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The mimetic finite difference method preserves or mimics
critical mathematical and physical properties of systems of
PDEs such as conservation laws, exact identities, solution
symmetries, secondary equations, and maximum principles.

These properties are needed for multiphysics simulations.

The task of building mimetic schemes becomes more difficult
on unstructured polygonal and polyhedral meshes.
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Part | Introduction to the MFD method
© Motivation and requirements

@ Principles of mimetic discretizations

© Family of mimetic schemes

Part II The MFD and other methods
© Variational and finite volume viewpoints

@ Maximum and minimum principles

© Discrete vector and tensor calculus
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Part I. Introduction to the MFD method
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Duality property (1/2)

Let ¢ = 0 on Jf). We have the integration by part formula:

/(divu)qu——/u‘quaH—/ qu-ndx——/u-qua:.
Q Q oN Q
—_—

=0
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Duality property (1/2)

Let ¢ = 0 on Jf). We have the integration by part formula:

/(divu)qu——/u‘quaH—/ qu-nd:c——/u-qua:.
Q Q oN Q
—_—

=0

Let u;, € F, and g, € C;, be discrete fields (vectors of dofs),
gr = 0 on 012, and

divy, : Fr, — Cp, Vi :Ch — Fp

The discrete integration by parts formula mimics the
continuous one:

[divyuy, Qh]ch = —[uy, Vth]Fh Vuy, qn

where [, -] are inner products (approximation of integrals). .
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Duality property (2/2)

[divhuh, qh] c, =~ [uh, Vth] T

The discrete gradient and divergence operators cannot be dis-
cretized independently of one another.
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Consequence of the duality property (1/2)

The equation of Lagrangian gasdynamic (density p, velocity
u, internal energy e, pressure p):

1
pccili = —divu
du
= - v
P i p
p% = —pdivu

Let p = 0 of 0f2. The integration by parts and continuity
equation lead to conservation of the total energy FE:

dE du de ) d

> a4 = gg:—/ u-Vp+pdivu)dz =0.
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Consequence of the duality property (2/2)

The semi-discrete equations read:

1 dpp di

——— = —divju

pr dt pe
duh
he Ly

Ph™ h Ph
den diviyu
— = —ppdiv

Ph™ g, Dr dlvpup,

The discrete integration by parts formula guarantees
conservation of the total discrete energy FEj:

2

= —[up, Viorlz, — [pn, divaugle, = 0.
dt
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Exact identities

For any u and p it holds:

div curlu = 0, curl Vp = 0.

Requirement 2

For any discrete fields u; € £, and p; € NV, it holds:

divy, curly uy, = 0, curly, Vyp, = 0.
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Consequence of the exact identities (1/2)

Maxwell’s equations (magnetic field H = 4B, magnetic flux
density B, dielectric displacement D = ¢E, electric field E):

B D
aa—t = —curlE, a@t = curl H,

satisfy
divB = 0, divD =0

for any time t.
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Consequence of the exact identities (2/2)

The semi-discrete equations read:

0B oD —
a—th = —curly, Ep, a—th = curl, Hy,

The exact discrete identities guarantee that the initial
divergence-free condition is preserved:

0By,

a (divh Bh) dlvh ot = —divh curlh Eh =0
and
—~ D —_~ —
0 (leh Dh) = leh 9 h = —dth curlh Hh =0.
ot ot
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Requirements for the mimetic discretization

In this talk, we build discrete mimetic operators that
O satisfy the duality property for a pair of operators
@ satisfy exact identities
© lead to conditional maximum and minimum principles
@ provide optimal approximation of PDEs
on unstructured polygonal and polyhedral meshes.
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Incomplete list of related methods

Cell method

Co-volume method

Summation by parts

Hybrid FV, mixed FV, discrete duality FV
Mixed FE, VEM

FE exterior calculus

e 6 6 o6 o o

Mimetic method differs by constructive/practical approach
to building discrete operators on general polyhedral meshes.
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Filed Boundary
Vi

Unstructured polyhedral meshes in porous media
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Polyhedral meshes provide enormous flexibility in mesh
generation.
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Kelvin's conjecture & Weaire-Phelan's structure

Polyhedral cell has more neighbors which leads to better
transfer of information in expense of a higher stencil.

Overall, polyhedral meshes may lead to faster time to a
solution compared to simplicial meshes. 42 Alamos
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Unstructured polyhedral meshes: engineering

The Weaire-Phelan structure inspired the design of the
aquatic center for the 2008 Olympics Games in Beijing.

The design is ideally suited to absorbing energy from
earthquakes.
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Duality requirement (1/3)

Consider the one-dimensional Poisson equation

d*p

p(0) =p(1) = 0.

