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SANTOS THEOREM: RJV Santos, J Math Phys 38, 4104 (1997)

(g - generalization of Shannon 1948 theorem)

IF S({p,}) continuous function of {p.}
AND S(p, =1/W, Vi) monotonically increases with W
S(A+B) S(A) S(B S(A) S(B
(A<B) S, SB) ) SRS (i, pp )
K K K
AND S({p,})=S(pp, Py)+ P, S<{p./pL})+qu S({Pn/ Pu}) (With p_+py, =1)

AND

THEN AND ONLY THEN

W
1_2 piq

S({pi}):ki%

q-1 (qzl — S({pi}):_kzpiln pij

CE SHANNON (The Mathematical Theory of Communication):
"This theorem, and the assumptions required for its proof, are In N0 way necessary for the

present theory. It is given chiefly to lend a certain plausibility to some of our later definitions. The
real justification of these definitions, however,will reside in their implications.



ABE THEOREM: S Abe, Phys Lett A 271, 74 (2000)

(g - generalization of Khinchin 1953 theorem)

IF S({p;}) continuous function of {p,}
AND S(p, =1/W, Vi) monotonically increases with W

AND S(pl’ pza'"a pW90) — S(pl, p29'”9 pW)

AND S(A+B) _ S(A) N S(B|A) +(1—-q) S(A) S(B|A)
K K K K K
THEN AND ONLY THEN
1_% piq W
S({ph =k— [q=1 = S(ipH=—k2 p;ln pi]

The possibility of such theorem was conjectured
by AR Plastino and A Plastino (1996, 1999).



S,(N,t) versus t



LOGISTIC MAP:

X, =l-ax’~ (0<a<2; —-1<x <1;t=0,1,2,...)

(strong chaos, i.e., positive Lyapunov exponent)
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We verify

K, =4, (Pesin—like identity)

where

K, =lim 5 (1)

t—o0
t

and

AX(t) 4

f(t)_hmg\x(opo AX(0) =€



(weak chaos, i.e., zero Lyapunov exponent)
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E. Mayoral and A. Robledo, Phys. Rev. E 72, 026209 (2005), and references therein



We verify

Ky=4, (q—generalized Pesin—Ilike identity)

where
. Sq(t)
K, =lim,_, sup{ qt }
and
B . AX(1) gt
¢ (t) =sup {hmAx(O)—m T(O)} = eq
with
Z b Z Z
&g =[1+0-q) 2]« (e =€)



THE CASATI-PROSEN TRIANGLE MAP:
G. Casati and T. Prosen,
Phys. Rev. Lett. 83, 4729 (1999) and 85, 4261 (2000)

“While exponential instability is sufficient for a
meaningful statistical description, it is not
known whether or not it is also necessary.”

V=¥, +a sgn(x)+ [ (mod?2)
Xt =X T Vi (mod?2)

(o and £ independent irrationals)

S (a,[;’):((l/Z)(\/; D(1/e), (112) (N 5-1)+(1/e))

This map is conservative, mixing, ergodic
and nevertheless with zero Lyapunov exponent!

AX (1) ot

Furthermore & =lim AX (0)50 m



CASATI-PROSEN TRIANGLE MAP [Casati and Prosen, Phys Rev Lett 83, 4729 (1999) and 85, 4261 (2000)]
(two-dimensional, conservative, mixing, ergodic, vanishing maximal Lyapunov exponent)
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G. Casati, C. T. and F. Baldovin, Europhys. Lett. 72, 355 (2005)




NONEXTENSIVITY OF THE CASATI-PROSEN MAP:

Answer to the above equation:
[G. Casati, C.T. and F. Baldovin, Europhys Lett 72, 355 (2005)]

It is not necessary: a meaningful statistical description
1s possible with zero Lyapunov exponent!

[Essentially because an integrable system has zero Lyapunov
exponent but the opposite is not true]

In general, ‘§=[1+(1-(])/1qt]1/(1_Q)
hence, (foct:)q:()

Consistently, we expect

1= > [p,(OF
(i) S, (1) =—= 1 >t only for ¢ =0
.-

S,(0)
— =

(DK, =lim, _ A, forg=0



CASATI-PROSEN TRIANGLE MAP |[Casati and Prosen, Phys Rev Lett 83, 4729 (1999) and 85, 4261 (2000)]
(two-dimensional, conservative, mixing, ergodic, vanishing maximal Lyapunov exponent)
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G. Casati, C. T. and F. Baldovin, Europhys. Lett. 72, 355 (2005)



S,(N,t) versus N



HYBRID PASCAL - LEIBNITZ TRIANGLE
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1 P>+« p(l—p)-x P

