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Problem

Problem
Find u : 2 — R such that
—V - (AVu) +b - Vu+ cu = 4, in Q
u=20 on 02
where
o O C R" (n=2,3) bounded polygonal/polyhedral domain with
Lipschitz boundary.

@ Xo: inner point of

o dy,: Dirac delta distribution supported at x.

o A e L% (Q;R"™") piecewise-W !> and uniformly symmetric positive
definite over ).

o b e Whe(Q;R"), c € L®(Q) with ¢ — § div(b) > 0.
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o Usual test and ansatz space: H}(Q2) = WS’Z(Q).

5 ¢ (HYQ)) = ug¢Hy |

o For n = 2, Araya-Behrens-Rodriguez (2007 ):

o Test space: WS”’I(Q) C C(Q), for some p’ > 2.

o Ansatz space: W(:”’(Q), 117 + 1% =1(=p<2.
o For n = 2, Gaspoz-M-Veeser (2014, in prep.):

o Test space: Hy ™ () C C(Q) if s > 0.

o Ansatz space: Hy (), for 0 < s < 1.

Goals:
- Not modify the integrability power nor the differentiability order.
- Obtain results also valid for n = 3.

We use weighted spaces -D’Angelo & Quarteroni (2008,2012)-
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Weighted spaces

o dy,(x) =|x—x| ~ distance from x to xo.
o If -5 < B <3,

1 1 ) 1 2 C,
———— < sup <—/dx'3> (—/dx > < ——7——,
n? —(28)> 7 p—p(ys \IBlJg ) \IB| Jg n? — (26)?

yeR", r>0

A, constant

n n
——<B< = — &7 € A,.
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Weighted spaces

o For —5 < 8 <3,

L%(Q) := {u measurable : ||u||Lzﬁ(Q) < 00}, J

where

1

el o = Il = ([ 0P 0002 )

o Weighted Sobolev space:

Hé(Q) = {u weakly differenciable : ||u||Hb(Q) < o0}, J

where
||”||Hg(sz) = ||”||L§§(Q) + HVMHL%(Q)
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Weighted spaces

o If 0 < a < % then H' (Q) C H'(Q) C H.(Q) with continuity.

Idea: Use an appropriate subspace of HL  (2) for test space and of H. ()
for ansatz space.

o D’Angelo and Quarteroni (2008) + a weighted Hardy’s inequality:

2 -—l<a<?
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o Define

Ws:={ue Hé(ﬂ) SU),, = 0}, ||u||W5 = HVMHL%(Q) J

o The norm in Wpg is equivalent to the inherited norm ||u|| HY(9)- The
equivalence constant blows up when |3| approaches 5.
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Variational formulation

n n
OLet§—1<Oé<§.

ueWy: a(u,v) =0y, (v), YveW_,,

where
a(u,v):/.AVu -Vv. 4+b-Vu v Fcu v
Q

is well-defined and bounded in W,, x W_, due to Holder inequality.
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Variational formulation

n n
OLet§—1<Oé<§.

where

1
a(u,v) /.AVu +b Vud v— 4 cud] v
X0

is well-defined and bounded in W,, x W_, due to Holder inequality.
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Existence and uniqueness of the weak solution

General problem

Given F € (W_,), find u € W, such that

a(u,v) =F(v), YveW_,.

o D’Angelo (2012):

Vu -V
inf sup fQ Lvy

. Jo Vu-Vv
LV inf sup
UEW o vEW_ ||”||Wa ||"||W,a

Zl ) T
2 VEW_ o ueW,, |u||wa ”v”W,a

1
>_a
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Existence and uniqueness of the weak solution

General problem

Given F € (W_,), find u € W, such that

a(u,v) =F(v), YveW_,.

o D’Angelo (2012):

AVy -V
inf sup fQ Lvy

1 AVu - Vv
S > oy, inf sup fﬂ
UEW o vEW_ ||”||Wa ||"||W,a 2

1
T 2 R
VEW_ o ueW,, |u||wa ||V||W,a 27

where 7, is the smallest eigenvalue of A.
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Existence and uniqueness of the weak solution

General problem

Given F € (W_,), find u € W, such that

a(u,v) =F(v), YveW_,.

o D’Angelo (2012):

AVy -V AVu -V
MZ%% inf sup J2 AV VY

1
T 2 5
vew_wuew, fully, -, =27

inf sup
UEWq veW_g, ||u||Wu ||V||W,a

where ~, is the smallest eigenvalue of A.

o a(-,-) : HY(2) x H}(£2) — R continuous and coercive.
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Existence and uniqueness of the weak solution