We write this second-order equation as a system of two
first-order equations:

dp du

L
dz’ dx

Recall the integration by part property:

Ldp L du
—udr = — —dz.
/0 da:u o /Opd:c v
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Duality requirement (2/3)

Pi-1/2 Pit+1/2
—@ ® ® @ o

Ui—1 Uj Uj41

By the duality requirement, approximation du/dx ~ divjuy,
and dp/dx =~ Vjp, must satisfy the discrete integration by
parts formula:

[ divaun, pr) e = [up, Vhph]fh Vup, ph
an op,
where
n 1
° [Qiu ph}ch = ZAUC di+1/2 Pi+1/2 = / pqdx
i=1 0
n+1 1
° [uh, vh]}_h:ZAxuivi%/ wvdx
. A
=1 0 -L;sAlamos
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Duality requirement (3/3)

Pi-1/2 Pit1/2
—@ ® ® @ |
Ui—1 U; Ujt+1
. Ui+l — Uy
divyup); =
( h h)z+1/2 Az

Inserting this in the discrete integration by parts formula:

n+1

Uj
Az Z +1 pz+1/2— AJJZ(VhPh)iui Vun, ph
i=1

Rearranging the left-hand side, we recover the natural FD
formula for the gradient:

- Piv1/2 — Pi-1/2
(Vipn)i = —Ar

where P1/2 = Pny3j2 = 0. 7422 Atarmes
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Discretization principle

Commandment 1: Use duality

Select and discretize one the two adjoint operators. Derive
the other discrete operator from the discrete duality formula.

© Divergence operator is discretized first. div;, is called the
primary mimetic operator.

@ Discrete gradient operator V), is called the derived
mimetic operator.

The discrete integration by parts formula

[divyup, ph] cn = [up, Vhph]fh Vup, ph-

works the same way in two- and three-dimensions.
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Accuracy requirement (1/4)

Pi-1/2 Pit1/2
—@ ® ® @ |

Uji—1 U; Wi+l

Accuracy of a mimetic scheme depends on properties of the
inner products. For sufficiently smooth « and v:

1
lan, prl; ZAJB Qit1/2 Dis1/2 = /0 gpdz + O(Ax)
=1

The construction of inner product can be done cell-by-cell:

n

[q}u ph] Ch = Z [qh’ ph] 1,Cp,

i=1
where

Tit1
[Qh, ph] iCh Axgiy1/2Piv1/2 = / gpdz + O((Ax)Q)

i pa)
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Accuracy requirement (2/4)

Pi-1/2 Pit1/2
—@ ® ® @ |

Ui—1 U; Ujt+1

Accuracy of a mimetic scheme depend on properties of the
inner products. For sufficiently smooth « and v:

n+1 1
[on, ) 5= Z Az v;u; = / vudz + O(Ax)
i=1 0

The construction of inner product can be done cell-by-cell:
n
[Uha Uh] Fn = Z [vha ’U,h] iFn’
i=1

where
Tit1

Az
[on, up] i = T(UZ‘ Ui + Vir1 Uig1) = / vudz + O((Ax)3

xT; /‘ﬂ
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Accuracy requirement (3/4)

By the definition of an inner-product, there exists a 2 x 2
SPD matrix M, such that

[0, Uh}ifh = (i, vig1) M < i > :

Ui+-1

In the considered case, M; is the scalar matrix:

Az (1 0
VP = =2
M; = M 5 <O 1).

It corresponds to trapezoidal integration rule:

Ti+1

FD U; ALE -

(vl-, vi+1)Mi <u'+1> = 7(%% + Vi 1Ui41) R vudr.
7 ;i
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Accuracy requirement (3/4)

By the definition of an inner-product, there exists a 2 x 2
SPD matrix M, such that

[0, Uh}i,fh = (i, vig1) M < i > :

Ui+-1

In the considered case, M; is the scalar matrix:

Az (1 0
VP = =2
M; = M 5 <O 1).

It corresponds to trapezoidal integration rule:

Ti+1
FD U; ALE
(vz-, vi+1)Mi = — (Viuj + Vip1Uit1) = vudr.
Uit 1 2 .
Another quadrature rule gives a new matrix M;; hence a
different inner product and another mimetic scheme. A
» Los Alamos
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Accuracy requirement (4/4)

Pi-1/2 Piv1/2
—@ ® ® @ |

Ui—1 U; Uj+1

If we consider piecewise linear approximations to functions u
and v, we obtain another good inner product matrix:

Ax (2 1
MiZMf’T:6<1 2).

