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I . Introduction

Boltzmann-Gibbs Statistical Mechanics
@® Ergodicity

® Molecular Chaos Hypothesis

Dynamical Counterpart of Boltzmann-
Gibbs-Shannon Entropy

@ Kolmogorov-Sinai Entropy

e Positive Lyapunov Exponent(s)

e Constant Entropy Production Rate



Thermodynamic Limit

i}

Long-Time Limit

A quantity A(z) is "temporally
extensive”, if it satisfies

=500

limégl =const

€g..
The Kolmogorov-Sinai entropy is temporally
extensive for chaotic dynamical systems.

N.B.,
Thermodynamic Extensivity of
Thermodynamic Entropy

A Basic Premise for Thermodynamics
to be Constructible
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Complexity at the Edge of Chaos

@® The maximum Lyapunov exponent
vanishes.

@® The Kolmogorov-Sinai entropy
fails to be temporally extensive.



I. Thermodynamics Based on
Time Average

A. Carati, Physica A 348, 110 (2005).

Connection between
"Probabilistic Process in Phase Space”
and
"Thermodynamics”

e Expected to shed new light on temporal
extensivity of thermodynamic quantities



M: Phase Space
OG-M—>M st. x_ =0¢(x,) (x,eM)

X}, ...+ Time Series Generated by
the Dynamical Map

Average of a physical quantity A over
a fixed long time interval 1<n<N (N>>1)

Ax)=p 3 Ax,)

T

still random, depending on the

initial data, x,
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“Coarse Graining”

Divide M into cells L,L,---,L, (K>>1)

A : representative value of A in L

n: number of times the system
visits L,

{n}. .. .+ random



Sojourn Time Distribution

Cumulative Probability that L is visited

n (<n) times by the system:
P(n<n)=F(n)
The Average Value of A
%2 <n>
with

JHf:ldF(nf)ni S(N_Zjnj)
| dF ()8 (N-x.n)

<n>=

D



Generating Function

ZW)=[TIdF (n)e™™*" §(N~Z,n)

U .

J | InZ(A)

L |
<A B )

A=0
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If the constraint is imposed on

the energy:

U=y gen
(¢:energyin L)

U

Z(A) is replaced by

ZU(A) :J.Hle dF(nj)e_iZs 4y 4,

XO(N-Zn)o(U-X en/N)

and accordingly,
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J'dp(n)e—nzzex@

Then,

Z,(A) =_@%§ I dk, j dk,
s¢ @ UNFiky N+5, x (A A ik e 4ik,)

Large- N Limit

Steepest-Descent Conditions:

U= %ie x' (ike+ik,)

=~

N==% x' (ik € +ik,)

_ (X ©)=dx(©)/dl)

in the limit 1—0
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Therefore,

A
> |
V
I
|

L %i A x (O +o)

I
\gle
o
<

with the sojourn time probability

_ X (@e+o)
pi"' N

provided that

ik, and ik, are continued

to 6 and «
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Boltzmann-6Gibbs Statistics

)

F(n) is Poissonian!

J.dF(n)e“”gzzga e‘NP—-_—(an!D)n et

4

=eNre-Nr (0<p<1)
X(G)=Npe*—Np

{ -dependent relevant part

Xo(8)=Npe*

(anticipated as the free energy)
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The Legendre Transformation
s(V)=V,C,+x,(5)
Vi =“‘)C' o(gi)

({,=0¢+a)

Then, one finds:

¢,=—In(p,/ p)

vi — sz

U

Boltzmann-Gibbs-Shannon Entropy

S:is(vi):—Ni plnp (p=1/e)
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Boltzmann-6Gibbs-Shannon
Entropy

Se<N

i.e.,

Temporally Extensive
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"Thermodynamics” Entropy
(Entropy Production Rate)
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Temporal Extensivity of
Tsallis Entropy

Two Points:
(i) g-Expectation Value

-y K
<A >U’q:; A P®

P@= Z(}() }3 q)q : Escort Distribution
b X (e +)
R( ) — N
(see p.13)
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(ii) Deformation of Poissonian

Process

Deformation of Generating Function

X(&)=Npe*t—x, (O)=Nr,e, ()

with the g-exponential function

e,(x)=[1+(1-g) x]V0-0 (—=L,e%)

([a],=max{0,a})
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vV, :—X' o,q(g)) =qu[eq(_g)]q

£=C =0¢,+a

:N})I_(Q),

_ 1
Ci l—q

V. 1/ g-1
N7 ] ‘1}

q

- b
%o,q(g‘)—qu W

(=3, (p)")
The corresponding entropy:

S,=35,(V)=E VL +2,,0)]

IS ]
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The Tsallis Entropy is also

Temporally Extensive:

S,<N,

Whenever Relevant.
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N.B., r, must be chosen to be

q/(1-q)

7 = (—=L, p=1/e)

q

q
(c)"(2—c,)

Reality Condition:

K
chZ:l(pi)“f<2
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Nonextensive Statistical Mechanics

S
Sth,qz_Ni
0S 1
® =g

@& pi:Zq}ﬁ)eq(—(ﬁe,-m)),

Z(B)=3 e,(~(Be,+o0)
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IV. Bound on the Tsallis-Entropy
Production Rate

=3 (p)<2

i=l

(1) g>1 (trivial)

O<c, <1

S
-
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(2) 0<g<1 (nontrivial)

Universal Bound on Tsallis
Entropy Production Rate
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Remark:

All known analytical results on
nonlinear dynamical systems
at the edge of chaos
are found to obey this bound.
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V. Concluding Remarks

@® Temporal Extensivity of Tsallis

Entropy

@ Complete Derivation of Nonextensive
Statistical Mechanics based on

Time Average

@ Universal Bound on Tsallis Entropy

Production Rate

Reference:

S. A. and Y. Nakada, cond-mat/0603550 i
To appedr in Pl\ysi Rev. E
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