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o LARGE NUMBERS OF FEYNMAN DIAGRAMS
COMBINE T0 PRODUCE UNEXPECTEDLY
AND MYSTERIOUSLY SIMPLE EXPRESSION'S
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FACTORIAL GROWTH

o« FEYNMAN DIAGRAMS DO NOT
CAPTURE THE SIMPLICITY OF
PERTURBATIVE GAUGE THEORY
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TWO KEY QUESTIONS °

e CAN WE EXPLAIN THIS
SIMPLICITY 7

o CAN WE IMPROVE OUR
CALCULATIONAL ABILITY 7
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® AMPLITUDES HAVE SIMPLE GEOMETRIC
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— ALGEBRAIC CURVES

- NOVEL DIFFERENTIAL EQUATIONS
FOR AWUPLITODES
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o RECURSION RELATIONS FOR
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corrections. For the Yang-Mills field it takes the form
Viay: ™" s = —iCapyp/*=—iCars(p"+1"*). (2.3)

The propagators for the normal and fictitious quanta
are, respectively,

G— ¥,/ $*, (2.4)
G—vy=/p2, (2.5)

with p* being understood to have the usual small
negative imaginary part.
The corresponding quantities for the gravitational

LAY

[ Tt I e

field are much more complicated. In this case we shall
employ the momentum-index combinations puv, p'e’r’,
2 e\, p'""¥'"". The vertices must not only be sym-
metric in each index pair but must also remain un-
changed under arbitrary permutations of the momen-
tum-index triplets. At leastm;mm
required in the complete expression for S; in order to
exhibit this full symmetry, and for e number is
2850, However, these numbers can be greatly reduced
by counting only the combinatorially distinct terms®
and leaving it understood that the appropriate sym-
metrizations are to be carried out. In this way S; is
reduced to 11 terms and S, to 28 terms, as follows:

Sym[—3}Ps(p- p'n*n""n") =1 Ps(p°p w0 )+ 1 Ps(p- ' v )+ 4 Po(p- ' 120"+ Ps(p*p n*n")
—3Pa(prp o)+ P (070 )+ P (prp n* 0 ")+ Po(p7p M #)+ Py (97 0 *™)

s

e

80 Por r 8@ a1sBrergras

—Pi(p-p'wenmn™)], (2.6)

Sym[—}Ps(p- #'n"n" 2" ") =4 Pra(pp n# 0 y') =1 Pu (99 %" ) +-4 Po (- ' 0" 0" %)
+1Po(2: ' 1" 1?0 )+ Pra (0 p w ™) +-§Po (P *n nr ) — 1 Po (- p' o o ne)
+1Pu(p: 200" 0" 0 )+ Pau(p* p o ')+ 3 Pra(p2p *psoyp o) - § Pos (74 P <)
=3Pu(p-p'n 0" n 0 )= §Pra(pp sn n ')+ 4 Pra(p°prn" 9w 0 ) — § Pou(p- ' n ™20 )

— Pu(pprwontn )= Pu(p*p v nn™) = Paul(pet "n"nw) = Pu(p*p' v n™r)

+Pu(p #' o0 00 ) = Pra(ppinsn™n®) =4 Pra(p - p'nron ™ nsy ") = Pra(p*pPn ™ pmn™)

= Pa(pop w nsen )= Pru(pt am ™) = Pus(pepn s 0+ 2Pa(p- ¢/ won"n n)].

The “Sym” standing in front of these indi-
atesthatusymmetrmﬂmmtobepuhrmedanuch
index pair uv, or, etc. The symbol P indicates that a
summation is to be carried out over all distinct permu-
tations of the momentum-index triplets, and the sub-
script gives the number of permutations required in
each case.

Expressions (2.6) and (2.7) be obtai
straightforward manner b -
entiation of the Einstein action. ure, how-
ever, 1S exceedl aborious. A more efficient (but
still 1 1s to make use of the hierarchy
of identities (II, 17.31). It is a remarkable fact that
once Sy° is known all the higher vertex functions, and
hence the complete action functional itself, are de-
termined by the general coordinate invariance of the
theory. It is convenient, in the actual computation of
the vertices via (II, 17.31), to invent diagrammatic
schemes for displaying the combinatorics of indices.
Since each reader will devise the scheme which suits

2.7

him best we shall not shackle him by describing one
here.WedlomhnoattanpttodnphySnormy
higher vertices.