Direct calculation gives

RT [ Wi ot 3
(v, vig1) M ( ! ) :/ vudr + O((Ax)”)

Us+1

In fact, we have a 1-parameter family of inner product
matrices. We describe this family today and select the best

scheme tomorrow. A,
» Los Alamos
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Consistency condition

Let us approximate function v by a constant v° and function
u by a linear function u'. Then,

Ti41 Ti41
/ v ul dr = / vudr + O((Ax)?).
Note that both M/ and M#? satisfy

Ti41 A .
/ v ul dr = Txvo(ui +uiy1) = (0%, v0) M < i >
T

Ui4-1

Commandment 2: Use a polynomial patch test

A consistent matrix M; must satisfy

0 .0 u; T 0
(v7, v°) M = viudr Yoo, Y(ug, Uitr)

2

where the integral is computable using dofs. oy
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Bridge 1: to VEM
U;
\ -

—@ ® ® @ o

T Ti+1

Consider a lifting operator from dofs to a functional space:

ul = L{ <’U/?—:—1> J

e Interpolation returns back our dofs, i.e. u'(z;) = u; and
ul (ig1) = Uiy1-

@ The lifted space contains constant functions.

o Divergence of u' is a constant.

A lifting operator is introduced in many papers on mimetic
- - A
schemes as a tool for their convergence analysis. ~Los Alamos
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One-parameter family of inner product matrices

. Ti41 A
(v°, %) My < i > = / v ul dr = —xvo(ui + uit1)
x

It is each to verify that

Azx 2a 1—-2a
Mi_2<1—2a 2a )

Obviously, that we need to constraint the parameter a to get
an SPD matrix M.

/'%
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Stability condition

Commandment 3: Limit a family of consistent matrices

An admissible matrix M is such that there exists two positive
constants o, and ¢* independent of Az such that

-
. 8a(ud + ) < (usy )M () < 0" Ba(ud +ad)

(A
for all vectors (u;, u;i1)”.

o Matrix MI"P satisfies the stability condition with
ox=0"=1.

o For matrix M?" we have ox = 1/6 and o* = 1/2.

N
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Five-step discretization algorithm

Q Select degrees of freedom (for u and p).
@ Discretize the primary mimetic operator (e.g., divy).

© Construct local inner products that satisfy consistency
and stability conditions.

© Formulate the discrete duality principle:
[divyun, ] e = —[un, Vips] 7, VU, Dh

© Deduce the derived mimetic operator (resp., V},) from it.

/‘ﬁ
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Darcy flow in porous media

Consider a 2D or 3D Poisson equation:

u = —Vp

diva = b

subject to p = 0 on 91).

To derive its mimetic discretization

u, = —Vpupy

dthuh = bh

we apply the above five-step algorithm.

/'%
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Step 1: Select degrees of freedom

The discrete velocities are defined on mesh
faces and represent average fluxes. The dis-
crete pressures are defined in mesh cells and
represent average pressures:

) 7l
u ~— [ u-nrde, pe = — [ pdx.
Vi “ e e

)T

Define u;, = (us,, uy,, . . . ,ufn)T and pp, = (Deys Pegy - -+ s Per

/'%
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Step 2: Discretize the primary mimetic operator

We use a coordinate-invariant definition of the divergence:

/divudx:/ u- ndx-Zocf/u n;dx

feoc

Replacing integrals by mid-point quadratures, we have

(divpup)le Z cf|f|uf

fEBc

The discrete divergence operator is like in the FV and MFE
methods. The difference between methods is in the
discretization of the constitutive equation.

N
alg
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Step 3: Local inner products

We need accurate approximations of cell-based integrals:

[qhv ph]cch / pdﬂ? [Vh, uh]C,]——h ~ /V -udz
C

Recall that these inner products can be re-
written as vector-matrix-vector products with
SPD matrices:

[an: pr] e, = 4eME pe

U fy
[Vh7 uh]c,]:h = (Ufla-"7vf4)Mf )

U fy

In this example, MC is 1 x 1 matrix and M7 is 4 x 4 matrix.
Obvious choice MC |c| leads to the 1st-order approximation

of the integral, i.e. it is the admissible matrix. A,
» Los Alamos
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Step 3: Consistency condition (1/3)

A consistent matrix M7 must satisfy

uf
(v%,...,v%) Mcf : :/v0~u1 dx v ul,
C
Ufy
where ) =v°.ny and u' = L((uy,,...,up)") €S, sit.

o ul 'ny =uy i=1,2,3,4;

o divu! = constant = (divy, up)e.

We need only existence result for u'.

/'%
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Step 3: Consistency condition (2/3)

For any constant vector function v there exists the linear
polynomial ¢! such that

v = vl and /qldx = 0.