(0,1) if n=2 and be W\ (Q;R?), c € L®(Q)
ael:=q(11) if n=3 and be WHo(QR?), c € L>®(Q)
(3.2) if n=3 and b=0,c=0

Well-posedness and stability

There exists an unique solution u of the problem and there holds that

ullwe < CullFllw_ay

o Caseb=c=0: C,=2/7.
o Otherwise: C. = Ci(Q,A,b,c,a) = 00 when a — 1.
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An Inf-Sup condition

Existence and uniqueness of the weak solution

There exists a unique solution of

uecWy: a(u,v) =0y, (v), YveW_,,

which satisfies
lullw, < Culldxll(w_.y -

v

An Inf-Sup condition

. a(u,v) 1
inf sup ——F5— = —.
ueWa vew_, [[ullw. [IVlw_.  Cs

0 Caseb=c=0: C,=2/7.
o Otherwise: C.=Ci(Q,ADb,c,a) > oo when o — 1.
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Discretization

Galerkin discretization

o 7T conforming triangulation of €2.

diam(T
K := sup &() (mesh regularity)
TeT  PT

o Lagrange finite elements of degree £ € N:

Ve = (Ve HYR) | Vi, € Pu(T), VT € T} )




Discretization

Galerkin discretization

Discrete problem

Find U € V4 a(U,V) =6,(V), VYVeVL

o The discrete problem has a unique solution for each mesh and

1Ullw,, < Clldwllw_y»

where C = C(Q, A,b, ¢, K, {,a) — oo as a — right endpoint of L.
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Auxiliary results

Local Poincaré inequality

Local Poincaré inequality

Let 8 € (=5, 5). There exists Cp = Cp(f3, ) > 0 such that

v = vl ry < Cohr V¥l ry s VT €T, v € Hy()

where vy := I_;I Jyv.
The constant Cp blows up when || approaches 5.

o hy:=|T|+ ~ diam(T).
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Fractional Integral
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Auxiliary results

Lemma (Muckenhoupt and Wheeden (1974))

Let0 <y <nwé€As, =Ug>144 and 1 < p < oo. Then,

([ ITw(f)I”w); <[, lﬁl”w)’l’,

for all measurable functions f.

y

Lemma (Fabes, Kenig and Serapioni (1982))

Letw € A,, for some p, 1 < p < oo. Then, there exists a constant ¢ > 0,
depending only on the A, constant of w, such that

(Lmm) sen(f v

for all ball Bg of radius R > 0, and for all f measurable and supported in Bg.
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Auxiliary results

Local Poincaré inequality

Proof. Let v € C!(Q). Since T is convex,

[v(x) —vr| < dlan|1T| / |x|v_vz|n T dz, ae.xeT.
—Tl(IVV\xT)(X)
If f := |Vv|xr, mesh regularity yields
[v(x) —vr| S Th(f) (), ae.xeT. (1
Since dff € Ay C Ao, due to the lemmas stated above it follows that
727 s oy < Rl ) = RV ) @)

for balls Bg O T. Taking a ball with R < hr and considering (1) and (2), we
obtain the result for smooth functions v.
The assertion of the theorem follows by density arguments.  q.e.d.
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Interpolation estimates

o P:H'() — V! Clément or Scott-Zhang interpolation operator.

Classical Interpolation Estimates

v =PVl S hrlIVvlles,), YT T,
IVO =PV)lzy SIVVIeey,  YTET.

o P is well defined in H' _(Q), since H' () c H'(Q), for o > 0.

Weighted Interpolation Estimates

v — 73V||L2 ) < Crihr [ VY] (51 VT € T,
V(v — PV)”LZ_Q(T) <SGVl sy, YTET.

Here, C; = Ci(k,a) = oo as o — 5.
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Auxiliary results

A local bound for 6,

A precise bound of dy,

Let5 —1 <a<j3andT € T such that xo € 7. Then

+1—
ENOIRY -aa Y () T Cahr IOVl )  YveHL(D),
a—1 a=2
where Co = —2 2 ifn=2and C, := 2= *_ifp =
atl) 2 (2a+2) 3~

C,, blows up as a approaches § — 1 <= 4y, € (Hl,a(Q))l, fora >3 —1
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A posteriori error estimates

U e V%—: solution of discrete problem.

