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M-Theory and Eq1

M-theory is the logical culmination of the attempt to unify gravity with quantum theory
using strings. M-theory itself is a set of dualities linking the five ten-dimensional
supersymmetric string theories and its low energy limit is eleven-dimensional
supergravity. Attempts to find non-perturbative results from string theory have relied
heavily on maximal supergravity theories, which possess coset space symmetries
determining the way scalars appear in these theories. Dimensional reduction on a torus to
three, four and five dimensions, leads to scalars belonging to cosets of the exceptional
groups Eg, E7 and E4’. The origin of these symmetry groups at lower dimensions appears
mysterious, and motivates, in retrospect, the conjecture that a much larger symmetry
exists hidden within eleven-dimensional supergravity that gives rise to the coset
symmetries upon dimensional reduction. This large symmetry group is E;; and possesses
an infinite-dimensional Kac-Moody algebra, whose action leaves the 11-dimensional
theory invariant’. In other words, E; is a conjectured symmetry algebra of M-theory.

Kac-Moody Algebras

A Kac-Moody algebra is constructed from its Cartan matrix, A,, and the Chevalley
generators. A Cartan matrix Ay 1s given in terms of the simple roots, a,, of an algebra by

Aab — 2 (acﬁab)
(a,,a,)

Where (o, o) 1s the generalised Killing form acting on the corresponding elements of
the Cartan sub-algebra. The diagonal elements of A, are all 2 and the off-diagonal
elements are negative integers, with the zeroes being symmetrically distributed such that
Aap =0 < Apa = 0. The generators associated with positive simple roots are labelled E,
and those associated to negative simple roots F,. A Kac-Moody algebra is then uniquely
constructed from the commutators of E, , F, and the Cartan sub-algebra generators, H,,
subject to the following Serre relations:

[Ha, Hb]:0
[Ha, Eb]= AabEw, [Ha, Fo]= -Aan Fo
[Ea, Fo]= 0anHb
[Ea, ... [Ea, Eb]]=0,  [Fa, ... [Fa, Fu]]=0
In the final line there are (1-Aa) Ea’s in the first equation and the same number of F,’s in
the second equation. E;; is a Kac-Moody algebra whose Dynkin diagram is formed by
adding three nodes to the Eg Dynkin diagram giving,

The Dynkin diagram encodes the Cartan matrix. Each node corresponds to a simple root
of the algebra and the number of lines joining node “a” to node “b” is Ayp. In the diagram
above the line of green nodes, A, is called the gravity line. The generators of its Cartan
sub-algebra are”:

H,=K%- K*', . fora=1...10,
H11: —1/3(K11‘|‘. .. Kgg) + 2/3(K99+. . .K1111)

The generators of the positive roots are:

E,=K2. fora=1...10 and E;;=R%'*!!

Together these generators form the Borel sub-algebra.

E;1 may be studied by considering representations of the Ao sub-algebra (the gravity
line). These are found’ by first adding a node, which we indicate by a 0, to the Dynkin
diagram of E,; attached to the very-extended node, the first node on the left of the
gravity line, and then analysing the possible weights that remain upon deletion of both
this additional node and the node off the gravity line of E;; (coloured red above), which
we label by an 11. Because this decomposition involves the deletion of an additional
node attached to the first root of the gravity line we say it gives rise to |; representations.
These are representations of Ao which are categorised by the coefficients (ng,n;;) of the
deleted roots for a generic root, B3:

11
B=Y"na,
i=0

Due to the fact that roots of a Kac-Moody algebra constructed from a simply-laced Lie
algebra must have length squared of two or less, and in addition must be even valued in
this simply-laced case, there are only a finite number of possibilities for the remaining
representations of Ao for each fixed level (ng,n1;)’. Up to n;;=3, the representations
match the bosonic sector of the eleven-dimensional supergravity fields.
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Low level Ao Representations of Eq1

(no,n11) B B? Generator Gauge Field
(0,1) (0,0,0,0,0,0,0,0,0,0,1) 2 R Aube
(0,2) (0,0,0,0,0,1,2,3,2,1,2) 2 Rabedet Asbedef
(0,3) (0,0,0,1,2,3,4,5,3,1,3) 2 Rabedefeh, Aubedefh,
(0,3) (0,0,1,2,3,4,5,6,4,2,3) 0 R 2bedefehi Aabedefghi
(1,0) (0,0,0,0,0,0,0,0,0,0,0) 2 K%, h,?