Then,
Uf
. 0 1
(v%,...,v%)Mf : :/v -u dx
C
uf,
/q1 divu! dx+/ g u' ndx—Z/ g ut ‘ny, dr
¢ —constant
U fy
:(/ qldaj,...,/ qldx) : Vvo,ul.
1 4
Ufy A,
» Los Alamos
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Step 3: Consistency condition (3/3)
Algebraic equations w.r.t. unknown matrix M7 :

1
0 /qu
Yn 1

1Yo : = : v = Vgl

C
0
Vi ]/ qldx
fa

It is sufficient to consider only linearly independent functions
¢*. In two-dimensions, we have ¢} =z — z. and ¢} =y — y.:

Mimetic matrix equation

MZ N, = R, .
~— =
Ax4 4%X2 4%x2

The problem is under-determined for any cell ¢ (triangles:
Shashkov, Hyman, Liska, Nicolaides, Trapp). N
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Step 3: Construction of N. and R, for a pentagon

%

Required geometric information: normals to faces, centroids
of faces, areas of faces:

[ N1z Ny | [ [fil(z1 —2e)  [fil(yr —ve) |
N2y N2y ’f2|($1 _‘TC) ‘f2|(y2 _yc)
N, = R, =
L M52 M5y | L ’f5|(965 —ﬂﬁc) |f5|(y5 _yc) 1

)
» Los Alamos
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Step 3: Construction of N. and R.. for a hexahedron

M7 N, = R,

Required geometric information: normals to faces, centroids

of faces, areas of faces:

Niz N1y Niz
N2z nay n2z
Ne =

Ne6x N6y N6z

[F1l(z1 — ze)

[f2|(z1 — @)

| fil(z1 — z¢)

|f2](22 — 2c)

[fil(y1 — ye)
[f2[(y2 — ye)

[fol(z6 —xc)  |fol(ys —ye) |fol(z6 — Zc)/‘

aly
» Los Alamos
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Step 3: Properties of N. and R,

Lemma

For any polygon (polyhedron in 3D), we have

NI'R, =RIN, = |[I.

Sketch of the proof. Direct calculations give

k
(N? RC)LQ = ani,x fz‘(yl - yc)
=1

k
- ;/ﬁwx-nﬁ)(y—yc)dx
- /(Vx)-wy—yc) )

Other entries are verified similarly. D

Alamos
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Step 3: Solution of the mimetic matrix equation

Lemma

A one-parameter family of SPD solutions to Mch =R, is

F __ pgrconsistency stability
My = M, + M

where |
Mgonszstency _ 7Rc RZ
]

and

Mstabzlzty = a, < ~ N, (NTN ) 1 NZ) ac > 0.

A complete description of the family of solutions will be
given tomorrow.

N
alg
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Step 3: Stability condition (1/2)

An admissible k& x k& matrix M7 must satisfy

Uf

k k
oulel Y lug | < (ugy,. o up) MI < o¥lel Y ug .
=1 =1

Ufy

where o, and o* are positive constants independent of c.

In practice, a good scaling is given by

a. = a; =|c|.

/‘ﬁ
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Step 3: Stability condition (2/2)

Consider a 2D elliptic problem and calculate Darcy flux and
pressure errors as functions of the normalize parameter a./a}.
1
10

[— e - p™iIf
— Il u - u)

107 The free parameter a.
can vary 2-orders in
magnitude.
107}
-3 . o
10
10° 10’ 10° A
)
» Los Alamos
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Step 4: Formulate the discrete duality principle

[divyuy, Ph]ch = —|up, Vhph]fh Yup, pr

/'%
» Los Alamos
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Step 5: Deduce the derived mimetic operator

[diviup, prl, = —[un, Vaps] > Yup,pa
dh Vh

By definition of the inner product, it can be associated with
a symmetric positive definite matrix:

[an, prlo, = an Mcpn
[uh, vh]]_.h = u;f M r vy,
Note that Mc = diag(|c1],.. ., |ca|) and My = Y N M N

ceQy,

Derived gradient operator

V5, = -MZ' divi M.

/"ﬂ
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Final mimetic scheme

The algebraic form of the MFD scheme is

up, = —Vh Ph = M;—l divz MC Ph

divh u, = bh
or in a symmetrized form:
Mz —div} M¢ uy, 0
—Me divy, 0 Ph —Me¢ by,
Derived gradient is not local on general meshes if M;I is
dense.

/‘ﬁ
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Conclusion for Part |

@ The mimetic finite difference method is designed to
mimic important properties of mathematical and physical
systems on arbitrary polygonal or polyhedral meshes.