The vertex V(es has the following form for the
gravitational field :
V'™ =

ASym[29" p' 8, — 9"t/ in""

+ (ot = )8+ 98,%,7], (2.8)

where the momentum-index combinations are py, p'v/,
#"¢"'7’, and the symmetrization is to be performed on
the index pair or. The propagators for the normal and

fictitious quanta are given by
G = (ueortNuetre— Nwter)/ P, (29)
G-/ (2.10)
* The choice of terms is not completely unique since momentum

be used to replace a mmbyothutm
Weﬁwhmwinwebelnve (but have not proved) to be the
expressions containing the smallest number of terms.
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® SCATTERING AMPLITUDES

® GEOMETRICAL STRUCTURE ©OF
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® MHV  DIAGRAMS
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@ RECORSION RELATIONS



A SCATTERING PROCESS
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THE ROAD TO SIMPLICITY

© COLOUR DECOMPOSI'TION
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COLOUR DECOMPOSITION
SEPARATE COLOYVR STROCTURE

o AT TREE LEVEL , YANG= HILLS INTERACTIONS
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COLOUR - ORDERED PARTIAL AMPLITUDE

— INCLUDE ONLY DIAGRAMS W(TH A
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- ANALYTIC STRUCTURE S SIMPLER
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MULT) - TRACE STRUCTURES APPEAR

~ SUBLEADING IN | /N



SPINOR HELICITY FORMALISM

o DESCRIPTION IN TERMS oOF p ¢/
IS REDUNDANT

o COMPLEXIFIED LORENTZ GROOP IN 4D
S0(3,1 ,€) = SL(2,¢) xSL(2,¢)

o p" 4-vecTor

P .
Pa,o'y = Pf" O’@ a,w =(,2
6°=4, 0= PAULL MATRICES

.
® MASSLESS PARTICLES Pup" = o

s

Pe.;. = Ao.. ¥
e LORENT2 - (NVARIANT PRODUCITS .
AL, e

CAXST £ dNT X312, 0N
e imd = <12>E24]
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Amplitude for n-Gluon Scattering
Stephen J. Parke and T. R. Taylor

Fermi National Accelerator Laboratory, Batavia, Illinois 60510
(Received 17 March 1986)

A nontrivial squared helicity amplitude is given for the scattering of an arbitrary number of

gluons to lowest order in the coupling constant and to leading order in the number of colors.

PACS numbers: 12.38.Bx

Computations of the scattering amplitudes for the
vector gauge bosons of non-Abelian gauge theories,
besides being interesting from a purely quantum-
field-theoretical point of view (determination of the S
matrix), have a wide range of important applications.
In particular, within the framework of quantum chro-
modynamics (QCD), the scattering of vector gauge
bosons (gluons) gives rise to experimentally observ-
able multijet production at high-energy hadron collid-
ers. The knowledge of cross sections for the gluon
scattering is crucial for any reliable phenomenology of
Jet physics, which holds great promise for testing QCD
as well as for the discovery of new physics at present
(CERN Spp S and Fermilab Tevatron) and future (Su-
perconducting Super Collider) hadron colliders.'

In this short Letter, we give a nontrivial squared
helicity amplitude for the scattering of an arbitrary
number of gluons to lowest order in the coupling con-
stant and to leading order in the number of colors. To

used to improve the existing numerical programs for
the QCD jet production, and in particular for the stud-
ies of the four-jet production for which no analytic
results have been available so far. Before presenting
the helicity amplitude, let us make it clear that this
result is an educated guess which we have compared to
the existing computations and verified by a series of
highly nontrivial and nonlinear consistency checks.

For the mgluon scattering amplitude, there are
(n+2)/2 independent helicity amplitudes. At the
tree level, the two helicity amplitudes which most
violate the conservation of helicity are zero. This is
easily seen by the embedding of the Yang-Mills theory
in a supersymmetric theory.>’ Here we give an ex-
pression for the next helicity amplitude, also at tree
level, to leading order in the number of colors in
SU(N) Yang-Mills theory.

