
T T aT

/iwquV+/0'~WdV—/ a-anS:i/deV,
T T aT lw Jt

for all 7 € H(div; T), v € HY(T).
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(PW)DG: Derivation (I1)

/iwa-?dV—&—/uV-TdV— urT-ndS=0,
T T aT

/iwquV—i—/a-WdV—/ a-anS:i/deV,
T T aT lw Jt

for all 7 € H(div; T), v € HY(T).

Replace: H(div;T) — Xu(T)
HL(T) —  Vp(T)

trial/test space for cell fluxes
local trial/test space for u

~
o~
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(PW)DG: Derivation (I1)

/iwa-?dV—&—/uV-TdV— urT-ndS=0,
T T aT

/iwquV—i—/a-WdV—/ a-anS:i/deV,
T T aT lw Jt

for all 7 € H(div; T), v € HY(T).

Replace: H(div;T) — Xu(T)
HL(T) —  Vp(T)

trial/test space for cell fluxes
local trial/test space for u

~
o~

/iwdh-?th—F/UhV'Tth—/ahTh~ndS:0,
T T oT

/IthVthJr/o'h'thVf/G'h thdS—r fvhav ,
T oT T
forall 7, € £(T), vh € Vi(T).
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(PW)DG: Derivation (I1)

/iwa-?dV—&—/uV-TdV— urT-ndS=0,
T T aT

/iwquV—i—/a-WdV—/ a-anS:i/deV,
T T aT lw Jt

for all 7 € H(div; T), v € HY(T).

Replace: H(div;T) — Xu(T)
HL(T) —  Vp(T)

trial/test space for cell fluxes
local trial/test space for u

~
o~

/iwdh-?th—F/UhV'Tth—/ahTh~ndS:0,
T T

/IthVth +/ah~thV -
7

for all 7, € Zp(T), v € Vu(T).

+ numerical fluxes Uy, &, - n on cell interfaces
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Trefftz DG

/iwah-ﬁdv+/uhV~ThW—/Ghrh-ndS:O,
T T oT

. _ _ . _ 1 _
/lwuhvth—i—/ah-Vvth—/ah-nvhdS:E/fvth,
T T oT T

for all 7, € p(T), vih € Vi(T).
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Trefftz DG

iwah-ﬁdv+/uhV~ThW—/Ghrh-ndS:O,
T oT

e H—

. _ — . _ 1 _
lwuhvth—l—/ah-Vvth—/ah-nvhdS:E/fvth,
T oT T

for all 7, € p(T), vih € Vi(T).

Use local Trefftz-type trial spaces: \/(—A —WAVp(T)=0 VT €Ty \ .
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Trefftz DG

/iwah-ﬁdv+/uhV~ThW—/Ghrh-ndS:O,
T T oT

. _ _ . _ 1 _
/lwuhvth—i—/ah-Vvth—/ah-nvhdS:E/fvth,
T T oT T

for all 7 € Zn(T), Vi € Vi(T). Concrete choice: Vi (T) = PW,

/ \ |
Use local Trefftz-type trial spaces: \ (—A —W?)Vp(T)=0 VT €Ty \ .
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Trefftz DG

iwah-ﬁdv+/uhV~thdV—/uthh nds = 0,
T oT

e H—

. _ — . _ 1 _
I(/.)UthdV—I—/O’h-VVth—/O'h-nvhdszE/thdV7
T oT

for all 7 € Zn(T), Vi € Vi(T). Concrete choice: Vi (T) = PW,

|

Use local Trefftz-type trial spaces: \ (—A —W?)Vp(T)=0 VT €Ty \ .

T assume[ VihVn(T) C Zn(T) J
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Trefftz DG

iwah-WdV+/uhV-Vvth—/Gthh-ndS:O,
T oT

e H—

. _ — . _ 1 _
I(/.)UthdV—I—/O’h-VVth—/O'h-thdSZE/thdV7
T oT T

forall € 24 (T), v € Vn(T). Concrete choice: Vi (T) = PW,

| ;
Use local Trefftz-type trial spaces: \ (—A —W?)Vp(T)=0 VT €Ty \ .

T assume[ VihVn(T) C Zn(T) J

faT Gthh~ndS—faTiw3hothdS :foVth YVh EVh(T)
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Trefftz DG

inh-WdV+/UhV~VVth—/GhVVh-ndS=O,
T oT

e H—

— 1 _
iwuhvhdv+/ah-Vvth—/&h-nvhdS:E/fvth,
T oT T

forall € 24 (T), v € Vn(T). Concrete choice: Vi (T) = PW,

| ;
Use local Trefftz-type trial spaces:  (—A —w?)Vp(T) =0 VT € Ty \ .

A skeleton variat;onal formulatif)n! T) © =n(T)

faT Gthh~ndS—faTiw3h.thdS :foVth YVh EVh(T)
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DG: Numerical fluxes
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DG: Numerical fluxes

[1 D. ARNOLD, F. BREZzI, B. COCKBURN, AND L. MARINI, Unified analysis
of discontinuous Galerkin methods for elliptic problems, SIAM J. Numer.
Anal., 39 (2002), pp. 1749-1779.

Conservative & consistent fluxes (commonly used in polynomial DG):

® |Interior penalty (IP) DG: penalty parameter
Gh = {Uh} s 8h = {Vuh} — &[Uh] .
® Mixed DG:
Un={un}+v-[unl =B [on] , &nh={on}—alun] - [on] .

® |ocal DG (LDG):

U ={un} —Blun] , &={on}—Blun] —afon] .
DG notations: [-] = jump-normal, {-} = average
PWDG Durham Symposium, July 2014
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DG: Numerical fluxes

Our favorite choice: primal DG numerical fluxes (on faces):

{Vhun} — aiw [up] on 7,

iw&h =< Vhup — (1 — 5) (thh + iwupn — an) on th,
[thh—aiwuhn on fr?] .

{un} — B (iw) ™" [Vaun] on Fy,

Un =4 Up — 6 ((iw) ' Vptn - n +up — (iw) "'gr)  on FR,
[0 on 7] .

DG notations: [] =jump-normal, {-} = average
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DG: Numerical fluxes

Our favorite choice: primal DG numerical fluxes (on faces):

{Vhup} — aiw [un] on 7,

iw&h = < Vhup — (1 — 5) (thh + iwupn — an) on th,
[thh—aiwuhn on fr?] .

{un} — B (iw)™* [Vaun] on Fy,

Un =4 Up — 6 ((iw) ' Vptn - n + Uy — (iw) "'gr)  on FR,
[0 on 7] .

DG notations: [] =jump-normal, {-} = average
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DG: Numerical fluxes
Alternative choice: mixed DG numerical fluxes (on interior faces)

onh={on} —aun] —v[on] ,
Un = {Un} +~[un] — Blon] -

[1 R. HIPTMAIR AND |. PERUGIA, Mixed plane wave discontinuous Galerkin
methods, Springer LNCSE 70, 2009, pp. 51-62.

DG notations: [] =jump-normal, {-} = average
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DG: Numerical fluxes

Our favorite choice: primal DG numerical fluxes (on faces):

{Vhun} — aiw [up] on 7,

iw&h =< Vhup — (1 — 5) (thh + iwupn — an) on th,
[thh—aiwuhn on fr?] .

{un} — B (iw) ™" [Vaun] on Fy,

Un =4 Up — 6 ((iw) ' Vptn - n +up — (iw) "'gr)  on FR,
[0 on 7] .

DG notations: [] =jump-normal, {-} = average
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DG: Numerical fluxes

Our favorite choice: primal DG numerical fluxes (on faces):

{Vhun} — cviw [up] on 7,

iw&h =< Vhup — (1 — (5) (thh + iwupn — an) on f'.hR,
[Vhup — ciwupn on 7P| .

{up} — 7 (iw) "t [Vhun] on F,

Un =4 Up — 0 ((iw) ' Vptp -n +up — (iw)"'gr) on FR,
[0 on 7] .

DG notations: [] =jump-normal, {-} = average

Flux parameters: a,>0 , 0<di<l1
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DG: Numerical fluxes

Our favorite choice: primal DG numerical fluxes (on faces):

{Vhup} — aiw [up] on F},
iw&h =< Vhup — (1 — 5) (thh + iwupn — an) on f'ﬁ,
[thh—aiwuhn on fr?] .
{un} = B (iw) ™ [Vnun] on 7},
Un =4 Up — 6 ((iw) ' Vptn - n +up — (iw) "'gr)  on FR,
[0 on 7P| .
DG notations: [] =jump-normal, {-} = average
Flux parameters: a,>0 , 0<di<l1
Remark. [a:1/2, B=1/2, 6=1/2 O UWVF!]
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DG: Numerical fluxes

Our favorite choice: primal DG numerical fluxes (on faces):

{Vhun} — aiw [up] on F},
iwoh = ¢ Vhtnh — (1 —6) (VhUp + iwupn — grn) on FR,
[thh —aiwuhn on fr? .
{un} — B (iw) ™ [Vinun] on 7,
Un =4 Up — 6 ((iw) ' Vptn - n +up — (iw) "'gr)  on FR,
[0 on 7P| .
DG notations: [] =jump-normal, {-} = average
Flux parameters: a,>0 , 0<di<l1
Remark. [a:1/2, B=1/2, 6=1/2 O UWVF!]

= P B = bM, 5= dWhIpng “classical”

_awhlogp’ p
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DG: Variational Problem (1)

Local variational problem (T = cell of the mesh):  u, € PW,
/ Vup - Vv, — wzuth av — (Uh — Gh) VVh - n ds
T oT

7/ iw&h-nvhdS:/thdV VVhGPWp.
oT T
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DG: Variational Problem (1)

Local variational problem (T = cell of the mesh):  u, € PW,

/ Vup - Vv, — wzuth av — (Uh — Gh) VVh - n ds
T oT

7/ iw&h~thdS:/thdV VVhGPWp.
oT T

=N 1
generalized “UW fluxes”: ah = ;- AVhun} — o [un] ,

(boundary fluxes ignored) a,f>0.