Analysis of the low level root structure and the Serre relations give rise to the following
commutators for the low level algebra’:

[K%%, K%]= 8%K"4-0%K"
[Kab, Rcde ]:Schade +.
[Kab, Rcdefgh ]: SCbRadefgh +.
[Kab, Rcdefghij,k ]:( Bcb Radefghij,k + ) + Skb Rcdefghij,a

[Rabc , Rdejf ]:2Rabcdef |
[Rabcdef , Rghl ]:3 Rabcdeﬂghl]

Solution Generating Group Element

Representations of A}y, or SU(11), may be made directly applicable to eleven
dimensional gravity theories. By first restricting to the real form of SU(11) we obtain
SL(11,R), and then by including the eleventh generator from E;; (the one from the node
that sticks out on the Dynkin diagram) this algebra is enlarged to GL(11,R). For the usual
(1,10) signature of low energy M-theory or supergravity, the vielbein is an element of a
coset of this group, namely of GL(11,R)/SO(1,10). Furthermore, the usual half-BPS
solutions of supergravity (the M2-brane, M5-brane and the pp-wave) are encoded in a
generic group element, g*°,

1
g = exp(— 5.7) In NG - H)exp((1—N)E3)

Where for any [ arising in the decomposition to Ao representations above, Eg 1s its
corresponding generator, and N 1s a harmonic function, whose exterior derivative is a
field strength in a generic gravity action of the form. Specifically, R**, R***f and K*,,
give rise to the M2-brane, the M5-brane and the pp-wave solutions respectively”.
R2defehi js the imperfectly understood dual to the pure gravity solution. The generator
R2defehi has an associated root which is null and gives a singular group element, g, so is
not treated by this approach.

As an example of a known solution encoded in the group element we consider the M2-
brane. We take therefore $=(0,0,0,0,0,0,0,0,0,0,1) and Ez=R”'°!", with associated gauge
field Aojo1; and for historic reasons we consider the coordinate x' to be the single
temporal coordinate. Such an approach motivates considering the lowest weight of the
representation, which we achieve by taking a series of commutators with the appropriate
K®1=E. the generators of the positive roots. We now work with p=(1,2,3,3,3,3,3,3,2,1,1)
and Eg=R'* and gauge field A3 giving,

(B, B)=2,
B.H:H1+2H2+3 (H3+ ces H8)+2H9+H10‘|‘H1 1

= 2/3 (K11+... K33)—1/3(K44+--- K“ll)

The group element now has the form,

g = exp ( %I'H.NE [% (K1, + K2, +K3;) — % (K4 4. K1y, }]) f-t:rp(( l— N})RHE’)

The veilbein components may be read directly from the group element to give the line
element of the M2-brane’,

ds® = \2_% (—(dx1)? + (dxy)? + (dr3)?) + _-N"_Q%([id;r%]z + .. 4 (drg)?)
Which can be readily verified to be a solution to the equations of motion of a truncated
form of the eleven-dimensional gravity action,

1 . 1
A=_ - dlli‘- /—alR — —F& . Fat--an
1Gﬁ(}’11/ Vo9ll = g giFara )
Where for the M2-brane n=4 and the field strength 1s given in terms of N, by,
x') .
Flosi = +—Nj', i=4,... 11,
drt -~

Weyl Reflections

The Weyl reflections of a Lie group are reflection symmetries of the associated root
lattice. A Weyl reflection, S, in a root, a, reflects the root lattice in a hyperplane
perpendicular to the root a, so that the Weyl reflection of an arbitrary root, f3, is:

SB=03-2 (@, 5) o
o (v, )
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The Local Sub-algebra and Signature