@ The MFD method leads to a family of schemes that
have the same stencil and formal accuracy order.
Tomorrow I'll show how to find a member of this family
that satisfies the maximum principle.

@ The MFD method for diffusion problems is relative easy
to implement on polyhedral meshes (M7 N, = R.). A
similar equation holds for mimetic discretizations of
other PDEs.

N
alg
» Los Alamos
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Conclusion for Part |

@ The mimetic finite difference method is designed to
mimic important properties of mathematical and physical
systems on arbitrary polygonal or polyhedral meshes.

@ The MFD method leads to a family of schemes that
have the same stencil and formal accuracy order.
Tomorrow I'll show how to find a member of this family
that satisfies the maximum principle.

@ The MFD method for diffusion problems is r
to implement on polyhedral meshes (M/N, -
similar equation holds for mimetic discretizat
other PDEs.
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Part Il. The MFD and other methods

/"ﬂ
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The mimetic finite difference method preserves or mimics
critical mathematical and physical properties of systems of
PDEs such as conservation laws, exact identities, solution
symmetries, secondary equations, and maximum principles.

These properties are needed for multiphysics simulations.

The task of building mimetic schemes becomes more difficult
on unstructured polygonal and polyhedral meshes.

Concentration
profite
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Five-step discretization algorithm

Q Select degrees of freedom (for u and p).
@ Discretize the primary mimetic operator (e.g., divy).

© Construct local inner products that satisfy consistency
and stability conditions.

© Formulate the discrete duality principle:
[diviuy,, pp) cn = [uy,, Vhph]fh Vup, ph-

@ Deduce the derived mimetic operator (resp., V},) from it.

/‘ﬁ
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Bridge 2: to MFE (1/3)

The MFD scheme for the Poisson
equation with homogeneous b.c.:

u, = —Vpupy

dhqluh = bh

The primary divergence operator is

(divyup)le Z%f’f’“f

feac

Multiply the 1st equation by v; M, the 2nd one by qp T'Me,
and apply the integration by part formula:

[Vh, up) = —[vn, Vi ph) = [divy, v, ph]ch

[divh uy, qh] Ch [bha Qh]Ch pa

alg
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Bridge 2: to MFE (2/3)

Let F;, x Cj, correspond to a MFE space RT x Fy. Then, we
can define the inner products using the FE functions:

_ RT _ RT
[Vh, uh]fh = /th ~uy, de

[ans pr]e, = /Q a;°pr° dz

We can verify that this leads to admissible matrices M r and
M. With such inner products, the MFD scheme becomes a
MFE formulation:

/ vl ol dg = /Qdiv v pP0 dg
)

/divuqudex:/beqfodm
Q Q

Hence, the MFE method on simplices is a member of the .
MFD family of schemes. “Los Alamos
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Bridge 2: to MFE (3/3)

A few mimetic schemes (not all) can be related to a
triangular sub-partition of a polygon and the Raviart-Thomas

FE function ul'”

ul'" is an example of a lifting operator £((uyf,,...,uy,)) and

must satisfy the above properties, e.g. divufT = constant.

N
alg
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Darcy flow in heterogeneous porous medium

Consider a 2D or 3D Poisson equation:

u = —-KVp

divu = b

subject to p = 0 on ).

We derive its mimetic discretization

u, = _%h Dh
divpup, = by
using a FV framework. The material properties will be
absorbed in the derived gradient operator V,,.

/"ﬁ
» Los Alamos
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Bridge 3: to FV (1/3)

To explain difference between the FV and MFD schemes, we
write both in a hybrid form using edge-based pressures p;:
Pf — DPey Pf — Pes

dif day
subject to the flux continuity condition:

Uy, f = -K, Ueg,f = _Kcz

Uey,f + Uey,f = 0.
The mass balance equation is common for both methods:

divyuy = by, A

alg
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Bridge 3: to FV (2/3)

K [ fil(pgy — pe) T
£ | ter |f2l(pgs — Pe)
M —
| U fs L | fsl(pgs — pe)

subject to flux continuity conditions:
%7fi + %,’fj = 0

Multiplying these equations by v. , and summing over cells:

Z VZhM-cFuc,h = - Z ‘f|pf (Uc,f + vc’,f) + Z |C‘(divc,hvc,h)pc

ceNh feqint -0 ceQh
|:Vh7 uh] ]_.h:—[V}u Vol F, [dthVh,Ph] ch
. . . . g fa
Duality requirement is satisfied. “Los Alamos
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Bridge 3: to FV (3/3)

[ ] [ 1 fl(pg —pe) T
| ter |f2|(pf, — Pe)
M - _
| U, f5 L ‘f5|(pf5 _pC) J

The patch test implies that this flux-pressure relationship
must be exact for any solution p that is linear on cell ¢ and
the corresponding constant velocity u = —K.Vp.