Gh = {Uh} — % [thh] .
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DG: Variational Problem (1)

Local variational problem (T = cell of the mesh):  u, € PW,

/ Vup - Vvy, — wzuhvh av — (Uh — Gh) VVh - n ds
T oT

7/ iw&h~thdS:/thdV VVhGPWp.
oT T

- 1
generalized “UW fluxes”: oh =50 {Vhun} —a [un] ,

(boundary fluxes ignored) a,f>0.

Gh = {Uh} — % [thh] .

+ “DG magic formula”
3 dS:/ (Vu} V] dS+/ [Vu] {v} dS .
TeTr /o7 8nT Fh Fh

0 notation: ]-'h/]-','1 = edges/interior edges of Ty

R. Hiptmair (SAM, ETH Zdrich) PWDG Durham Symposium, July 2014
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PWDG: Variational Problem (lI)

B Trefftz DG: global variational problem

Un € Vh:  an(up,vh) — wz(uh,vh) = (f,vn) + {boundary terms} Vv, € V;, .
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PWDG: Variational Problem (lI)

B Trefftz DG: global variational problem

Un € Vh:  an(up,vh) — wz(uh,vh) = (f,vn) + {boundary terms} Vv, € V;, .

an(U, V) ==(Vnll, VoV o2 — /f ] {Vov} ds — /F (Voul - [7] dS

7/ 5thvde/ 5th-anSf/ Vhu -ndS
FR FR FP

4L BVhu] [Vhv] dS + L §Vhu-nVpv-ndS

+i/ﬂa [u] - [v] ds+iw/%(15)uvds

+iw/ auv ds .
JFo

R. Hiptmair (SAM, ETH Zdrich) PWDG Durham Symposium, July 2014 20/54



PWDG: Variational Problem (lI)

B Trefftz DG: global variational problem

Un € Vh:  an(up,vh) — wz(uh,vh) = (f,vn) + {boundary terms} Vv, € V;, .

an(U, V) ==(Vnll, VoV o2 — /f ] {Vov} ds — /f (Voul - [7] dS

7/ 5thvde/ 5th-anSf/ Vhu -ndS
FR FR FP

+olj BVhu] [Vhv] dS + L SVhu-nVyv-ndS

w
7 FR

+i/ﬂa [u] - [v] ds+iw/%(15)uvds

+iw/ auv ds .
JFo

a,>0,0<0<1 = up+— |Imap(up,un)|is anormon Vy

R. Hiptmair (SAM, ETH Zdrich) PWDG Durham Symposium, July 2014 20/54



PWDG: Variational Problem (lI)

B Trefftz DG: global variational problem

Un € Vh:  an(up,vh) — wz(uh,vh) = (f,vn) + {boundary terms} Vv, € V;, .

an(U, V) ==(Vnll, VoV o2 — /f ] {Vov} ds — /f (Voul - [7] dS

7/ 5thvde/ 5th-anSf/ Vhu -ndS
FR FR FP

+olj BVhu] [Vhv] dS + L SVhu-nVyv-ndS

w
7 FR

+i/ﬂa [u] - [v] ds+iw/%(15)uvds

+iw/ auv ds .
JFo

a,>0,0<0<1 = up+— |Imap(up,uy)|isanormon Vy
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PWDG: Variational Problem (lI)

B Trefftz DG: global variational problem

Up € Vh:  an(un,Vvp) — wz(uh,vh) = (f,vn) + {boundary terms} Vv, € V;, .

an(U, V) ==(Vnll, VoV o2 — /f ] {Vov} ds — /f (Voul - [7] dS

7/ 5thvde/ 5th-anSf/ Vhu -ndS
FR FR FP

+i BVhu] [Vhv] dS + L SVhu-nVyv-ndS

w
7 FR

+i‘/ﬂa [u] - [v] ds+iw/%(15)uvds

+iw/ auv ds .
JFo

a,>0,0<0<1 = up+— |Imap(up,un)|is anormon Vy

[ existence/uniqueness of solutions of discretized problem
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What Next ?

@ h-Version of PWDG: Convergence
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PWDG h-Version: 2D Numerical Experiments (I)

h-version: increase resolution by (uniform) mesh refinement
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PWDG h-Version: 2D Numerical Experiments (I)

h-version: increase resolution by (uniform) mesh refinement

h-Convergence in energy norm, w=64, p=5
10t - RN

a8 Q=01
PWDG . . .
"~ awe. | @ cylindrical wave solution
q e, | 9 =64
10’ e e . .
B s ® quasi-uniform meshes
5 ®»p=5
w0 [method | o [ B8 [ 7]
£ UWVF Il 1o
; PWDGO | 2 | 0 |0
10 " w
PWDGL | S | 0 |0
51 PWDG2 | £ | b | 0

10°
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PWDG h-Version: 2D Numerical Experiments (1)

h-version: increase resolution by (uniform) mesh refinement

107 -

h-Convergence in energy norm, w=64, p=5

T e Q=]01p
PWDG . . .
"~ wwe. | cylindrical wave solution
i e, | 9 =64
R TR i e e St=ae . .
B Tl ® quasi-uniform meshes
5 ®»p=5
il [method [ o [ B [ 7]
£ UWVF Il 1o
il PWDGO | 2 | 0 |0
CZ
PWDGL | £ | 0 |0
p=1o3 PWDG2 | £ | b | 0
1 1;)’ 11‘)”

Observation: algebraic convergence for h — 0, rate =

R. Hiptmair (SAM, ETH Zdrich)

wh

PWDG

(p—1)/2 ,iff =0,
1 Jiff£0.
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h-PWDG a Priori Estimates: Tools
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h-PWDG a Priori Estimates: Tools

Challenge: Plane wave space PW, not invariant under affine pullback!
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h-PWDG a Priori Estimates: Tools

Challenge: Plane wave space PW, not invariant under affine pullback!

o avenumber htw
h\
T
~y
wavenumber w 0 @ )
[6) e T
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h-PWDG a Priori Estimates: Tools

Challenge: Plane wave space PW, not invariant under affine pullback!

¢ avenumber hrw )
}/\\ Needed: w-uniform
T (inverse/trace) estimates
~
wavenumber w T )
0 e T

w-uniform inverse trace estimate:

_1
[Wllo,or <Chg?[Wlor YW €PWp, Vw,

C = C(p) > 0 depending on shape-regularity.
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h-PWDG a Priori Estimates: Tools

Challenge: Plane wave space PW, not invariant under affine pullback!

o avenumber htw
h\
T
~y
wavenumber w T )
[6) e T

Needed: w-uniform
(inverse/trace) estimates

Toof: w — O-stable basis
of PW,: approximate circular

waves

w-uniform inverse trace estimate:

C = C(p) > 0 depending on shape-regularity.

_1
[Wllo,or <Chg?[Wlor YW €PWp, Vw,
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h-PWDG a Priori Estimates: Tools

Challenge: Plane wave space PW, not invariant under affine pullback!

Needed: w-uniform
(inverse/trace) estimates

Tool: w — O-stable basis
of PW,: approximate circular

()
avenumber htw
h\
T
~y
wavenumber w T )
[6) e T

waves

Crucial: For w — 0:  PW, ~ {degree (p — 1)/2 harmonic polynomials} (2D)
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h-PWDG a Priori Estimates: Tools

Challenge: Plane wave space PW, not invariant under affine pullback!

@ avenumber htw .
}/\\ Needed: w-uniform
% T (inverse/trace) estimates
v Tool: w — 0O-stable basis
wavenumber w 5 o of PWp: approximate circulaf
0 e T—waves

Crucial: For w — 0:  PW, ~ {degree (p — 1)/2 harmonic polynomials} (2D)

B |(Id — Qpw)ull,r < ChT “(whr +1)"(Julyr +w?[ullo7) Yu € H(T).
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h-PWDG a Priori Estimates: Tools

Challenge: Plane wave space PW, not invariant under affine pullback!

Needed: w-uniform
(inverseltrace) estimates

Tool: w — O-stable basis
of PW,: approximate circular

o avenumber hrw
}’_\\
T
~y
wavenumber w T )
[6) e T

waves

Crucial: For w — 0:  PW, ~ {degree (p — 1)/2 harmonic polynomials} (2D)
B [|(Id — Qew)ull,r < ChT“(whr + 1) (July 1 +w? Jullg) Vu € HX(T).

[{ C.GITTELSON, R. HIPTMAIR, AND |. PERUGIA, Plane wave discontinuous
Galerkin methods: Analysis of the h-version, Math. Model. Numer. Anal.,

43 (2009), pp. 297—331.

R. Hiptmair (SAM, ETH Zdrich)

PWDG

Durham Symposium, July 2014
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h-PWDG a Priori Estimates: Duality Technique
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h-PWDG a Priori Estimates: Duality Technique

[ A. ScHATz, An observation concerning Ritz-Galerkin methods with
indefinite bilinear forms, Math. Comp., 28 (1974), pp. 959-962.
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h-PWDG a Priori Estimates: Duality Technique

[ A. ScHATz, An observation concerning Ritz-Galerkin methods with
indefinite bilinear forms, Math. Comp., 28 (1974), pp. 959-962.

Lemma. With C > 0 depending only on shape regularity and p

u-—u <C inf |[lu—=v
Ju—Unllog < C inf [lu —Vhllo-
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h-PWDG a Priori Estimates: Duality Technique

[ A. ScHATz, An observation concerning Ritz-Galerkin methods with
indefinite bilinear forms, Math. Comp., 28 (1974), pp. 959-962.