If the helicity amplitude for gluons 1, . . . , #, of mo-
menta py....,p, and helicities A),...,A,, is
M4(\y, ...,\,), where the momenta and helicities

ry thi are labeled as though all particles are outgoing, then
unction | itten dc the three helicity amplitudes of interest, squared and
lrary |_points. O summed over color, are
| M+ ++++ ) P=c, (g N)0+0(gY)], 1)
| M (= ++++ ) =e,(gN)0+0(gY], 2
—D M (——t++ )|l a(@N)(py - py)*
MitY AMPLITUDE x Zpl(pr-22) (92 23) (By-20) - - (3 )11+ O(N-2) + O ()], 3)

where ¢,(g,N) = g*"~*N"=2(N2—1)/2%~4p. The sum is over all permutations Pof 1, . .., n

Equation (3) has the correct dimensions and symmetry properties for this n-particle scattering amplitude
squared. Also it agrees with the known results*® for n=4, 5, and 6. The agreement for n =6 is numerical’
More importantly, this set of amplitudes is consistent with the Altarelli and Parisi’ relationship for all 7, when two
of the gluons are made parallel. This is trivial for the first two helicity amplitudes but is a highly nontrivial state-

ment for the last amplitude, as shown here:

| ML (= =+ ++ ---)I*E-_;O. 4
(== 44PN E Ly g g, )
(= =+t L g (-t ©)

© 1986 The American Physical Society 2459
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where s is the corresponding pole and z is the momen-
tum fraction. The result for particles 2 and 3 near-
ly parallel, Eq. (5), is only simple because
My_ (= + ++ -+ ) is zero to this order in g so that
there is no interference term and therefore azimuthal
averaging is not required.

The surprj i is that all denomina-
tors are simple dot products of two external momen-
ta. The Feynman diagrams for ngluon (n>5)
scattering contain propagators (p+p,+ )%, (p+p,
+ P+ Pw)? . ... These propagators must cancel for
Eq. (3) to be correct; this occurs for n =6. Of course,
Altarelli and Parisi have taught us that many cancella-
tions are expected.

We do not expect such a simple expression for the
other helicity amplitudes. Also, we ¢

we_challenge the
string theorists to prove more rigorously that Eq. (3) is

correct
Fermilab is operated by the Universities Research
Association Inc. under contract with the United States

2460

Department of Energy.
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® COLQUR DECOMPOSITION AND
SPINOR HELICITY FORMALISM
MAKE SIMPLICITY MANIFEST...

®.. BUT WE STILL RAVE To
EXPLAIN 1T Y



() SIMPLE GEOMETRIC STRUCTURE
IN TWISTOR SPACE

—= MHV DIAGRAMS

@ RECURSIVE STRUCTURES
IN SCATTERING AMPLITUDES

— CLASSICAL
-~ QUANTUM



TWISTOR SPACE
o A = Al {4\;,;;,‘\;3)

D\,, ri,;,,) a/,q'/:: l,?_

l U KALE FOURIER TRANSFORM
.2
- ® }JJ—-} -‘-’3?
ZI-(XQ) )J'o/) £ o

2
o FOUR-DIMENSIONAL COMPLEX

VECTOR SPACE €  or
TWISTOR SPACE

%

e (X7 ~ (t2 1) teC
(X)M) ~ (tx)t[w) :%
PROJECTIVE TWISTOR SPACE C [P
*Cﬂ’m IN The OPEN B MODEL



REMARK on SIGNATORES

o ¢4++-
~ ~ »*
- A A Commex A=t )

— TwiSToR stace : CP°

®  PEew

= A, REAL AND INDEPENDENT

3
- TWISTOR Space: R[P

e FOURIER TRANSFORH :
WORK WITH REAL TwISPR SPACE



';!v_"FOURIER TRANSFORM
ADT) — A(),p)

¥ ey
o Amw ( 124N )

= 4 %n-z Sm( ,i.)\rxl') i ¢ (,\' L )
;A

* 1002 * 53 a0 — Gy

— HOLOMOR PHIC

— SIMPLE AND ELEGANT

~ 2\ ‘zi:":‘ ~
e A(A p) = _fﬂi_'\f e A() D)
P (2m)?