/‘ﬁ
» Los Alamos
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Bridge 3: to FV (3/3)

[ ] [ 1 fl(pg —pe) T
2| ter |f2|(pf, — Pe)
M - _
| U, f5 L ‘f5|(pf5 _pC) J

The patch test implies that this flux-pressure relationship
must be exact for any solution p that is linear on cell ¢ and
the corresponding constant velocity u = —K.Vp.

On a Voronoi mesh, we can obviously take a diagonal matrix
M with diagonal entries provided by the FV scheme:

K
(Mf)fiafi = d76
fi

This matrix will be admissible and the resulting scheme will _
be mimetic. < Los Alamos
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General mesh or full permeability tensor

K [ fil(py —pe) T
£ | ver |f2l(pgy — Pe)
M __
[ U fs L [f5l(pgs — pe)

On a general polygonal cell, we have to consider three
linearly independent linear functions:

plzla p2 =, p3 =Y.
The corresponding Darcy velocity u is

u; = 0, ug = —Kc Vm, us = —Kc Vy.

Mimetic matrix equation

M7 N, = R,
5x5 HX2 5x2 Alamos
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Construction of N, and R, for a pentagon

K [ fil(ppy — pe) T
Ue, f |f2l(pgo — Pe)
| U fs L | fsl(pgs — pe)

Required geometric information: normals to faces, centroids
of faces, areas of faces, constant diffusion tensor:

Nixz MNiy
N2z N2y
N, =
L N5z N5y |

Konstantin Lipnikov

i |f1|(x1 _mc) |f1|(y1 _yc) i
| fol(z1 —zc)  [faol(y2 — ye)

L [fsl(zs —2c) | f5l(ys _yc)[‘_

Mimetic Finite Difference Method for Elliptic Problems



Properties of N. and R,

Lemma

For any polygon (polyhedron in 3D), we have

NT'R, = RN, = || K..

/'%
» Los Alamos
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Convergence results

Let
o () have a Lipschitz continuous boundary;
o Every cell ¢ be shape regular;
e pl €, and ul € Fj, be interpolants of exact solution.
Then,
s, = pallle, + [llur, — wnlllz, < Ch

If Q2 is convex and a is sufficiently large, then
117 = pallle, < CH?

where h is the mesh parameter.

/‘ﬁ
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Non-matching randomly perturbed meshes

1 "
0o fe
10°
0.8
0.7 10°
06 : -
05 o lp-p'l,
! 10'H = llp-p"I_
0417 o IF-F"I] |
— 5 = [|F-F"_|:
0.3} 1010‘ =S -
0.2 )
e o K1 =1,Ky =10
0 @ aspect ratio variations:
0 0.2 0.4 0.6 0.8 1 |f |
maxy | fr
167 < max ——— < 2024
e exact solution is cells miny | fi|
7 Ko 2Ky 4
ple, y) = { 6 12k, s Y VS0P
y —y?, y > 0.5.
/"ﬂ
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Polygonal meshes (1/2)

p(z,y) = 23y + zsin(2rzy)sin(2my)
(z+1)%+y*  —ay

—xy

(z +1)?

1

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

Konstantin Lipnikov
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Polygonal meshes (2/2)

p(z,y) = 23y + zsin(2rzy)sin(2my)
(z+1)*+y>  —ay
K(z,y) = )
—xy (x+1)
10°
g 107"
£
;‘“ 1072
g
107
: 107 107"
0 0.2 0.4 0.6 0.8 1 h
/"ﬁ
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Hexahedral meshes with curved faces (1/2)

10
107"
S
2 102t
o
£
5]
[=
_IN 3
5 107
Q
£
107 ]
.| —e—MFD: pressure
—e— MFE: pressure
‘| =¥—MFD: velocity
—v— MFE: velocity
10 107

h
Methods with one velocity unknown per curved mesh face do
not converge. MFD technology allows to use 3 unknowns
(F.Brezzi,K.L.,M.Shashkov, M3AS, 2006).