Lemma. With C > 0 depending only on shape regularity and p

— <C inf |lu—v
[u—nllpg < LA I hllpg+

2 2
2 2 — 2
VIpe = IVnvlgg + o |82 (9nvl |+ |2 W]||  +w? Vg |
0,7 0,7
2 2
2 2 ~1/2 —1/2n1/2
Mibo: = IvlBs +e 572 i, + /2072 gomn] -
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h-PWDG a Priori Estimates: Duality Technique

[ A. ScHATz, An observation concerning Ritz-Galerkin methods with
indefinite bilinear forms, Math. Comp., 28 (1974), pp. 959-962.

Lemma. With C > 0 depending only on shape regularity and p

. I(U—Uh,Wh)|
u—up <C inf |lu—vj +Cw sup —————
Iu—thllog <C inf lu=hlog, +Cos sup =i

2 2 -1 || p1/2 2 1/2 2 2 2
IVIEe = IVnvIq +w ™ [B2(vavl|| _ + o2, +e? VIS -
' 0,7} 0,7} '
2 2
2 2 ~1/2 —1/2n1/2
Mo = Ivlise + e 572 i, + a2t owif] -
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h-PWDG a Priori Estimates: Duality Technique

[ A. ScHATz, An observation concerning Ritz-Galerkin methods with
indefinite bilinear forms, Math. Comp., 28 (1974), pp. 959-962.

Lemma. With C > 0 depending only on shape regularity and p

. I(U - Uh,Wh)|
u—up <C inf |lu—vj +Cw sup —————
[ loc ,nf. [ [Py oS wnlom
\

attack with ddality estimates

2 2
2 2 — 2
VIpe = IVnvlgg + o |82 (9nvl |+ |2 W]||  +w? Vg |
0,7 0,7,
2 2
2 2 ~1/2 —1/2n1/2
Mo = Ivlise + e 572 i, + a2t owif] -
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h-PWDG a Priori Estimates: Duality Technique

[ A. ScHATz, An observation concerning Ritz-Galerkin methods with
indefinite bilinear forms, Math. Comp., 28 (1974), pp. 959-962.

Lemma. With C > 0 depending only on shape regularity and p

. I(U - Uh,Wh)|
u—up <C inf |lu—vj +Cw sup ———+——
[ loc ,nf. [ [Py oS Twnlom
\

attack with ddality estimates
—Ap — W =Wy in Q,
Ve -n+iwp=0 on 00

adjoint problem

(rD _ @) Wh € Vp:
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h-PWDG a Priori Estimates: Duality Technique

[ A. ScHATz, An observation concerning Ritz-Galerkin methods with
indefinite bilinear forms, Math. Comp., 28 (1974), pp. 959-962.

Lemma. With C > 0 depending only on shape regularity and p

i U — Up, Wh
U= tnllpg <C inf u—Vhllpg. +Cow sup 1= tn%h)]
VhEVh 0Wh €V ||Wh||07Q
\

attack with ddality estimates
—Ap — Wl =Wy in Q,
Ve -n+iwp=0 on 00

adjoint problem
(Mo =10)

[ + consistency & adjoint consistency |

Wh € Vp:
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h-PWDG a Priori Estimates: Duality Technique

[ A. ScHATz, An observation concerning Ritz-Galerkin methods with
indefinite bilinear forms, Math. Comp., 28 (1974), pp. 959-962.

Lemma. With C > 0 depending only on shape regularity and p

i U — Up, Wh
U= tnllpg <C inf u—Vhllpg. +Cow sup 1= tn%h)]
VhEVh 0Wh €V ||Wh||07Q
\

attack with ddality estimates
—Ap — Wl =Wy in Q,
Ve -n+iwp=0 on 00

adjoint problem
(Mo =10)

[ + consistency & adjoint consistency |

I

Wh € Vp:
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h-PWDG a Priori Estimates: Duality Technique

[ A. ScHATz, An observation concerning Ritz-Galerkin methods with
indefinite bilinear forms, Math. Comp., 28 (1974), pp. 959-962.

Lemma. With C > 0 depending only on shape regularity and p

i U — Up, Wh
U= tnllpg <C inf u—Vhllpg. +Cow sup 1= tn%h)]
VhEVh 0Wh €V ||Wh||07Q
\

attack with ddality estimates
—Ap — Wl =Wy in Q,
Ve -n+iwp=0 on 00

adjoint problem
(Mo =10)

[ + consistency & adjoint consistency |

Wh € Vp:

I
(U= Un,Wh)| < C [lu—Un[lpg ¥ = Quetllpe+ + (f — Quf, o — Quip)| -
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h-PWDG a Priori Estimates: Duality Technique

[ A. ScHATz, An observation concerning Ritz-Galerkin methods with
indefinite bilinear forms, Math. Comp., 28 (1974), pp. 959-962.

Lemma. With C > 0 depending only on shape regularity and p

i U — Up, Wh
Ju—Unllog <C inf U= Vhllpg. +Ceo sup Ut
Vh eV 0Wh €V ||Wh||07Q
k\

attack with ddality estimates
—Ap — Wl =Wy in Q,
Ve -n+iwp=0 on 00

adjoint problem

(Mo =10)

[ + consistency & adjoint consistency |

Wh € Vp:

I
(U —up, wh)| < C [u—unllpg lly = Quellpg + I(f = Quf, v — Qup)l -

Q., = L?(Q)-orthogonal projection onto V}, (piecewise definition)
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h-PWDG a Priori Estimates: Duality Technique

[ A. ScHATz, An observation concerning Ritz-Galerkin methods with
indefinite bilinear forms, Math. Comp., 28 (1974), pp. 959-962.

Lemma. With C > 0 depending only on shape regularity and p

i U — Up, Wh
Ju—Unllog <C inf U= Vhllpg. +Ceo sup Ut
Vh eV 0Wh €V ||Wh||07Q
k\

attack with ddality estimates
—Ap — Wl =Wy in Q,
—Ve-n+iwp=0 on 00

adjoint problem

(Mo =10)

[ + consistency & adjoint consistency |

Wh € Vp:

I
(U= Un,Wh)| < C [lu—Un[lpg ¥ = Quetllpe+ + (f — Quf, o — Quip)| -

Q.. = L?(Q)-orthogonal projection onto V}, (piecewise definition)
+ w-explicit elliptic lifting estimates (M. Melenk 1995)
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h-PWDG a Priori Estimates: Results

® QCR"convex O 2-regularity of Helmholtz BVP
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h-PWDG a Priori Estimates: Results

® QCR"convex O 2-regularity of Helmholtz BVP
® 7 e families of uniformly shape regular triangular meshes
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h-PWDG a Priori Estimates: Results

® QCR"convex O 2-regularity of Helmholtz BVP
® 7, € families of uniformly shape regular triangular meshes
® Assumption on numerical flux parameters:
a =a/wh, §=bwh, § =dwh, 0<(5<%
with a,d > 0, b > 0, independent of h.
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h-PWDG a Priori Estimates: Results

® QCR"convex O 2-regularity of Helmholtz BVP
® 7, € families of uniformly shape regular triangular meshes
® Assumption on numerical flux parameters:
a =a/wh, §=bwh, § =dwh, O<(5<%
with a,d > 0, b > 0, independent of h.

There is ¢y > 0 such that, provided that w?h < ¢y ,the following a priori error

estimate holds true: (u, = PWDG solution, p = p(q) “equispaced” d;)
Ju = tnllog < Ch(July.q +w? [ullg.q + [eo(h + )2 If = Pufllog) -

with a constant C > 0 independent of the mesh and wave number w.
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h-PWDG a Priori Estimates: Results

® QCR"convex O 2-regularity of Helmholtz BVP
® 7, € families of uniformly shape regular triangular meshes
® Assumption on numerical flux parameters:
a =a/wh, §=bwh, § =dwh, O<(5<%
with a,d > 0, b > 0, independent of h.

There is ¢y > 0 such that, provided that w?h < ¢y ,the following a priori error

estimate holds true: (u, = PWDG solution, p = p(q) “equispaced” d;)
Ju = nllo < Ch(july.q +w? [ullg.q + [eo(h + )2 If —Pufllog) -

with a constant C > 0 independent of the mesh and wave number w.
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h-PWDG a Priori Estimates: Results

® QCR"convex O 2-regularity of Helmholtz BVP
® 7, € families of uniformly shape regular triangular meshes
® Assumption on numerical flux parameters:
a =a/wh, §=bwh, § =dwh, O<(5<%
with a,d > 0, b > 0, independent of h.

There is ¢y > 0 such that, provided that w?h < ¢y ,the following a priori error

estimate holds true: (u, = PWDG solution, p = p(q) “equispaced” d;)
Ju = tnllog < Ch(July.q +w? [ullg.q + [eo(h + )2 If = Pufllog) -

with a constant C > 0 independent of the mesh and wave number w.

Remark. f = 0 = asymptotic convergence O(h)
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h-PWDG a Priori Estimates: Results

® QCR"convex O 2-regularity of Helmholtz BVP
® 7, € families of uniformly shape regular triangular meshes
® Assumption on numerical flux parameters:
a =a/wh, §=bwh, § =dwh, O<(5<%
with a,d > 0, b > 0, independent of h.

There is co > 0 such that, provided that [w?h < col,the following a priori error

estimate holds true: (u, = PWDG solution, p = p(q) “equispaced” d;)
Ju = tnllog < Ch(July.q +w? [ullg.q + [eo(h + )2 If = Pufllog) -

with a constant C > 0 independent of the mesh and wave number w.

Remark. f = 0 = asymptotic convergence O(h)
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h-PWDG a Priori Estimates: Results

® QCR"convex O 2-regularity of Helmholtz BVP
® 7, € families of uniformly shape regular triangular meshes
® Assumption on numerical flux parameters:
a =a/wh, §=bwh, § =dwh, O<(5<%
with a,d > 0, b > 0, independent of h.