¥

WHERE . “"Z) 3—
(Q) ~ 4 tX [ an
m's  (Z27) -.:de e

=

\ INTEGRATGN 15 TRIVALY
()

A= Sd% TS (nie,)

29" 20, 3)

FOR TREE-LEVEL MHV AMPLITODE



e MHV AMPLITUDES at TREE LEVEL
HAVE SUPPORT ON A COMPLEX
LINE IN TWISTOR SPACE 1w

= aa.
M™+X A =0

PENROSE'S INCIDENCE RELATION

CP' c CEIP3

o GIVEN A POINT X IN @M,
THE INCIDENCE RELATION DEFINES
A C[P' IN TWISTOR SPACE

ALGEBRAIC CURVE OF . =1 , § =0

e UM

MODULI SPACE OF THESE CORVES



CONJECTURE LWITTEN 2003 ]

® SCATTERING AMPLITUDES OF
N GLUONS, 9 OF WHick HAVE
NEGATVE RELICITY ~ HAVE SUPPORT
ON ALGEBRAIC CURVES OF

d = q ~ | + £
‘%s ,& z-_-..:l:lrl.ooPS

© MHV AMPLITUDE | TREE LEVEL

= ’3 —. d=
qz2 ,£=z0 3 %-.-'o



BEYOND MHV
® NEXT-TO-MHV  Trer LevEL

6,3- =k bt M o -

q=3 L£z0 3 d=2 9 =0

® STUDY LOCALISATION PROPERTIES
IN TWISTOR SPACE OF

TREE-LEVEL AMPLITUDES IN YM
— COLLINEAR OPERATOR
Fr = &1 %::,) z(ﬁ) ZfL?J
st COPI.ANAR OPERATOR
K E13kL z(.) Z (2) Z(ao 22—(4)

i



e [N SPINOR SPACE

i
(A, ) — (3 "a‘-i')

F Kk — DIFFERENTIAL OPERATORS

(1,2,3)

e.%. Fr FOR L = & —_>

(A0 2 +<A) ---. # CAQD =
a)“’ >| Aﬁ.

o TREE-LEVEL MHV AMPLITODE IS

P

INDEPENDENT oF

(v g, R) Tue

PO A (b g Re) =0

) o MtV

v,),R Are cowunear

o NOVEL DIFFERENTIAL EQUATIONS
FOR AMPLITUDES Ga s



e YM AMPLITUDES  TREF LEVEL
LOCALISE ON UNION oF LINES
[cachmo svelek wirren]

4 q=3

e IN A CERTAIN SENSE,
MHV AMPLITUDES CORRESPOND
TO A LOCAL INTERACTION
IN MINKOWSK| SPACE ...



= MHV DIAGRAMS = i

(TREE LEVEL ) WITTEN

° LIFT MHV SCATTERING AMPLITUDES
TO EFFECTIVE VERTICES

= REQUIRES AN OFF-SHELL PRESCRIPTION

= SCALAR PROPAGATORS

o (OBTAIN PREVIOUSLY KNOWN AND
UNKWNOWN AMPLITUDES WITH
DRAMATIC SIMPLIFICATIONS

EX. NEXT-TO- HHV) . B i 3'4*..... fn,"‘




OFF-SRELL PRESCRIPTION
CONSIDER  FOR t:‘xAMPLF YATALNA

*#0
© WHAT ARE 1LY (2L) . ?

® L =£q_£;+% "Zo_zw

REFGlﬂvcc
NOUW. VECTOR




e NEXT STEP: LOOP DIAGRAMS

RRANDHU BER | SPENCE : GT

MKV  |-LoOP

dzq—l-rﬂ
Z q=1 £=1 2
d=2

[ SCHEMATICAWY ]

o IN\TIAL PRO&GNOSIS VERY POOR...

- TWISTOR STRING THEORY AT LOoP LEVEL
DUAL TO CONFORMAL SOPERGRAVITY
BERKOVITS, W(TTEW

- T WISTOR SPACE STRUCTURE OF KNOWN
ONE -ooP AMPLITUDES PUZZLING-...

o TRY ANYWAY !



MHV DIAGRANS For  LOOPS

e SEW V MUV VERMCES

v - q - .|.&) 9 =4 NEGATIVE HEUCTIES
£, = # LooPS

— SCALAR PROPAGATORS
~ CSW OFF-SHEW. PRESCRIPTION

- SUW OVER DIAGRAMS W)\TH
FIXED CYCLIC ORDERING OF
EXTERNAL GLUONS

( DIFFERENT FROM
CUT = CONSTRUCTIBILITY
APPROACH OF BDDK)



® SIMPLEST EXAMPLE -

ONE-LOOP MHV AMPLITUDE
IN N =4 SUPER YANG- MILLS

— COMPUTED BY
BERN DIXON K DUNBAR  KOSOWER (1994)