. L?sAlamos
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Hexahedral meshes with curved faces (2/2)

K=1, p=a%+y>+22°
% curved | [[u] — w7, | [uf —us
0.00 7.86e+4 1.79e+4
0.05 7.80e+4 1.62e+4
0.44 6.69e+4 1.54e+4
2 2.25 3.54e+4 1.59e+3
9.45 3.25e+4 7.37e+42
pal

)
» Los Alamos
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Discrete maximum principle (1/2)

[ e py ] [ fl(ps —pe) T
Ue, fo -1 ‘f2’<pf2 _pc) 1
| = () | W= ()
L U fs L 1 f5l(pgs — pe)

Inserting this into the mass balance (div,u, = by) and flux
continuity (u. s + u~ s = 0) equations, and imposing boundary
conditions, we obtain an algebraic problem for only pressure
unknowns:
App=bn, A=) NAN].
ceQy,

/‘ﬁ
» Los Alamos
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Discrete maximum principle (2/2)

Define matrix B! as a shorter notation for (div;). and define
a square diagonal matrix C. such that C.1 = B.. Then, for
most matrices, we have

c =

cTw.C. —CTW,B.
-BTW.C. BIW.B. |

/'%
» Los Alamos
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Discrete maximum principle (2/2)

Define matrix B! as a shorter notation for (div;). and define
a square diagonal matrix C. such that C.1 = B.. Then, for
most matrices, we have

c'w.C. —-CI'w,.B, ]
A, = .

-BI'w.C. BI'W.B.

Lemma

(i) Let W, be an M-matrix. (ii) Let vector W.B. have non-
negative entries.

Then matrix A, is a singular M-matrix with the null space
consisting of constant vectors.

/‘ﬁ
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Parameterizations of W,

The matrix equation M7 N. = R, can be written as
q c
N, = W, R..

The solution to this matrix equation is

1
W, = —N.K;!NT + D, P. DY

]

where ]D)f R. =0 and P, is an arbitrary SPD matrix. Recall
that N/' R, = K, |c|.

The goal is to find a mimetic scheme where all matrices W,
are M-matrices.

/‘ﬁ
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How rich is the family of MFD schemes?

Cell P, # parameters
triangle/tetrahedron | 1 x 1 1
quadrilateral 2% 2 3
hexahedron 3x3 6
tetradecahedron 11 x 11 66

i 2\
Bl QQI

/'%
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Control of positive definiteness of W, (1/2)

1
]

c’'w.c. -CT'w.B

We = —N.K;'N/+D, P D!, A.=| - °“° * °°

-B, W.C. B, W.B.
Direct control of a Z-matrix structure and spectral properties
of W, is not practical. We introduce a stronger requirement.

Lemma
(i) Let W, be a Z-matrix. (ii) Let vector W.B. have positive

entries.
Then matrix A, is a singular M-matrix with the null space
consisting of constant vectors.

/‘ﬁ
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Control of positive definiteness of W, (2/2)

A general symmetric square matrix P. of size m can be
described by s = m(m + 1)/2 parameters, e.g.

o Since W, depends linearly on P., the Z-matrix property
(W,);; <0 for i # j leads to linear inequality constraints.

e (W.B,); > e > 0 are also linear inequality constraints.

A linear programming tools (simplex or interior point
methods) can be used to find an M-matrix W.. To enforce
its diagonal dominance, we maximize

<IJ(a1, . ,as) = Z (WC)U
i,7=1 N
JL;sAlamos
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Cost of the simplex method

cell type ‘ Experiment | ‘ Experiment Il
| monotone MFD base MFD | monotone MFD base MFD
quad 15.3 us 5.05us 14.7us 4.91us
pentagon 28.0 us 6.62us 29.3us 6.64 s
hexahedron — — 48.7us 8.92us

e The monotone MFD method is 3-6 times more
expensive than the base MFD with W5 """ — o, D, D7

@ The simplex method returns diagonal matrices W. on a
Voronoi mesh.

@ It can be used in other MFD schemes.

N
2§
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Monotone MFD method (1/2)

z 2 2 —z
o) = [ ( +—1;y+y (ﬂerlll)2 ]

p(z,y) = 23y? + x sin(27z) sin(27y).

¢-o-- | =#=—monotone MFD, pressure
o g Mg e === mangtone MFD, gradient
2 \ —— hase MFD, pressure 0.5
10 : . i H
TN IS \gase MWFD, gradient.
\ ; 0.6

T . A,
Optimization improves errors on non-Voronoi meshes. ~Los Alamos
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Monotone MFD method (2/2)

oC uu uu
— 4 di C) = —div(KVO), K= —_— I—- —— Dy,
o + div(uC) iv( ) arg, a2 +aT( ||11H2) + o1

u makes angle 30° with the primary mesh orientation.

y oint source

contaminant free

groundwater flow
direction

Undershoots in the base MFD method

are small enough and go to zero as the
contamination front moves away from -
the source. Inclusion of chemical re- -
actions may lead to significant ampli-

fication of the undershoots (C.Steefel

-4
and K.MacQuarrie, Reactive transport base MFD
5 ~—monotone MFD

)
in porous media, 34). 0 0.05 01 n;s 02 0.25 03 0.35 sAlamos
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Discrete spaces

Exact discrete identities are enforced using staggered
discretization. Discrete fields associated with various
geometric objects:

@ Cj - cell-centered values

e F; - face-centered values

o &, - edge-centered values

o N, - node-centered values

alg
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De Rham complex

The three primary and three derived operators fit in to the
following diagram:

Nh — Eh — ./Th — Ch
\Y3 curly, divy,

Ny — & = Fn < Gy
dth curlh Vh

alg
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Coordinate-invariant definition of operators

We start with coordinate invariant definitions of discrete
operators. Such approach is important for curvilinear
coordinate systems.