There is ¢y > 0 such that, provided that [w?h < colthe following a priori error

estimate holds true: (u, = PWDG solution, p = p(q) “equispaced” d;)

P2 = Pufllog) -

with a constant C > 0 independent of the mesh and wave n

2
Ju = tnllog < Ch(Julyq +w? ullg.q + [eolh + o)

ber w.

Remark. f = 0 = asymptotic convergence O(h) Pollution effect ?
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relative error (energy norm)

h-PWDG: Numerical Experiments (1)

h-Convergence of PWDG 5 in energy norm, p=5
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® Q=01

® cylindrical wave solution
® quasi-uniform meshes
® PWDG variant PWDG2
®»p=5
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h-PWDG: Numerical Experiments (1)

h-Convergence of PWDG 5 in energy norm, p=5

relative error (energy norm)

10" 10° 107

® Q=01

® cylindrical wave solution
® quasi-uniform meshes
® PWDG variant PWDG2
®»p=5

Oberservation (f = 0): Ju = Up|l ~ (wh)™= +w(wh)P~t forh —0

7
pollution error !

R. Hiptmair (SAM, ETH Zdrich) PWDG
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Recall: The Pollution Effect

Local (low order FD, FEM, FV, DG) discretization of Helmholtz BVP:

—~———

< typical error behavior for
h-refinement:

“Energy” norm:

[ 2 2 2
T > wy Iull2, = [ul? +w? u? .

W3 > w2
- - - best approximation

log([ju — unl,,)

delayed onset of
asymptotic convergence !
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h-PWDG: Numerical Experiments (1)

h-Convergence of PWDG 2 in energy norm, p=5

relative error (energy norm)

;
10°
wh

(Numerical) dispersion analysis in:

1

® Q=]0,1?

® cylindrical wave solution
® quasi-uniform meshes
® PWDG variant PWDG2
®p=5

Observation (f = 0):

[u = Un|| ~ (wh)*z +w(wh)?
el

pollution error !

[1 C. GITTELSON AND R. HIPTMAIR, Dispersion analysis of plane wave
discontinuous Galerkin methods, Tech. Rep. 2012-42, SAM, ETHZ. To

appear in IJINME.

R. Hiptmair (SAM, ETH Zdrich)

PWDG

Durham Symposium, July 2014
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h-PWDG: Numerical Dispersion (I)
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h-PWDG: Numerical Dispersion (I)

Discrete Bloch-wave analysis
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h-PWDG: Numerical Dispersion (I)

Discrete Bloch-wave analysis \/ \/ \

on infinite lattice meshes

3 1]

NAYAS =
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h-PWDG: Numerical Dispersion (I)

Discrete Bloch-wave analysis \/ \/ \

on infinite lattice meshes

a
11
— wh(#) = numerical wave number

a £
(for propagation in direction 6) \ /‘W‘\
El
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h-PWDG: Numerical Dispersion (I)

Discrete Bloch-wave analysis \/ \/ \

on infinite lattice meshes
. ~

1

— wh(#) = numerical wave number

a £
(for propagation in direction 6) \ /‘W‘\
El

A
2 | 1 1 1 1 1 ]
15l < w — wy (imaginary and real part,
' triangular lattice mesh)
1 ]
nar .
nr i
1 1 1 1 1
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h-PWDG: Numerical Dispersion (I)

Discrete Bloch-wave analysis \/ \/ \

on infinite lattice meshes
. ~

1

— wh(#) = numerical wave number

a £
(for propagation in direction 6) \ /‘W‘\
El

A
2 B 1 1 1 1 1 ]
1l < w — wy (imaginary and real part,
' triangular lattice mesh)
1 ]
Observed:
nar . ) ) _
Numerical dispersion
+
nr- ] . L
numerical dissipation
1 1 1 1 1
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h-PWDG: Numerical Dispersion (II)

triangular mesh (h = 1): square mesh (h = 1):
[ ]
e 1n° —— [IWVE)
—— [FWDGH)
—— (FWDG1)
12-. ur? l:*- ur? —= (PWDG2)
| | —=— FEM
£l EH N
m—u
- F o m om0 M
al lﬂmﬂi
pe€{357911}:
7|wh_w|~wp_l |wh_w|wqp,0<q<l
] wl
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What Next ?

@ p-Version of PWDG: Convergence
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Model Problems

Ui nc ———  —

full model problem simplified model problem

Frequency domain models for acoustic wave propagation

—Au—w?u=0 inQ,

Helmholtz equation: .
u=0 onlp, Vu-n—iwu=g onlg,

with wave number w > 0.
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PWDG p-Version: Numerical Experiments
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PWDG p-Version: Numerical Experiments

Square, w = 10, h = 1/1/2, L?-norm of errors:
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PWDG p-Version: Numerical Experiments

Square, w = 10, h = 1/+/2, L?>-norm of errors:

10 ; —_—
e [ PWDG L2
-2 | - - - ultra-—weak L2
10 —proj. L2
107}
10° }
10° |
'\\ 7'~
107 N
10712

3 5 7 9 1‘11‘31‘51‘71‘92‘12‘32‘527
number of local plane wave basis functions
Smooth solution in C>(RR?)

u = Ji(w|x|)cosé
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PWDG p-Version: Numerical Experiments

Square, w = 10, h = 1/+/2, L?-norm of errors:

10 ; —_—
S PWDG L2
-2 | - - - ultra-—weak L2
10 —proj. L2
107}
10° }
10° |
'\\ 7'~
107 N
10712

3 5 7 9 11 13 15 17 19 21 23 25 27
number of local plane wave basis functions
Smooth solution in C>(RR?)
u = Ji(w|x|)cosé
exponential convergence.
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PWDG p-Version: Numerical Experiments

Square, w = 10, h = 1/+/2, L?-norm of errors:

10— 10° ‘
S -~ PWDG L2 - - PWDG L2
-2 | ' - - - ultra-weak L2 _ -~ - ultra—weak L2
10 i 1k ]
—proj. L2
107}
S
10° | ]
o~
-
100}
\\ 7'~
107 N
-12 : : : : : : : : : : : 10’5 i i i
0 35 7 9 1113 15 17 19 21 23 25 27 10>° 10°7 10>°
number of local plane wave basis functions p/log(p)
. . . . . 5
Smooth solution in C>(R?) Singular solution in Hz~¢(Q)
u = Ji(w|x|)cos @ u :J%(w|x|)cos(§9)

exponential convergence.
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PWDG p-Version: Numerical Experiments

Square, w = 10, h = 1/+/2, L?-norm of errors:

10— 10° ——— ‘
S - PWDG L2 - - PWDG L2
-2 | ' - - - ultra-weak L2 _ -~ - ultra—weak L2
10 ‘ 1} ]
—proj. L2
107}
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10° | )
o~
-
10° |
'\\ 7'~
107" N
-12 : : : : : : : : : : : 10’5 i i i
10 3757 9 11 13 15 17 19 21 23 25 27 10°° 10%7 10°°
number of local plane wave basis functions p/log(p)
. . . . . 5
Smooth solution in C>(R?) Singular solution in Hz~¢(Q)
u = Ji(w|x|)cos @ u :J%(w|x|)cos(§9)
exponential convergence. algebraic convergence.
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PWDG p-Version: Numerical Experiments

Square, w = 10, h = 1/+/2, L?-norm of errors:

10— 10° ——— ‘
e, - PWDG L2 - - PWDG L2
-2 | ' - - - ultra-weak L2 _ -~ - ultra—weak L2
10 ‘ 1} ]
—proj. L2
107}
S
10° | s
o~
-
10° |
'\\ 7'~
107 AN
-12| e 10*5‘ - .
10 3757 9 11 13 15 17 19 21 23 25 27 10°° 10%7 10°°
number of local plane wave basis functions p/log(p)
. . . . . 5
Smooth solution in C*°(RR?) Singular solution in H2~¢()
u = Jy(w|x|)cos @ u :J%(w|x|)cos(§9)
exponential convergence. algebraic convergence.

Numerical instability for high p!
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Quasi-Optimality
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Quasi-Optimality

Recall PWDG linear variational problem:
Uy € Vh: ah(uh,vh) = f(Vh) YWh € Vj, .
with (Mo = 0)

ah(u,v):/ [Vu]{V}f/ [u]l- {Vnv} de/ {Vhu}-[v] dS
FE FE FE
f/ 5uvhvd87/ (L-96)Vhu-nvdS
JFY JFY
+I—/ B[Vnu] th] dS+L/ O Vhu-nVyv -ndS
w ]:r{’. w_]_—hzs
—|—iw/ a[u]-[V]dS+iw/ (1-d)uvds, «,8,68>0.
T '}-hs

h

[, = interior faces , F| = boundary faces]
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Quasi-Optimality

Recall PWDG linear variational problem: local Trefftz space
Uy € Vp: ah(uh,vh) = f(Vh) YWh € Vp©
with (Mp = 0)

an(uv) = [ (vul} - [ - {Vv} s - [ (V) as

f/ 5uvhvd87/ (L-96)Vhu-nvdS
JFY JFY

+l/ 8[Vhu] [Viv] ds+l/ 5VaU -n ViV RS

w ]:r{’. w_]_—hzs

—|—iw/ a[u]-[V]dS+iw/ (1-d)uvds, «,8,68>0.
" JFE

[, = interior faces , F| = boundary faces]
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Quasi-Optimality

Recall PWDG linear variational problem: local Trefftz space
Uy € Vh: ah(uh,vh) = f(Vh) YWh € Vh©
with (Mp = 0)

={vel?Q): v|; € PW, VT € Tn}

Plane wave space:

PW, = Span {x ~ exp(iwd; - x)}’"_;,

cos(5(1—-1)) .
dj <Sln(2(j—l))> j=1...,p.

p € N = no. of plane wave directions
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Quasi-Optimality