USING CUT-CONSTRUCTIBIUTY

—~ EXPRESSED IN TERMS OF

" 2-MASS sAgf' Box FUNCTIoNS

t 4
X F-(s,t,P’G,") =
s = (Prp)
.= LP’*“’[)Z‘

4 leop F Tee

* A =12 F(st )| Aw

v | X




EXPLICIT CALCULATION GIVES

: .
A:E.T:op - A::, % }(S)t)?}@,)
- Sl aa .
3 (s ¢, Pf&)=-%z[c-s>+ (t) (P2 (-6) ]
+ B(s,t P&’

o B(stPa)Lls(1-0P) L, (1-a8”)

A S

- g (1-as) - le(4-a®)

L £ Pra
- s¢+Tele= ¥V %
L = b5t

o B(st PG = Lo (1- )4 Loy (4- £) +

Lyl - &)
~ Ly (1- E;Gt_;)+ "2)2’3( %)

Jar BRi=2R . THEN

AGREEMENT WITH BDDK (1994)




o B-B O 9 DILO6ARI THMS
=) MANTEL'S BenTITy (1898)

L"‘z(xw> Lia[ 3+ a3 )+L,,(? ) +ha w)
+ L‘,l(x) 4+ le(b) 2,('0') Lt?.(w")'~~
[ X
gl (=)
X,y rw & (o,)
(=) (1-w) = C-x)(1 9)

¢ = e Y = ot

vz af’ w=al

o P:o G#o oR P#o Q-O

( 5 - POINT case) mLL's
DENTITY

o i’s o ( 4-pPoInT casE):
EVLER'S | DENTITY



OUR RESULT :

e INCORPORATES LARGE NUMBERS
OF FEYNMAN DIAGRAMS

o IS (SLIGRTLY) SIMPLER
- NEW EXPRESS|ON FOR THE
2-MASS EASY BOX FONCTION
( CONTAINS &4 DILOGS )

e MHV DIAGRAMS WORK AT
QUANTUM LEVEL



“ WITH FEYNMAN DIAGRAMS :

m=+: 227 585 DIAGRAMS

DAVID KOSOWER HAS ESTIMATED THAT
ONE WOULD NEED

© ~ 3 VOLUMES or Phys R, D
To DRAW THEM & N

e 22 MONTHS ( FulL-TINE)
AT id,th.g\.aw/ [ Miwute

- WITR MEV DIAGRAMS :

I O

BASICALLY 1 (SUPER) DIAGRAM



COMMENT oN TWISTOR SPACE PICTURE

@ CACtAZO SVRCEK awd WITTEN HAVE STUDIEP
LOCALI\SATION PROPERTIES (N TW(SToR SPALE
OF ONE-l00P AMPLITUDES : U SING-
DIFFERENTIAL OPERATORS (N SPINOR SYACE

¢ CSW Fm TNA-T I-L0oP AMPLITUDE S
LOCALI SE

£2) )i

® ) an &) CoNSISTENT WITH
OUR RESOLT

C)

@ C) GENERATED Y A
HOLOHORPHIC ANOMALY

[cactazo  SURCER, WITTEN |

e VERY USEFLL Y



BEYOND N=4 SUPER YANG-MILS ¢
\

* 1-LO0OP MHV AMPLITUDES |IN
N =| SUPER YANG -MILLS

BEPFeRD BRANDHUBER SPENCE, GT-
QUIGLEY" , RozAL

= RESULT AGREES Wiy
BEKN)D(xoM , DONBAR 5 KOSOWETR.

o 1-L0OP MHV AMPLITUDES IN
NON - SUPERSYMMETRIC YANG~ MILLS

BEDFORD BRANDHUBER ,TENE G&T

= AGREES WITH 5-6LUON CASE
BERN ) DIXON | K030 WER

= ADJACENT NEGATIVE ﬁEUClT'( GLUONS
8erN  DixoN  DONBAR ~ KOSOWETR

- NEW RESULTS For NEGATIVE HGLIUTY
GLUONS N ARBITRARY POSITIDNS

= RATIONAL TERMS



GENERALISED UNITARITY

3 )

BRITTO , CACHA2D , FENG

¢ ACTUALLY AN OLD IDEA Y

EDeN , LANDSHOFF , OLWVE POL KING-HORN E

® SUPERSYMMETRIC AMPUITUDES
ARE 4-D CUT-(ONSTRUCTIBLE

o ANPUITUDES IN N =4 SYM EXPRESSED
ONLY IN TERMS oF BOX FUNCTIONS

A = Zc..j:/:

e USE QUADRUPLE CUTS °

— EACH CUT PICKS ONLY ONE COEFFICIENT
— LOOP INTEGRATION FROZ2EN



IN GENER\C SUPERSYMNETRIC THEVRIES .