o The element residual R

R, =-V-[AVU]+b-VU+cU, NTeT J

o The jump residual J
LAvo), -+ (AVD),, ~ﬁ2] ifS e &

0 if S € Esq




Error estimates

A posteriori error estimates

A posteriori local error estimators

«a 2 «a 2 (e —n 3
WD Rl 2(ry + hrDF* || 2oy + H° 27", ifx €T

T =
o 2 o 2 .
h7D7 ||R||L2(T) + hrD ||J||L2(aT) J if xo ¢ T

where Dy := max |x — xp|.
xeT



Error estimates

A posteriori error estimates

A posteriori local error estimators

a 2 o 2 a+2—n .
W7 Rl 2y + heDF Wl ory + H7T27", ifxo €T

T =
o o2 ol 712 g
h7D7 ||R||L2(T) + hrD ||J||L2(aT) J if xo ¢ T

where Dy := max |x — xp|.
xeT

Global error estimator




Error estimates

Reliability of the globar error estimator

Global upper bound
o el
o u € W, solution of continuous problem.

o U € V4 solution of discrete problem.

There exists Cyy = Cy(diam(€2), x, ) > 0 such that
U = ullg (@) < CuCum,

where C, is the continuous inf-sup constant. The constant C,Cy; blows up
when « approaches an endpoint of I.
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Error estimates

A remark about the test functions

Previous test functions:
o WP'(Q) c C(Q).
o HyT*(Q) c C(Q).

= The usual proof for the upper bound of the error can be done
resorting to the Lagrange interpolant. J

Our test functions:
o W_, = Testspace ¢ C(12).

But dy,(v) is well defined for all functions in the test space. J

We are not able to use Lagrange interpolation. Instead, we resort to Clément
or Scott-Zhang operator. ~»  No need to define a new operator.




Error estimates

Local efficiency

Local lower bound

o ael
o u € W, solution of continuous problem.

o U € V4 solution of discrete problem.

There exists Cz = Cz(k, ) > 0 such that

Cenr < C,||U — “||Hg(Sr) + oscr, VT eT.

The constant Cp goes to zero if @ approaches 7.

Here, C, := max{a, ||b||Ls, ||c||r=}, with -, the biggest eigenvalue of .A.



Error estimates

Local efficiency

Local lower bound

o el /7/%/}///4

o u € W, solution of continuous problem.

o Ue Vg— solution of discrete problem.

There exists Cz = C(k,a) > 0 such that

Crenr < CaHU = u”Hla(ST) + oscr, VT eT.

3 n
The constant C goes to zero if o approaches 7.

Here, C, := max{~a, ||b||Ls, ||c||=}, with -, the biggest eigenvalue of .A.
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Error estimates

Our results hold for general elliptic problems.

In contrast to the norms used in previous works, when considering the
weighted spaces a discrete inf-sup condition can be proved, allowing us
to conclude convergence of adaptive methods by resorting to the
general theory developed by Morin, Siebert and Veeser (2008).

The weight only weakens the norm around xj, but behaves as the usual
H' norm in subsets at a positive distance to xy. The H' error over such
sets converges to zero.

Our estimates are valid in two and three dimensions, whereas the
results from previous works cannot be immediately extended to the
three dimensional case.
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Examples

Adaptive algorithm

SOLVE — ESTIMATE — MARK — REFINE |

SOLVE: Compute the solution of the discrete problem.
ESTIMATE: Compute the a posteriori error estimators nr for a given a.

MARK: Select in M for refinement those elements 7 with largest
estimators ny. We used the Dérfler strategy with parameter 0.5.

REFINE: Perform two bisections to each marked element, and refine some
extra elements in order to keep conformity of the mesh.
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Examples

A problem with two singularities

Poisson problem in L-shaped domain

—Au = dy, in Q
u=g on 02,

where 0 = (—1,1)2\ [0, 1) x (—1,0] and xo = (0.5,0.5).

o Exact solution u(x) = — 5 log|x — (0.5,0.5)| + [x|*/3 sin(26/3).

o Goals:
- Test the behavior of the adaptive method guided by the a posteriori
estimators 7y for different values of a.

- Compare the behavior of adaptive algorithms guided by different error
estimators.
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Effectivity indices

[fu-Ully /m
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Degrees of freedom
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Meshes after 4 iterations

a=0.25 a = 0.50 a=0.75

#T =122 #T =125 #T =93
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Meshes after 8 iterations

a=0.25 a = 0.50 a=0.75

#T =324 #T =386 T =304




Examples

Meshes after 12 iterations

a=0.25 a = 0.50 a=0.75

#T =542 #T =1215 T = 1460




Examples

Meshes with similar number of elements

a=0.25 a = 0.50 a=0.75

iter=13 iter = 10 iter = 10
#T =590 #T =616 #T =612




Examples

Meshes with similar number of elements (o small)

a=0.10 a = 0.30 a = 0.50

iter = 20 iter = 15 iter = 13
#T =900 #T =897 #T =879
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Comparison with algorithms guided by other error estimators