Recall PWDG linear variational problem: local Trefftz space
Uy € Vh: ah(uh,vh) = f(Vh) YWh € Vh©
with (Mp = 0)

an(uv) = [ (vul} - [ - {Vv} s - [ (V) as

f/ 5uvhvd87/ (L-96)Vhu-nvdS
JFY JFY

+I—/ B[Vnu] th] dS+L/ 0 Vhu-nVyv -ndS
W JF wJrEp

—|—iw/ a[u]-[V]dSJriw/ (I-d0)uvds, «,3,6§>0.
" S I

[, = interior faces , F| = boundary faces]

R. Hiptmair (SAM, ETH Zdrich) PWDG Durham Symposium, July 2014 34/54



Quasi-Optimality

Recall PWDG linear variational problem:

Up € V!

ah(uh,vh) = f(Vh) YWh € Vh©

Coercivity:

2
Im{an(un, Un)} = [[unl%,

&

Continuity:

an(un. V)| < 2 Vil 7, unll

R. Hiptmair (SAM, ETH Zdrich)

Durham Symposium, July 2014
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Quasi-Optimality

Recall PWDG linear variational problem: local Trefftz space
Uy € Vh: ah(uh,vh) = f(Vh) YWh € Vh©

Coercivity: & Continuity:

Im{ah(uh,uh)} = ”uh”th |an(un, vh)| < 2 ”Vh”fh ”uhH]-‘h+

2

DG-norms: w5, ==w ™ Hﬁl/z [Vhw]NH —|—w Ha1/2 [W]NHO}" +b.t.
h
. 2
Wi = Iwl, +w |8 {W}Hop
T ] e Rt

0,00
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Quasi-Optimality

Recall PWDG linear variational problem: local Trefftz space
Uy € Vh: ah(uh,vh) = f(Vh) YWh € Vh©

Coercivity: & Continuity:
Im{ah(uh,uh)} = ”uh”th |an(un, vh)| < 2 ”Vh”fh ”uhH]-"h+
2
DG-norms: w5, ==w ™ Hﬁl/z [Vhw]NH —|—w Ha1/2 [W]NHO}" +b.t.
h
. 1/2
Wi = Iwl, +w |8 {W}Hop

“skeleton norms”

e e T

0,00
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Quasi-Optimality

Recall PWDG linear variational problem: local Trefftz space
Uy € Vh: ah(uh,vh) = f(Vh) YWh € Vh©

Coercivity: Continuity:
Im{ah(uh,uh)} = ”uh”th |an(un, vh)| < 2 ”Vh”fh ”uhH]-"h+
v
uasi-optimality: u-—u <3 inf |lu—-v .
Quasi-optimality: [[u— un5, <3 inf flu—vall,
2
DG-norms:  [jwlf3, ==w ! Hﬁl/z [Vhw]NH —l—w Ha1/2 [W]NHo +bt.
)-Fh
) 1/2
Wi = Iwl, +w (8- {W}Hop
“skeleton norms”
re a2 v, o]
0.7-'I 0,00
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p-PWDG: “Simple” Duality Estimates

Goal: can estimate [[u — un[|;, O wantestimate [[u — Un| 2
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p-PWDG: “Simple” Duality Estimates

Goal: can estimate |[u —up[|; [0 wantestimate |[u — U 2(q)

[1 A.BUFFA AND P. MONK, Error estimates for the ultra weak variational
formulation of the Helmholtz equation, Math. Mod. Numer. Anal., 42
(2008), pp. 925-940 (— for UWVF)
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p-PWDG: “Simple” Duality Estimates

Goal: can estimate |[u —up[|; [0 wantestimate |[u — U 2(q)

[1 A.BUFFA AND P. MONK, Error estimates for the ultra weak variational
formulation of the Helmholtz equation, Math. Mod. Numer. Anal., 42
(2008), pp. 925-940 (— for UWVF)

E R. HIPTMAIR, A. MOIOLA, AND |. PERUGIA, Plane wave discontinuous
Galerkin methods for the 2D Helmholtz equation: Analysis of the
p-version, SIAM J. Numer. Anal., 49 (2011), pp. 264—284.
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p-PWDG: “Simple” Duality Estimates

Goal: can estimate |[u —up[|; [0 wantestimate |[u — U 2(q)

[1 A.BUFFA AND P. MONK, Error estimates for the ultra weak variational
formulation of the Helmholtz equation, Math. Mod. Numer. Anal., 42
(2008), pp. 925-940 (— for UWVF)

E R. HIPTMAIR, A. MOIOLA, AND |. PERUGIA, Plane wave discontinuous
Galerkin methods for the 2D Helmholtz equation: Analysis of the
p-version, SIAM J. Numer. Anal., 49 (2011), pp. 264—284.

Duality technique (I'p = 0): for any local Trefftz function w

2
Wiga=>_ (W,~Ap—w’p)or
TeTh
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p-PWDG: “Simple” Duality Estimates

Goal: can estimate |[u —up[|; [0 wantestimate |[u — U 2(q)

[1 A.BUFFA AND P. MONK, Error estimates for the ultra weak variational
formulation of the Helmholtz equation, Math. Mod. Numer. Anal., 42
(2008), pp. 925-940 (— for UWVF)

E R. HIPTMAIR, A. MOIOLA, AND |. PERUGIA, Plane wave discontinuous
Galerkin methods for the 2D Helmholtz equation: Analysis of the
p-version, SIAM J. Numer. Anal., 49 (2011), pp. 264-284.

Duality technique (I'p = 0): for any local Trefftz function w

2 .
Wi =S (W, —Ap —w?p)or { —Dp—wip =w inQ,
o TGZTh Vo-n—iwp =0 ondQ.
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p-PWDG: “Simple” Duality Estimates

Goal: can estimate |[u —up[|; [0 wantestimate |[u — U 2(q)

[1 A.BUFFA AND P. MONK, Error estimates for the ultra weak variational
formulation of the Helmholtz equation, Math. Mod. Numer. Anal., 42

20 “pG magic formula”:

@ R us
ca Y dS:/ {Vul[v] dS+/ [Vu]{v} dS .
p- TeTh aT anT Fh ‘7:||1

Duality technique (I'p = 0): for any local Trefftz function w

2 _ 2 _A _wz =W |n Q
W — W, —Ap —wp)oT { powy Y
” ||O,Q T;Tq( V(P ‘N—lwep = 0 onoQ.

i.b.p. .
< / ([Vaw]y @ — [w]y - Ve)dS +/ (Vaw - n 4+ iww)p dS
F Fe
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p-PWDG: “Simple” Duality Estimates

Goal: can estimate [[u —un[|z 0 wantestimate [[u — uh||L2(Q)

Duality technique (I'p = 0): for any local Trefftz function w

2 _ 2 _A _wz =W |n Q
w2, = W, —Ap — w?p)o T { 14 i ’
|| ||O,Q T;—h( V(P -n — |w<p =0 onoQ.

i'bg'p'/ (VaW]y @ — W]y .W)ds+/ (VaW 1 + iww) 5 dS
7 78

h
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p-PWDG: “Simple” Duality Estimates

Goal: can estimate |[u —up[|; [0 wantestimate |[u — U 2(q)

Duality technique (Mp = 0):

2
Wllg.q =Y (W, ~Ap —w?o)or

TeTh

for any local Trefftz function w

{

—Ap—w?p =w inQ,
Veo-n—iwpy =0 onoQ.

2 /ﬂ([vhw]w— W], -W)dSJr/FB(Vhwn +iww)zdS

h

2

< HW”Fh ’ ( Z (W H{ﬁ’é}_l/szo,aT ot Ha_l/ZV(szaT >); .

TeTh

)

mesh skeleton norm:

2 2
2 . —1llp1)2 1/2
wll%, = w HB/ [vhw]NHoﬂw Ha/ [W]NHoﬂ+b.t.

R. Hiptmair (SAM, ETH Zdrich)

PWDG

Durham Symposium, July 2014
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p-PWDG: “Simple” Duality Estimates

Goal: can estimate |[u —up[|; [0 wantestimate |[u — U 2(q)

Duality technique (I'p = 0): for any local Trefftz function w

2 _ 2 _A _wz =W |n Q
wiZ, = W, —Ap — w?p)or { powe ’
|| ||O,Q T;—h( V(P -n — |w<p =0 onoQ.

i'bg'p'/ (Vaw]y 7 — Wy -W)ds+/ (VW - + iow)p dS
7 78

h

2

< HWHJ-'h ) (T;rh (w H{ﬁ’é}_l/szo,aT ot Ha_l/ZV(szﬁT >); .

Scale invariant trace inequality:

2 - 2 2
llello,or < C(th lellor +htIVelor) s Ve € HY(T) .
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p-PWDG: “Simple” Duality Estimates

Goal: can estimate |[u —up[|; [0 wantestimate |[u — U 2(q)

Duality technique (Mp = 0):

for any local Trefftz function w

Wlgg=>" (W, —Ap —wp)or { —DAp—w?p =w inQ,

TeTh

Veo-n—iwpy =0 onoQ.

2 /ﬂ([vhw]w— W], -W)dSJr/FB(Vhwn +iww)zdS

R oY T RCY Rt RN

TeTh

Scale invariant trace inequality:

h

2

0,0T

)"

depends only on star-shapedness of T

2 = 2 2
lelloor <C Tl lellor +htIVelor) . Ve € HY(T) .
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p-PWDG: “Simple” Duality Estimates

Goal: can estimate |[u —up[|; [0 wantestimate |[u — U 2(q)

Duality technique (Mp = 0):

for any local Trefftz function w

Wlgg=>" (W, —Ap —wp)or { —DAp—w?p =w inQ,

TeTh

Veo-n—iwpy =0 onoQ.