=l J L dﬁZﬁ-Zc& XX

= USE QUADRUPLE CUTS FIRST TO
COMPUTE ALL BaXx COEFFICENTS

= THEN USE TRIPLECUTS For
THE TRIANGLES

S

- MNORE THAN oNE BOX
SHARE THRE SAME TRIPLE QUT

o NEW ONE-LOOP AMPUTUDES CONPUTED

— ALL NMHV AnPUTUDES v N=4
 BERN, Dixon, Kosowez
= |‘z‘5‘4‘ .m' W N=)

BIDPER | BIERRLY- BotR | DUNBAR | PERKINS



© NON- SUPERSYNNETRIC ANPUTUDES
ARE CUT-CONSTRUCTIBLE IN D=4-2¢

R— R ("'S).": R[ ' -£|03,(-s)+....]

o USE SUPERSYMAETRIC DEVORPOSIT ION
Ay = (A, +4A543A.)-4(Asthy) + As

¢ COMPUTE ONE-LOOP ANPLITUDES WITH

= SCALAR RONNI\NG IN THE (ooP
(4-2¢ DIMENSIONS )

- EXTERNAL PARTICLES IN 4D
2 i e 2 - 4 N 2
. L-zz-£4+£ -‘C" F’

-2
4 3

EQUIVALENT TO HAVING A
MASSIVE scae N 4D Y



+ ¢
ExaMpe : 1727374 cues

BRANDHUBER | HCNAWARA | SPENCE GT

(qk)
=oep r I
& ok N i \21 C3q:‘ K
A (‘ 23 4) <\2) <3¢
3 1%
- -o(lﬂDS “ = —m
K= - wﬂ CRTEE n oo
- D=8-2¢
- —2((—-2. i g A
K 'L =2 - %
l--loof . _
A (Pl <> -2 LE D
QN < 30

AGREES WITH  3ERN  KOSOWER



RECURSION RELATIONS FOR
TREE-LEVEL AMPLITUDES

® SOM OVER ALL AlLLOwWED
PARTITONS OF PARTICLES W ITH

Ke L , LeRrR

® AMPLITUDES EXPRESSED (N TERMS
OF AMPLITUDES WITH FEWER LEGS
%X ON SHELL

® BILINEAR STRUCTURE FRoM
FACTORISATION - ON MULTIPARTICLE” POLES

% GENERW IN FIELD THEORY

% SCATTERING oP
Gu)ous’ GRAVITONS .



THE IDEA

@ SCATTERING AMPLITUDES AT TREE LEVEL
HAVE ONLY S IMPLE POLES IN
MULTIPARTICLE CHANNELS

@ RESIDUES KNOWN FROM
FACTORISATION

U
RECONSTRUCT THE AMPLTYUDE Y

o DEFINE A ONE - PARAMETER FAMILY oF
ameLmopes. M (2) zed

- M(0) IS ™ME AnPUTODE
WE WIS#H T0 CoMmpytE

— SIMPLE POLES IN 2

— M(2)=>0 AS Z >0



@ VANISHING oOF M AT
LARGE Z DEPENDS ©N
T™HE THEDRY

* YANG-MILLS: YEs

* GRAVITY : LIKELY
(YES Fox MHY N MHV)

x Y : YES

NEXT DEFNE M (2)



=) SINGLE ©UT Two EXTERNAL LEGS, K p &

o Pule) =fpt2y , P@®=p ~2Y

— OVERALL MOMENTUM CoNSERVED
-

o "z/ =)
2 z v
@ ON-SHEW CONDITION Py (2) =Py, (@)=0 V&

7 < { wie Oy @M

)\2_ )\K (2)

mon | Mg(2) = e A (2) = Ao -2

(1) il

,X“(%) :S:K -I-%&’& ,S\/,(, (2) = >“¢’

o M(2)= M(p,- Pl Be(2)....Pn)

@ [N ACHANNELCNTANING f (BOT wo‘rf:,)i
P(2)= P+29

. alk :__&_f_ _.l_..
e A

-%P:.': - :/<K|P|£J

SIMPLE
POLES IN 2



e

o FACTORSATION : AS P30
h .