The group element, g, was constructed using a nonlinear realisation of E;; as a coset
symmetry E;;/H;;. Choosing the local denominator sub-algebra H;; to be the sub-
algebra formed by generators invariant under the Cartan involution, Q, leads to a theory
with a Euclidean signature. Recall that Q(E, )= —F, and Q(F,)= —E,, so that a Cartan
involution invariant set of generators of the form (E, — F,) may be chosen as a basis of
Hi;. To consider theories with a non-Euclidean local signature one may add a parameter
&; which may be either +/—1 to the Cartan involution to form a “temporal involution” €2,
whose action on the local generators is,
Q(I(?’ 'f+1) = —E-ifirj+l-i
The new involution picks out a different local sub-algebra and €; encodes its signature.
For example, ;= +1 1s identical to the Cartan involution and gives a Euclidean
signature, whereas taking €, = —1 and the remaining €= +1 gives a (1,10) theory where
x! is the single temporal coordinate. However, it was observed’ that the temporal
involution operator does not commute with the Weyl reflections, with the consequence
that a Weyl reflection picks out a new local sub-algebra, as is indicated by considering,
S.iQ(I{Jj_|_1) = S?j (Ej I{Jj_|_1) = €ipP; I(J+1j = {JJQI(I(Jj_|_1)
Where p; = +/-1 is a factor arising because K';;; are only representations of the Weyl
group up to a sign. In short, the Weyl reflections may lead to a different choice of local
sub-algebra and, potentially, a new signature. Signature diagrams’’ are a useful way to
keep track of the signature changes induced by Weyl reflections. The information
encoded in g; is transformed into a vector f'in the weight space whose components,
written f{a) are 1 or 0, and may be written in the form,
f = Z i T /\L
Where A; are the fundamental weights and »n; may take the values 0 or 1, so that f{o;)=(f,
a;). If fla,)) = 0, the coordinates x' and X" are both of the same type (i.e. both spatial or
both temporal) and if f{o;)) = 1 one of the coordinates is spatial and the other temporal. If
we write the values of this vector on top of their corresponding roots in the shape of the
Dynkin diagram, we obtain the signature diagram. For example a (1,10) signature
diagram may look like,
0
0001100000
$ 8§ S st ss s s s s
The nature of all eleven space-time coordinates 1s decided from the ten values of falong
the gravity line. The value of f(a;;) gives the sign of the kinetic term in the gravity
action, if 0 we have the usual —F* term and if it equals 1 we have a theory with a +F*
term’. The effect of a Weyl reflection, S;, on fs,

Sz(f) = anAj — an (O‘f.l'? )\j)(}:‘.i
J J
= ZmJAJ

Where, upon taking the inner pI'OlelCt with o we find the relation between m; and n; to
be given by,

me = ng — n; Ag;
In terms of the signature diagram, a Weyl reflection in the root o; adds the value of f{a)

to all the nodes it is connected to, modulo two’’.

Solutions in Multiple Signatures

The group element, g, relates a root of the decomposed Ay sub-algebra to a supergravity
solution. It is possible to apply a series of E;; Weyl reflections that change the signature
of the local sub-algebra but leave the root unaltered. One might suspect that the Weyl
reflected group element also encodes a supergravity solution but in the new signature,
and this is often the case. Consequently there exists an ambiguity as to which signature a
solution exists in’. Let us briefly consider the example of the M2-brane. The only Weyl
reflections that change the signature as well as the signature diagram are those in ;. As
it 1s always possible to transform the root, [3, into a root that is invariant under S;; using a
series of gravity line Weyl reflections which we call U, one may apply a signature-
changing Weyl reflection to the root but without altering it: B=U"'S;;UP. Discovering all
the signatures that hold related solutions is best achieved using a computer program, and
yields the following results’ for the lowest weight of the R** generator (associated to the
M2-brane):

Signature Longitudinal | Transverse | Number of | Trivially
(temporal 1) Signature Signature | reflections Related K

in oqq Signatures
(1,10, +) (1,2) (0,8) 0 1 —1
(10,1,4+) (2,1) (8,0) 0 2 +1
(9,2, +) (3,0) (6,2) 1 15 —1
(9,2, —) (3,0) (6,2) 1 13 +1
(6,5,4) (2,1) (4,4) 4 70 +1
(6,5, —) (2,1) (4,4) 4 70 —1
(5,6,+) (1,2) (4,4) 4 35 —1
(5,6,—) (1,2) (4,4) 4 35 +1
(5,6, +) (3,0) (2,6) 126 13 —1
(5,6,—) (3,0) (2,6) 126 15 +1
(2,9, —) (2,1) (0,8) 261 2 —1
(9,2, —) (1,2) (8,0) 261 1 +1
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When « = —1 these are solutions to the appropriate Einstein equations’. Interestingly, the
solutions related by Weyl reflections are those of the M, M* and M’-theories’’.
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