2 /ﬂ([vhw]w— W], -W)dSJr/FB(Vhwn +iww)zdS

R oY T RCY Rt RN

TeTh

Scale invariant trace inequality:

h

2

0,0T

)"

depends only on star-shapedness of T

2 = 2 2
lelloor <C Tl lellor +htIVelor) . Ve € HY(T) .
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PWDG Durham Symposium, July 2014
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p-PWDG: “Simple” Duality Estimates

Goal: can estimate |[u —up[|; [0 wantestimate |[u — U 2(q)

Duality technique (I'p = 0): for any local Trefftz function w

2 _ 2 _A _wz =W |n Q
wiZ, = W, —Ap — w?p)or { powe ’
|| ||O,Q T;—h( V(P -n — |w<p =0 onoQ.

2 /ﬂ([vhw]w— W], -W)dSJr/FB(Vhwn +iww)zdS

h

2

< HW”Fh ’ ( Z (W H{ﬁ’é}_l/szo,aT ot Ha_l/ZV(szﬁT >); .

TeTh

Scale invariant trace inequality:| depends only on star-shapedness of T

2 = 2 2
lelloor <C Tl lellor +htIVelor) . Ve € HY(T) .

2 1 e -1 2
B [wlgo<C(a™t,5 1)IIWIIJrh-(Z: {whi*llellor +wllellor lely T + )
TeTh 1 2 _ 2
w 1th|30‘1T +w 1|90|1T lols 1
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(Uniform) “Star-Shapedness”
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(Uniform) “Star-Shapedness”

forall T € 7, there is a “center” xt such that
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(Uniform) “Star-Shapedness”
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(Uniform) “Star-Shapedness”

d0<po<p< %: forall T € 7, there is a “center” xt such that
> Bohy (xr)CT
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(Uniform) “Star-Shapedness”

d0<po<p< %: forall T € 7, there is a “center” xt such that
> Byn, (x1) C T
» T is star-shaped w.r.t. B, (x1)

R. Hiptmair (SAM, ETH Zdrich) Durham Symposium, July 2014 36/54



p-PWDG: “Simple” Duality Estimates (ll)

Setting: ® No scatterer 'p = (), Qg convex
® flux coefficients «a, £, § independent of p, h
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p-PWDG: “Simple” Duality Estimates (ll)

Setting: ® No scatterer 'p = (), Qg convex
® flux coefficients «a, £, § independent of p, h

2 -1 2
IWlige < ClIwlz - (3 {wht® Ielsr +wlelor lelyr +
TeTh 2

- 2 —
w T el r + o el el })
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p-PWDG: “Simple” Duality Estimates (ll)

Setting: ® No scatterer 'p = (), Qg convex
® flux coefficients «a, £, § independent of p, h

2 -1 2
IWlige < ClIwlz - (3 {wht® Ielsr +wlelor lelyr +
TeTh 2

- 2 —
w T el r + o el el })

Theorem. stability estimates [MELENK 2D, CUMMINGS&FENG 3D]:
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p-PWDG: “Simple” Duality Estimates (ll)

Setting: ® No scatterer 'p = (), Qg convex
® flux coefficients «a, £, § independent of p, h

2 -1 2
IWlige < ClIwlz - (3 {wht® Ielsr +wlelor lelyr +
TeTh 2

- 2 —
W el r + o elr el })

Theorem. stability estimates [MELENK 2D, CUMMINGS&FENG 3D]:

ol +wllelloq < Cilwlg

3C1(R),C2(Q) > 0:
lplog < Co(l+w)[Wlogq -
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p-PWDG: “Simple” Duality Estimates (ll)

Setting: ® No scatterer 'p = (), Qg convex
® flux coefficients «a, £, § independent of p, h

2 -1 2
IWlige < ClIwlz - (3 {wht® Ielsr +wlelor lelyr +
T€Tn 4. 2 _ 2
W ol ¢ +w el r elar}) -

Theorem. stability estimates [MELENK 2D, CUMMINGS&FENG 3D]:

ol +wllelloq < Cilwlg

3C1(R),C2(Q) > 0:
lplog < Co(l+w)[Wlogq -

1
> [||w||§’Q <C(C'wth™t+wh)?. ||w||fh}.
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p-PWDG: “Simple” Duality Estimates (ll)

Setting: ® No scatterer 'p = (), Qg convex
® flux coefficients «a, £, § independent of p, h

2 -1 2
IWlige < ClIwlz - (3 {wht® Ielsr +wlelor lelyr +
T€Tn 4. 2 _ 2
W ol ¢ +w el r elar}) -

Theorem. stability estimates [MELENK 2D, CUMMINGS&FENG 3D]:

ol +wlelloe < Cilwlog »

3C1(R),C2(Q) > 0:
lplog < Co(l+w)[Wlogq -

1
> [||w||3}3c (C'wth~t + wh)? - ||w||fh}.

depends on star-shapedness
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p-PWDG: “Simple” Duality Estimates (ll)

Setting: ® No scatterer 'p = (), Qg convex
® flux coefficients «a, £, § independent of p, h

2 -1 2
IWlige < ClIwlz - (3 {wht® Ielsr +wlelor lelyr +
T€Tn 4. 2 _ 2
W ol ¢ +w el r elar}) -

Theorem. stability estimates [MELENK 2D, CUMMINGS&FENG 3D]:

ol +wlelloe < Cilwlog »

3C1(R),C2(Q) > 0:
lplog < Co(l+w)[Wlogq -

1
= [uwnéyc (Cutt uh) ||w||fh].

depends on “quasi-uniformity” of 7y

depends on star-shapedness
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p-PWDG: “Simple” Duality Estimates (ll)

Setting: ® No scatterer 'p = (), Qg convex
® flux coefficients «a, £, § independent of p, h

2 -1 2
IWlige < ClIwlz - (3 {wht® Ielsr +wlelor lelyr +
TETh

wthz o2 - +w=toly x loly }) o
Estimates explicit in w!

Theorem. stab ENG 3D]:

(Constants must not depend on w)
lolia+wlelloe < Cilwlog
l¢la0 < Co(l+w)|wlpg -

IC1(Q), C2(Q) > 0: {

1
= [uwnéyc (Cutht uh) ||w||fh].

depends on “quasi-uniformity” of 7y

depends on star-shapedness
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p-PWDG: “Simple” L?-Estimates

Set w:=u-—u, < aT,-piecewise Trefftz function!
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p-PWDG: “Simple” L?-Estimates

Set w:=u-—u, < aT,-piecewise Trefftz function!

1
2

lu—tnllo.q < C (W™t +wh)® W]z,
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p-PWDG: “Simple” L?-Estimates

Set w:=u-—u, < aT,-piecewise Trefftz function!

1
2

1
lu—unlloq < C (w™h™* +wh)® W]z <C (w™"h™" +wh)® inf [ju— vyl
, VhE€Vh

by quasi-optimality
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p-PWDG: “Simple” L?-Estimates

Set w:=u-—u, < aT,-piecewise Trefftz function!

1 1
Ju—unllog < C (w *h™* +wh)® W]z <C (w *h™* +wh)? inf [lu—Va|z:
» Vh€Vh

by quasi-optimality

Theorem. (2D finite regularity P.W. approximation estimates)

[N

K—
. - log(p)
= vl <Clom)w ey (RIRN) T g
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p-PWDG: “Simple” L?-Estimates

Set w:=u-—u, < aT,-piecewise Trefftz function!

1 1
u— Up <C(wth ™t +wh)? |w <C (w™th ™t +wh)? inf ||u—vp| -
0,Q Fh VhEVH Fh

by quasi-optimality

heorem. (2D finite regularity P.W. approximation estimates)

k—1
) —1,k-1/2 log(p) :
_ L < 7 .
Vh|r61\f/h U = V| 7+ <C(wh)w™2 h < D Ul 1,00
v
_ . (o A
L o 0= gy = CCeh) diam@ e (9PN g
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p-PWDG: “Simple” L?-Estimates

Set w:=u-—u, < aT,-piecewise Trefftz function!

1 1
u— Up <C(wth ™t +wh)? |w <C (w™th ™t +wh)? inf ||u—vp| -
0,2 Fh VhEVH Fh

by quasi-optimality

heorem. (2D finite regularity P.W. approximation estimates)

k—1
) —1,k-1/2 log(p) :
_ L < —= .
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. . (o k=3
L o 0= gy = Cleh) diam@ e (9PN pu g
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heorem. (2D finite regularity P.W. approximation estimates)

k—1
X _1 k—1/2 lOQ(p) :
_ L < — .
= vl <Cuh)wE 2 (1 Ul 100
v
. ~, (log(p)\*"*
L w [[u = Un[2q) < C(ggh) diam(Q) h*~* (p()> Ulli1w0 -
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Postprocessed PWDG-Solution

)

Estimates in stronger “non-skeleton” norms

H(7n)-orthogonal projection onto space of degree-p CP-finite element
functions!

R,
h

U, — Pu, = “postprocessing”

TS, gy duality estimate]

With C > 0 depending only on 2, shape-regularity, and wh

O

2 2 — 2
IVP(u = up)llg < C (w2 u—Upllf g + (wh) ™ lu = up|3, ) -
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Postprocessed PWDG-Solution

)

Estimates in stronger “non-skeleton” norms

P = HY(Ty)-orthogonal projection onto space of degree-p CC-finite element
functions!

U, — Pu, = “postprocessing”

TS, gy duality estimate]

[With C > 0 depending only on 2, shape-regularity, and wh

O

2 2 — 2
IVP(u = up)llg < C (w2 u—Upllf g + (wh) ™ lu = up|3, ) -

—~—

- B B |Og p kfl/Z
19 (U~ P(Up)) o < C (diam(Q) + ) b2 (Ff)) 1l 1e -
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p-PWDG: Non-Uniform Meshes

Estimate of |[ju—unlyqo for
model problem

?