M@)=) M [Fa)am Mo(-Pa)

% " ‘,)P‘w R )

P{(E)

P (2

o ¢ -2|.;.%P(e %) M) = -

h -2p




COMMENTS

&

l. ON-SHELL AMPLITUDES

2. Honsmuon 1S .cousezvn
AT EACH VERTEY (NoT INCSW)

3. WULTIPLE APPLICATIONS OF THE
RECURSION REWATIONS

A - ,é\

REQUIRES

3
<\ 2> W 2]

ot
- 23] =
<23d<3 1)y ) A (4 ) [23JC 31

YH

A3 =

& M7 1,23) = [AYa,l,a)]z



| )
@) WHAT ARE THE ALlowep Ps 7

WHAT aBour M(2) 2o @ ?

A. YAN6-MWLS AMPLITUDES ARE
~ COLOUR -ORDERED

P—) Pb) = P':+ ?c:-u s ?j-l ¢ PJ.
cyaLieatLy AD JACENT

G-ENERAL RELATIVITY &
NO ORDERING 3

RECQURSION RELATION HaS

A SUOM OVER ALL POSSIBLE
PARTITIONS SOCH THAT
PKeP , P{¢ P (l('{ ON OPPOSITE

| SIPES )
P : NoT NECESSARILY ADIACENT GRAVIONS



B. LARGE-2 BEHAVIOUR oP M@

FROM FEYNMAN D(AGRAMS

£
K

M PROPAGATORS
m+l VERTICES

(3) 4)

YH: V ~P ,V ~O(')
ER: V'a PP

M: 2 =2

— m +2(WMH) m €L

ER: 2 =2

[m=6 N PGRE]

VECTORS

INCLUDING EXTERNAL POLARISATION
| TEN SoR S



YANG - MILLS

(=) A o (+) c
o € )‘:%_W_ £ .o il
[N <M >

Q,,ﬁi;, — REFERENCE SPINeRS

® A'T BE_ST) 8’&:@ ?'L AL ,I/%?_

M -2

oM@~ 22 = 2——4 —> O (BcFw)
Z-> 00
GRAVITY
(F) (¥ (F)
EPW = E}U -8

@ AT BEST') T, ® Ty NETES

mtz & m-2

GR
® M (@ vz 322 -

HOWE VER



® QUANTUM GRAVITY (S FolL oF
SURPRISES...

* BETTER OV BEHAVIOOR
THAN  EXPECTED
( N=8 sverA DIVERGES
AT 6 LooPs .. )

® USE KLT RELATIONG Ko

Lewellew
losed opn  — opm e
Cos 4
g - VLL{.-[- Vm‘&hf-
IN THE FIEWD '[H'EOE,Y LIMIT

™ -1
* M(1L,23) = [A(123)]
| " M
¥ M(1,2,3 ) = 5 AGz30) AG243)

@ WE FIND M(2Y30 as 2500
FOR MKV A NMRYV

(M#V: USE ALso Buwwds Geele, Kiujs )



APPLICATION : MRV m
e ————————

- - _*
M3 3 )
- -

_ K=3_.m D "2
® & DIAGRAMS

CROOSING- X GR) :>‘l + 22X,

o7



+
4 3+ 3,+ 4-+
ey (1]
MM ) ——— ¥ 3634
<23) uS<wW

#* AGREES W(TH KLT aud BGK

¢
- - % |
o M(2 VAL I _<\z) 3¢ Lies)
<235C 2D DT USH<ED

+ P%Cses)

-‘-.

@ SOLVE THE RECURSION
RELATION FOR GENERAL M

¥ AGREES wmH RGK



SUMMARY

e EXCITING PROGRESS IN
CALCULATING AMPLITUDES
IN GAUGE THEORY AND
IN  GRAVITY

— TWISTOR SPACE
- MHV DIAGRAMS
— RECURSION RE LATIONS
— GENERAUISED ONITARITY



FUNCTIONAL |INTEGRAL
GREEN 'S FUNCTIONS
ACTION

OFF SHELL

S=-MATRIX ELEMENTS
ON SHELL
ANALY TIC\TY



THE ANALYTIC S-MATRIX

1S BAck V



