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Spectrai determinants.  |det(zf — A)|” = det(zf — 4)(zF — A)*

Keating-Snaith conjecture: {| det{F—z1)|"}p(y predicts moments of ((1/1

Averages of products and ratios of characteristic polynomials for ran
Hermitian and unitary matrices - extonsively studied during last decade

Crur motivation is different: distribution of complex cigenvalues.

Complex eigenvalues: why inleresting?

Ginibre gnsemble: (A ;)14k-y are independent standard complex norm;

| have matrix distribution with density ! exp{—tr A4*)
Ginibre's way: A= S5Z8 1w tr{AA") = tr(Z2*RZRY), R= &8
Dyson’s way: A = D(Z + T ~ tr( AA*) = tr{Z*Z) + L (1)

1p.df G0 g 12— =P exp( =37 |2]?): Circular Law, ctc. (1

religance on Lhe specifics of gaussian weight, fail for other weights,
exp (- tr{{A4%)°])

Gaussian real matrices: Lehmann-Sommers (1991), Edelman (1994)



Why moments of |det{zf — A}|? are relevant?

Poisson equation: du, = = Apa;
dien - 2igenvalue counting measure
I-‘I'.'L{z) j— jliﬂg :_3' — W|dlﬂ.n{.ﬁj - IDQ- DDtEﬁl’ia|

A = ;5 + 5= - the distributional Laplacian in Re z,Im z.

Under appropriate conditions. if p, —+ p then duw = | Ap.
Mote: palz) = ﬁlﬂg[det(zf — A}?,

{|det(=4 — A}F-“'}_,{ Is a generating fnc for {ﬁlr:rg |det{zf - A}
LInfortunately, our approach can handle integer momaonts only.

However,

f ]. . . I -
| Yo , € =+ O, indicator of domain of eigv.

and

for some RM ensembles, the mean eigv. density is f(z){|det{zs A}
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Mean cigenvaluc density via matrix dimension reduction:

- Gaussian matrices A, of dimension n (Edelman, Edelman-Kostlan-5h

; \ -
e = (!det(g;ﬂ 1 — A, 1J|E;}; (complex matrices, com

L

ye W 8 arfoiy) <|det{le 2 — Aa g)|2> (real matrices, complox
~ Ay a
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but mean density of real eigvs of real matrices is ¢ " (det(el - A,

- Rank 1 deviations from hormiticity: A,(~) = GUE, + i~ diag(1,0.....,(

Eigv. density of Ao(~) = fuly, 2, 2") <|ﬂE‘t{ﬂu—1 ﬂ:-—1)|?>
4
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- Rank 1 deviations from unitarity 4,{(y)4,(y)}* = L. — ~diag(1.0,...,0)

s

Eigv. density of Ax{v) = gn(~, 2. s*)(ldetr{z w 1 — Ay JI%

¢ "‘11| 1|:-_l

weakly non-Hermitian matrices { Fyodorov, K., Sommers)
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Main_results — T -
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Let A and B be two n x n matrices. \\ﬂ:ﬁ \ 5:. ekl

. _— o o by T
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Thm 1 For any positive integer m.:

Trh

[ seliu-ai-poio=a [ [Tl [ 5%

e n i y=1

The integral on the rhs is a Hankel determinant
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Thm 2 IfAA* < 1,, BB < I, and 2m < n then

Ar7 .
/det“‘EIﬂ— ﬁlD){Tﬂ_—HU_] Qf /H“ :}Hdetifu

i) ]

Similar formula hDIds T AA™ = I, BB* = L.

Integrals on the rhs are RMT integrals (Jacobi) sk B



Thm 3 Forn =2,

-:fU
V[i|'|::.”_:| dE’:'t[;.Efﬂ_ + {r — A[;]{Iﬂ A{Jr)*]

- 1)/ (1 -~ Eda/ % - -
o Y det [Adr (52 - —ievE (v + )

If the mgenvalues nr r:rf AA% are distinct, in the Iimit = — 0, the rhs is

—ee{AATYlog s ? + (A4 4+ O(=)
where

alAAT) = (ﬂ—lJi (1 —a;)" 2 ©(1 - a3) H -——-:,.
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B(AAY) (n — 1)L(1 37 wiad) [ = T
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where © is the step fnc and
: S B | !r‘l(ﬂ.?' —1) if a2 = 1,
W(a?) = { —y, 24+ in{1 —a?) it 07 < 1
It 2 if 7 =



Romk ene denakions froud uu.p{ﬂ,m’-& . AA= diag(1-3,1,-,1) | ¥>0
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Feinborg - Zee ring

Consider random A with inv. matrix distr. dP(A, A*) o e VAL,
V{i} is a polynomial. If V() = ¢ have Ginibre ensembie.

Note: A4 has complex eigvs, W = AA* has real eigvs,

. | o —_— too (det(|z]? + ¢
{{det(ziy — A)}, = {|det(zd, ALY, = (n+ 1}fﬂ T A4
= explnd(z) + o(n)]
where @ is given in terms of limiting distribution, da{A), of eigvs of ¥
(10g |z|* if |2z] > my1 = [ Ade(A),
©(z) = ¢ [ 1od Ado(A) if 1/|z] > m_1 = jﬂﬂ,
k}f«'FE + f57 1eg éjii:'%dﬂ‘{k} if 1/m.y < |5 <

where 15 is the (unigue) solution of j‘f%—} = 'I?gﬁ‘

-lave agreement with Feinberg & Fee { Ad = 0 outside the ring).

Free probability link: if & and A > 0 are free and 7 is Haar unitary
Brown's measure of IJA as computed by {Haagerup-Larsan is exactly A
.
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