II u-u IILZ(Q)

) \
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Comparison with algorithms guided by other error estimators
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Local estimation

Local estimation

We are interested in ||u — Ul| 1 (o) With Qo C Q

e = Ullgrian S D nin(T) + llu = Ullzo,na0)
TCQ,

o Liao and Nochetto (2003)

||u—U||)2L,1(QO) s Z nin (T)+a posteriori estimators for [|u—U]|;2(q, )
TCQ,

w(x) is a weight that blows up in re-entrant corners.
(w = 1if Q is convex or smooth)

o Demlow (2010)

lu—U|2, () = Z 12 (T) +a posteriori estimators for [|u — Ullwr )
TCO,

for some p > 2.
(p = 2 if Q is convex or smooth)
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Local estimation. New simple idea

Let
p(x) = po(dist(x, )
with ¢y > 0 a decreasing function such that ¢ (0) = 1

Let 2
L e —xol )"
=, (g

Omega_O x_0O

e = Ul ) < 14 = Ullin )



Local estimation

Local estimation. New simple idea

Then

u€ H)(Quw): a(u,v) = 6, (v), VveHy(Quw™")

A posteriori estimation

Do (T) —ose S Jlu—Ulgnaw S > ni(T)
T T
With

13 ||RI[> 7y + hrwd® (U faop + B3>, if x €T
77w(T)2 =
- 2 - 2 .
iwi® |RII ) + hrwi® [ ory - if xo ¢ T

and wr = sup, g, w(x)



Numerical experiments

Poisson problem in L-shaped domain

where:
o O =(-1, 1)2\ [0,1) x (—1,0]
e xo = (0.5,0.5).

o Oy =(—1,-05) % (~1,1)
o Exact solution u(x) = —5-log|x — (0.5,0.5)| + |x|*/* sin(26/3).



Local estimation

Exact errors |[u — Ul|z1(q)

10° :
—y— W(]
—e—Liao-Nochetto
Demlow
weight 1
-2
10 + ——weight 2 A
107} 1
10'4 | | |

10 10 10 10 10

DOFs



Local estimation

Initial mesh and €. 225 DOFs




Local estimation

Iteration 4. 321 DOFs




Local estimation

Iteration 8. 417 DOFs




Iteration 12. 643 DOFs




Iteration 16. 1251 DOFs




Iteration 20. 3523 DOFs




Iteration 24. 13790 DOFs




Iteration 28. 52386 DOF's




Local estimation

Numerical experiments

Poisson problem with discontinuous coefficients

-V - (aVu) =0 in Q
u=g on 0f),

where:
0 Q= (-1,1)?

0 a(x;,x) = {

o Q= (—1,1) x (=1,-0.75)

o Exact solution u(x) = |x|'%7.

25, ifxjx, >0

0, otherwise



Local estimation
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Local estimation

Exact errors |[u — Ul|z1(q)
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Local estimation

Initial mesh and €,. 1089 DOFs




Iteration 4. 1373 DOFs




Iteration 8. 2266 DOFs




Local estimation
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Local estimation




Local estimation

Numerical experiments

Poisson problem with discontinuous coefficients

-V - (aVu) =0 in Q
u=g on 0f),

where:
0 Q= (-1,1)?

0 a(x;,x) = {

o Q= (—1,1) x (—1,-0.75)
o |x|1.007.

121, ifxjxo, >0

0, otherwise

o Exact solution u(x)



Local estimation

Exact errors |[u — Ul|z1(q)
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Example 2

Diffusion-advection-reaction equation

2 .
—0.02Au + |:Sin(5_x1):| -Vu+0.1u = 5(0.270.4) in ) = (0, 3) X (0, 1)
u=0 on 90 N {x; < 3}
aM—O on 90 N {x; = 3}

P




Local estimation

Solution of the diffusion-advection-reaction equation

@ Final mesh obtained by the adaptive loop and the W, norm after 20 iterations
on a mesh with 22256 elements and 11212 DOFs.



@ Final solution obtained by the adaptive loop and the W, norm after 20
iterations on a mesh with 22256 elements and 11212 DOFs.



Local estimation

Initial mesh and €,. 833 DOFs




Local estimation

Iteration 4. 929 DOFs




Iteration 8. 1025 DOFs




Iteration 12. 1121 DOFs




Iteration 16. 1316 DOFs
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Local estimation
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