/ (v p) - de = p(xa) — plx)

/(curlu)~nd:c:j<1{ u- rdz,
S oS

/divuda::j{ u-ndx
1% ov

/'%
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Primary discrete gradient operator

The continuum coordinate-invariant definition is

J(O) e ede = ploxs) = o).
e
Using mid-point quadratures, we get the primary gradient
operator:
Pns — Pny

le]

(Vapn), =

/‘ﬁ
» Los Alamos
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Primary discrete curl operator

The continuum coordinate-invariant definition is

curlu) -nfdx = u-7dx.
( s
f of

Using mid-point quadratures, we get the primary curl
operator:

1 1
(Curlh U—h)f = m Z Of.ele| e, Up @ /u -7, dx.
ecdf €

/‘ﬁ
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Exact discrete identities: primary operators

Lemma
Let domain 2 and its mesh partition (2;, be simply connected.
Then,

curlyup =0 if and only if wu, =V,
for some p, € N}, and
divy, vy, =0 if and only if wvj, = curl, uy

for some uy, € &,.

N
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Derived divergence operator

Consider homogeneous boundary conditions and continuum
relationship

/pdivudx:/(Vp)~ud:p.
Q Q

Its discrete analog

[ph, divy, upln = — [V ph, upe Vpn, .

Using definition of inner products, we obtain explicit formula
for the derived gradient operator:

divy, = —M} VI M.

/‘ﬁ
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Derived curl operator

Consider homogeneous boundary conditions and continuum
relationship

/ v - (curlu)dz = /(curl v) - udzx.
Q Q

Its discrete analog

[V, curly upe = [curly, vy, up] 7 Yuy, vp,.

Using definition of inner products, we obtain explicit formula
for the derived gradient operator:

curly = MEI curl}f M.

/‘ﬁ
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Exact discrete identities: derived operators

Lemma
The derived discrete gradient, divergence, and curl operators
satisfy the following exact relationship:

cfuvrlh u, =0 if and only if uy = 6hph
for some p;, € C;, and

divy v, =0 if and only if v, = curly, uy

for some uy, € Fj,.

N
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Helmholtz decomposition theorems (1/3)

[

Theorem

Let domain 2 and mesh (), be simply-connected. Then, for
any uy, € Fj, there exists a unique p, € Cj, and a unique v, € &,
with divy, v, = 0 such that

up = %h pp + curly v,

A
alg
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Helmholtz decomposition theorems (3/3)

<

Theorem

Let domain 2 and mesh (), be simply-connected. Then, for
any u;, € &, there exist a discrete field p, € N}, which is
defined up to a constant field, and a unique discrete field
uy, € Fp, with divy, v, = 0 such that

up, = Vypp + (;El"/lh Vh.

N
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Mimetic inner product in &, (1/2)

<

[Vh7 uh]qgh - / 0. ul de’7
C

where V' is a constant vector function and and u! = L(u.;)
is a lifted function such that
o Interpolation returns back our dofs, i.e. u
o The lifted space contains constant vector functions.
e Curl of u! is bounded and its trace is constant on each
face f.

1 _
CTe, = Ug-

7

- . . A
We need only existence result for such an approximation. iLo}Alamos
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Mimetic inner product in &, (2/2)

Any constant vector function v’ can be written as
0o_1 0
V=3 curl(v’ X (x — x.))
Then,
Ue,
. 1
(vgl,...,vgn)Mf : = /vo-u dz
c
Ueyy
Ue,
(Reys- - Reyy) : + hO(|P])
N——
Ueq7 drop out

where R, depends on cell geometry and v". Result is the

mimetic matrix equation Mf =N, =R..
pal
-L;sAlamos
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Conclusion for Part Il

@ We established connection of the MFD method with a
few other methods.

o Essential difference with other compatible discretization
methods is the constructive approach to building inner
products. Material properties are embedded there.

e MFD is a family of schemes may contain a monotone
sub-family. Simplex method is efficient tool to find it.

e Rigorous convergence theory does exists (2013 JCP
review paper with 200+ references, book).
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