» Qp # 0: Q not convex
» [p non-smooth
» Tn locally refined

[l R.HIPTMAIR, A. MOIOLA, AND |. PERUGIA, Trefftz discontinuous
Galerkin methods for acoustic scattering on locally refined meshes, Appl.
Num. Math., 79 (2013), pp. 79-91.
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p-PWDG: L2-Estimates on Non-uniform Meshes (1)

@ Idea: locally varying flux parameters
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h h h
h7f’ 5|fNEa 6|ho7f

O[|f ~

(f = face of 7)
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@ Idea: locally varying flux parameters

h h h
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p-PWDG: L2-Estimates on Non-uniform Meshes (l)

@ Idea: locally varying flux parameters

h h h
h7f, 5|fNFfa 5|ho7f

O[|f ~

(f = face of 7)

Assumptions on meshes 7, (+ dependence of constants)

» uniform star-shapedness %
» uniform local quasi-uniformity
» quasi-uniformatlr = ensure 0 <4 < 3

Assumption on geometry: scatterer Qp uniformly star-shaped
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p-PWDG: L2-Estimates on Non-uniform Meshes (Il)

Theorem. Refined w-explicit lifting theorem:
—Ap—wlp=1finQ, Vyo-ntivwpg=gonlg, ¢=00nlp
l* —
= |Velyisn S (L +dew)(dd " Flloq +dg°llgllor,) +ll9lsr, -

for some s =s(Q2) > 0. (dg = diam(Q2))

Lemma. Refined scale invariant trace estimate:

2 - 2 1
IVlloor S hrtlIvilgr +hF IVIysr YW €HET(T).

Duality technique O for all 7,-piecewise Trefftz functions:

1_
Wl < Cdo(w™h™% +d3 " *wih®) |w] 5 .

independent of global quasi-uniformity
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What Next ?

@ hp-PWDG: A Priori Error Estimates
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[1 R.HIPTMAIR, A. MOIOLA, AND |. PERUGIA, Plane wave discontinuous
Galerkin methods: Exponential convergence of the hp-version, Report
2013-31, SAM, ETH Zurich, 2013.

R. Hiptmair (SAM, ETH Ziirich) PWDG Durham Symposium, July 2014 44 /54



hp-PWDG: 2D Model Problem

[1 R.HIPTMAIR, A. MOIOLA, AND |. PERUGIA, Plane wave discontinuous
Galerkin methods: Exponential convergence of the hp-version, Report
2013-31, SAM, ETH Zurich, 2013.

2D geometric setting: Q := Qr \ Qp
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hp-PWDG: 2D Model Problem

[1 R.HIPTMAIR, A. MOIOLA, AND |. PERUGIA, Plane wave discontinuous
Galerkin methods: Exponential convergence of the hp-version, Report
2013-31, SAM, ETH Zurich, 2013.

2D geometric setting: Q := Qr \ Qp

-~ QR lr: (analytic) artificial truncation
/ \R boundary

; Mo \ Qp: sound-soft scatterer
(/’ /) star-shaped w.r.t. 0
~Au-w?u=0 inQ,
\ // Vu-n—iwu=g onoddp,
ey ' u=0 onodQx .

b = piecewise analytic, finitely many corners
g = analytic function g — C (+ trace of incident wave)
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Analytic Regularity

C =setofcornersof [y (# = nc, positions c;)

Distance product function: ®(x) == []; [x —cj

Theorem. If g analytic, then solution u has analytic continuation to

N(u) ::U{y eR% |y —x| < e

®(y)

X e

R. Hiptmair (SAM, ETH Zdrich)

Durham Symposium, July 2014

45/54



Analytic Regularity

C =setofcornersof [y (# = nc, positions c;)
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Theorem. If g analytic, then solution u has analytic continuation to
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Analytic Regularity

C =setofcornersof [y (# = nc, positions c;)

Distance product function: ®(x) == []; [x —cj

Theorem. If g analytic, then solution u has analytic continuation to

N(u) ::L;J{y € R?: |y—x|<4e(z(i)1)nc} .

<1 Width of local region of analyticity

~

distance from nearest corner

corner poing ) o )
+ estimates for |[D“ul| _ inside disks of

analyticity

[1 J. M. MELENK, hp-finite element methods for singular perturbations,
LNCSE vol. 1796, Springer 2002.
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ﬁ PW, spanned by p = 2q + 1 equispaced plane waves \
® ueWhe(T,), —Au —w?u =0, analyticin T,

o 1+ (hTw)qul
inf u—v, 1+ (htw e2hT“’ e bq +——
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T € Tn:  analytic neighborhood T, := {x € R?: dist(T,x) < nhr}

ﬁ PW, spanned by p = 2q + 1 equispaced plane waves \
® uecWbhe(T,), —Au — w?u =0, analyticin T,

B 2hrw | A—bg
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PW Approximation of Analytic Functions

— NEXT lecture today by Andrea Moiola
T € Tn:  analytic neighborhood T, := {x € R?: dist(T,x) < nhr}

ﬁ PW, spanned by p = 2q + 1 equispaced plane waves \
® uecWbhe(T,), —Au — w?u =0, analyticin T,

1+ (hTw)q“)
(co(d+1)?)

(I, +hr 19Ul )

Qco > 0 and b > 0 depend only on star-shapedness of T and 7. /

inf [lu—vpll,r <(1+ (hrw)®)e® (ebq +

Vp EPW,

[ PW approximation converges exponentially in no. of directions!
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hp-PWDG: Approximation Policy

0 p-appromximation

/‘\ far from corners

(analytic estimates)

O h-approximation

close to corners
(finite regularity estimates)

% [4 T.P. WIHLER, P. FRAUENFELDER,
AND C. SCHWAB, Exponential
convergence of the hp-DGFEM for
diffusion problems, Comput. Math.
Appl., 46 (2003), pp. 183-205.

same approximation policy as for polynomial FEM/DG
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hp-PWDG Duality Estimates

Assumption on meshes:

» uniform star-shapedness of cells %
» uniform local quasi-uniformity

Assumptions on flux parameters «;, 3, 9:

O

enter mesh skeleton norm |-z O crucial for estimates

mesh skeleton norm:
2 2
2 ., —1]|p1/2 1/2
i, = = [, o o,

+ b.t.
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hp-PWDG Duality Estimates

Assumption on meshes:

» uniform star-shapedness of cells %
» uniform local quasi-uniformity

Assumptions on flux parameters «;, 3, 9:

O

» 3>0,0<6 < 3 fixed globally

enter mesh skeleton norm |-z O crucial for estimates

mesh skeleton norm:

w2 = w*lHﬂ”z[vhw]NH +w” 12 [wl,, HOF +hbit.
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hp-PWDG Duality Estimates

Assumption on meshes:

» uniform star-shapedness of cells %
» uniform local quasi-uniformity

Assumptions on flux parameters «;, 3, 9:
» 3>0,0<6 < 3 fixed globally
» local penalty parameters s ~ n

f
O enter mesh skeleton norm |-z O crucial for estimates

the challenge!
mesh skeleton norm:

w2 = w*luﬁ”z[vhw]NH e H 12 [wl,, Hor' +hbit.
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Assumption on meshes:

» uniform star-shapedness of cells %
» uniform local quasi-uniformity

Assumptions on flux parameters «;, 3, 9:
» 3>0,0<6 < 3 fixed globally
h
» local penalty parameters s ~ n
f
O enter mesh skeleton norm |-z O crucial for estimates

> [H® duality arguments + scale-invariant trace inequalities]
(17 +Tr)dE /1 3
Wlog S ==, S +daw + (daw)® ) w5,
for any 7,-p.w. Trefftz function w. (|7 = length of interior edges)

R. Hiptmair (SAM, ETH Zirich) PWDG Durham Symposium, July 2014 48 /54



hp-PWDG Trial Space

R. Hiptmair (SAM, ETH Ziirich) Durham Symposium, July 2014 49 /54



hp-PWDG Trial Space

Geometrically graded layer meshes (grading parameter 0 < o < 1)

T=Ur, L5 LeN

R. Hiptmair (SAM, ETH Zdrich) Durham Symposium, July 2014 49/54



hp-PWDG Trial Space

Geometrically graded layer meshes (grading parameter 0 < o < 1)

TL=U,, LY LeN

20 wiangular mesh

= 05 0 05 1
#Vertces : 113, #Elemens : 186, #Edges : 298

R. Hiptmair (SAM, ETH Ziirich) Durham Symposium, July 2014



hp-PWDG Trial Space

Geometrically graded layer meshes (grading parameter 0 < o < 1)

TL=U,, LY LeN

20 wiangular mesh

» corner layer: L- = cells at corners o

= 05 0 05 1
#Vertces : 113, #Elemens : 186, #Edges : 298

R. Hiptmair (SAM, ETH Zdrich) PWDG Durham Symposium, July 2014 49/54



hp-PWDG Trial Space

Geometrically graded layer meshes (grading parameter 0 < o < 1)

TL=U,, LY LeN

20 wiangular mesh

» corner layer: L- = cells at corners o
» corner distance: dist(T,C) ~ ¢* VT € L}

= 05 0 05 1
#Vertces : 113, #Elemens : 186, #Edges : 298

R. Hiptmair (SAM, ETH Zdrich) PWDG Durham Symposium, July 2014 49/54



hp-PWDG Trial Space

Geometrically graded layer meshes (grading parameter 0 < o < 1)

TL=U,, LY LeN
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» corner layer: L- = cells at corners o
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20 wiangular mesh
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hp-PWDG Trial Space

Lemma. Jn > 0 independent of u and L (but not of w!) such that u is
analytic in

T, = {x € R% dist(T,x) < nhr},

forall T € T
» T._1 — 7. by refinement only in corner N NN
layer

B dist(T,C) ~ hy
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hp-PWDG Trial Space

Lemma. Jn > 0 independent of u and L (but not of w!) such that u is
analytic in

T, = {x € R% dist(T,x) < nhr},

for all T € 7 outside the corner layer.

» T _1 — 7. by refinement only in corner N
layer

B dist(T,C) ~ hy
In>0:: VLeEN, VT € 7L\ LL:: uanalyticinT, .
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TL=U,, LY LeN

» corner layer: L- = cells at corners o
» corner distance: dist(T,C) ~ ¢* VT € L} -
» cell size: hy ~ ¢ ’
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hp-PWDG Trial Space

Geometrically graded layer meshes (grading parameter 0 < o < 1)

TL=U,, LY LeN

» corner layer: L- = cells at corners o
» corner distance: dist(T,C) ~ ¢* VT € L} -
» cell size: hy ~ ¢ ’
» T _1 — 7. by refinement only in corner N

layer -

05 0 05 1
113, # Edges : 298

B dist(T,C) ~ hy Z{Iength of interior edges} <C VL,
In>0:: VLeEN, VT € 7L\ LL:: uanalyticinT, .

PWDG trial space = Span{p(L) := 2[L'*<] equidistant plane waves per cell}

[ No. of local PW directions increases with level L
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Duality estimates +

Approximation in far layers Approximation in corner layer

O estimates for PW approximation O for T € £} use “Py C PW,” for
of analytic Trefftz functions ht —0

O Exponential accuracy O small hy controls error

ﬁ]eorem. With all constants independent of the number L of layers

_1
Ju = Unl|i2(q) < C(e) exp(~bNF)

QL = number of d.o.f. = dimension of trial space V|

R. Hiptmair (SAM, ETH Zirich) PWDG Durham Symposium, July 2014 50/54



hp-PWDG: Exponential Convergence

Duality estimates +

Approximation in far layers Approximation in corner layer

O estimates for PW approximation O for T € £} use “Py C PW,” for
of analytic Trefftz functions ht —0

O Exponential accuracy O small hy controls error

ﬁ]eorem. With all constants independent of the number L of layers

_1
Ju = Unl|i2(q) < C(e) exp(~bNF)

QL = number of d.o.f. = dimension of trial space V|

A Practical hp-PWDG: vulnerable to plane wave instability!
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What Next ?

@ Miscellaneous Issues and Open Problems
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Adaptive Plane Wave Approximation

An a priori/inherent adaptive strategy:

Find dominant propagation directions by
» ray tracing, GTD, wavefront tracking,
» optimizing/estimating local plane wave directions.
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Adaptive Plane Wave Approximation

An a priori/inherent adaptive strategy:

Find dominant propagation directions by
» ray tracing, GTD, wavefront tracking,
» optimizing/estimating local plane wave directions.

< dependence of
dispersion (—),
dissipation (—) on
propagation direction

dispersion/dissipation
vanish in directions d; of
plane wave basis
functions
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Adaptive Plane Wave Approximation

An a priori/inherent adaptive strategy:

Find dominant propagation directions by
» ray tracing, GTD, wavefront tracking,
» optimizing/estimating local plane wave directions.

[§ E.GILADI AND J. KELLER, A hybrid numerical asymptotic method for scattering
problems, J. Comp. Phys., 174 (2001), pp. 226-247. [PUM]

[ T. BETCKE AND J. PHILLIPS, Approximation by dominant wave directions in plane
wave methods, Preprint University College London, UK, 2012. [PWDG]

[1 M. AMARA, S. CHAUDHRY, J. DIAZ, R. DJELLOULI, AND S. L. FIEDLER, A local
wave tracking strategy for efficiently solving mid- and high-frequency Helmholtz
problems, Comput. Methods Appl. Mech. Engrg., 276 (2014), pp. 473-508. [LSQ]

@ C. GITTELSON, Plane wave discontinuous Galerkin methods, MSc thesis, SAM,
ETH Zdirich, 2008.
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Adaptive Plane Wave Approximation

An a priori/inherent adaptive strategy:

Find dominant propagation directions by
» ray tracing, GTD, wavefront tracking,
» optimizing/estimating local plane wave directions.

A (tentative) a posteriori adaptive strategy:
O estimate error e(x) := u(x) — un(X)
O extract dominant local direction in e:
1 Ve de

de::Rem T@dv7 de::

O Add x — exp(iwde - X) to plane wave basis on T
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Adaptivity: Numerical Experiment

Convergence of adaptive method,  w=64
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Adaptivity: Numerical Experiment
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Outlook and Conclusion

PWDG research problems (theoretical & algorithmic):
» efficient approximation of diffracted and evanescent waves,

[4 T. LuaN, F.-M. MA, AND H.-H. Liu, Error estimation for numerical
methods using the ultra weak variational formulation in model of near
field scattering problem, J. Comp. Math., (2014).
doi:10.4208/jcm.1403-m4404.

[ T.LUOSTARI, T. HUTTUNEN, AND P. MONK, Improvements for the
ultra weak variational formulation, International Journal for Numerical
Methods in Engineering, 94 (2013), pp. 598-624.
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PWDG research problems (theoretical & algorithmic):
» efficient approximation of diffracted and evanescent waves,
> extension to w = w(x)

[ L.-M. IMBERT-GERARD, Interpolation properties of generalized plane
waves, Preprint arXiv:1402.1703v1 [math.NA], arXiv, 2014.

[1 L.-M. IMBERT-GERARD AND B. DESPRES, A generalized plane-wave
numerical method for smooth nonconstant coefficients, IMA Journal
of Numerical Analysis, (2013).
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Outlook and Conclusion

PWDG research problems (theoretical & algorithmic):

» efficient approximation of diffracted and evanescent waves,

> extension to w = w(x)

10 T

plane wave local mass matrix on square [—1,1]2

plane wave local mass matrix on square [—1,1.]2
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condition number of local mass matrix
5

condition number of local mass matrix
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» efficient approximation of diffracted and evanescent waves,
> extension to w = w(x)

» the curse of instability (— use cylindrical/spherical waves? Local SVD?)
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» the curse of instability (— use cylindrical/spherical waves? Local SVD?)

[4 T.H. TEEMU LUOSTARI AND P. MONK, The ultra weak variational
formulation using Bessel basis functions, Comm. Comp. Phys., 11
(2012), pp. 400-414.
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Outlook and Conclusion

PWDG research problems (theoretical & algorithmic):
» efficient approximation of diffracted and evanescent waves,
extension to w = w(x)

>
» the curse of instability (— use cylindrical/spherical waves? Local SVD?)
» numerical integration (oscillatory integrands!)
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[1 A.EL KACIMI AND O. LAGHROUCHE, Improvement of PUFEM for the
numerical solution of high-frequency elastic wave scattering on
unstructured triangular mesh grids, Internat. J. Numer. Methods
Engrg., 84 (2010), pp. 330-350.
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the curse of instability (— use cylindrical/spherical waves? Local SVD?)
numerical integration (oscillatory integrands!)
error estimation and adaptivity
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Outlook and Conclusion

[{ P. ANTONIETTI, |. PERUGIA, AND D. ZALIANI, Schwarz domain
decomposition preconditioners for plane wave discontinuous Galerkin
methods, Report 57/2013, Politecnico di Milano, Dipartimento di
Matematica, Milano, Italy, 2013.

[1 L. YuAaN AND Q. Hu, A solver for Helmholtz system generated by the
discretization of wave shape functions, Adv. Appl. Math. Mech., 5
(2013), pp. 791-808.

[1 P. MONK, J. SCHOBERL, AND A. SINWEL, Hybridizing
Raviart-Thomas elements for the Helmholtz equation, RICAM Report
22-08 (2008).
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» the curse of instability (— use cylindrical/spherical waves? Local SVD?)
» numerical integral
> error estimation THAN K YO U
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v

Can PWDG compete with polynomial hp/spectral-FEM & BEM ?

) Right now probably NOT, but if ...

R. Hiptmair (SAM, ETH Zdrich) PWDG Durham Symposium, July 2014 54/54




	Motivation: Classical FEM – Approximation Challenges
	Model Problem: Acoustic Scattering
	Challenges for Polynomial Approximation
	Wave Propagation: Classical h-FEM
	Polynomial h-FEM: The Pollution Effect (I)
	Wave Propagation: The Pollution Effect (II)
	Pollution Effect: Remedy for Classical h-FEM

	Operator Adapted Trial Spaces
	Wave Modulation Approach
	Ultra-Weak Variational Formulation

	Trefftz-Discontinuous Galerkin Discretization
	PWDG: Derivation (I)
	PWDG: Derivation (II)
	Trefftz DG
	(PW)DG: Numerical Fluxes
	PWDG: Variational Problem (I)
	DG: Variational Problem (II)

	h-Version of PWDG: Convergence
	h-PWDG: Numerical Experiments (I)
	h-PWDG a Priori Estimates: Tools
	h-PWDG a Priori Estimates: Duality Technique
	h-PWDG a Priori Estimates: Results
	h-PWDG: Numerical Experiments (II)
	Recall: The Pollution Effect
	h-PWDG: Numerical Dispersion
	h-PWDG: Numerical Dispersion (II)

	p-Version of PWDG: Convergence
	Model Problems
	PWDG p-Version: Numerical Experiments
	Quasi-Optimality
	p-PWDG: ``Simple'' Duality Estimates
	General Shape-Regularity
	Postprocessed PWDG-Solution
	p-PWDG: Non-Uniform Meshes
	p-PWDG: L2-Estimates on Non-uniform Meshes (I)
	p-PWDG: L2-Estimates on Non-uniform Meshes (II)

	hp-PWDG: A Priori Error Estimates
	hp-PWDG: 2D Model Problem
	Analytic Regularity
	Plane Wave Approximation of Analytic Functions
	hp-PWDG: Approximation Policy
	hp-PWDG Duality Estimates
	hp-PWDG Trial Space
	hp-PWDG: Exponential Convergence

	Miscellaneous Issues and Open Problems
	Adaptive Plane Wave Approximation
	Adaptive PWDG: Numerical Experiment
	Conclusion