2 pl-p)-«x|(1-p)+x 1-Pp

p 1-p 1
EQUIVALENTLY:
(N =0) x 1
(N =1) X P x(1- p)

(N =2) x[p*+x] 2x [pd-p)—-«] Ix[(1-p)’+x]



q=1SYSTEMS
l.e., suchthat S,(N)x< N (N — o)

1 1 1 1 1 1 1 1 1
1 10 20 30 40 50 60 70 80 90 100

1 1 1 1 1 1 1 1 1 0 L L
1 10 20 30 40 50 60 70 80 90 100 1 10 20

N N N
Leibnitz triangle N independent coins Stretched exponential
1 pN = pN p _ N&
e — > N.O p
(pN’O N +1j
withp=1/2 withp=a=1/2

(All three examples strictly satisfy the Leibnitz rule)

C.T., M. Gell-Mann and Y. Sato
Proc Natl Acad Sc USA 102, 15377 (2005)



(N = 0)
(N =1)
(N =2)
(N =3)
(N =14)

Asymptotically scale-invariant (d=2)
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(It asymptotically satisfies the Leibnitz rule)

C.T., M. Gell-Mann and Y. Sato
Proc Natl Acad Sc USA 102, 15377 (2005)



q#1SYSTEMS
le., suchthat S (N)oc N (N —o0)
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(All three examples asymptotically satisfy the Leibnitz rule)

C.T., M. Gell-Mann and Y. Sato
Proc Natl Acad Sc USA 102, 15377 (2005)
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C.T., M. Gell-Mann and Y. Sato
Europhysics News 36 (6), 186 (2005) [European Physical Society]



If A and B are independent,
ie, if p,""=p"p°,
then
1—
S,(A+B)=S,(A)+ Sq(B)Jrk—OI S,(A) S,(B)

B

A VOLUME IN THE
SANTA FE INSTITUTE STUDIES IN THE SCIENCES OF COMPLEXITY




g - CENTRAL LIMIT THEOREM: (conjecture)

0Pt _ 5 PO

(0<y<2;,0<3)

ot ol x|
globally correlated variables;
\ finite g-variance;
y conjectured CLT « g-Gaussian attractor
2 /
4
\ independent variables;
Gaussian CLT finite variance;

Gaussian attractor

1+ \Levy-GﬂedenkD CLT<+ independent variables;
divergent variance;
Levy attractor

C.T., Milan J. Math. 73, 145 (2005)



g-GAUSSIANS:
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D. Prato and C. T, Phys Rev E 60, 2398 (1999)



q - CENTRAL LIMIT THEOREM (ag-product and de Moivre-Laplace theorem):

The g- product is defined as follows: |

X®, y= [xl‘q +y' —1]1—q
Properties :
) X®, y=XYy
i) In,(X®, y)=In, Xx+In_y
[whereas In (X y)=In,x+In;y+(1-q)(In, X)(In, y)]

[L. Nivanen, A. Le Mehaute and Q.A. Wang, Rep. Math. Phys. 52, 437 (2003);
E.P. Borges, Physica A 340, 95 (2004)]

The de Moivre-Laplace theorem can be constructed with

T

and
1) Leibnitz rule



In_,5[P(x)/p(0)]

g - CENTRAL LIMIT THEOREM: (numerical indications)
We g — generalize the de Moivre — Laplace theorem with

L (l] ®, (ij ®, (i] (N terms)
po Lp) “Lp p

l.e.,

1

Pyo =[N P =(N-D ] (with p=1/2)

[ I I T T .- y—— & =0
044F — T T T T T T 1] ; o1 ’./_,_.-—" ;
0 (g=3/10) . AT e 1
0.43 /’r 1 T T */
| // /.’ -
o1l B(N) 0.42 | i .,’ 0.8+ ./// 1
~ N=50 S i 1
ool N=80 » L | i , o 0-67 /,. 11
' ---- N=100 .0 002 004 006 008 B / o J ]
--- N=150 L /N B ! 04 ,’ -
""" N=200 KA““».\._\_ 5 ! i / 17
03k -- N=300 = - o2t /S =7
- N= 400 \,.\.g..\._\_‘“. ; ‘ | // _
--- N=500 I oL@ | L. |
o — N=1000 Q) - 05 06 o.7q 08 09 1
04— D - I
0 T S— '2 I Fa— 1 I e— q Ty a— 1
X

[Hence g - 2 — g (additive duality) and g - 1/g (multiplicative duality) are involved]

L.G. Moyano, C. T. and M. Gell-Mann, Europhys. Lett. 73, 813 (2006)



q- GENERALIZED CENTRAL LIMIT THEOREM: (mathematical proof)

S. Umarov, C.T. and S. Steinberg [cond-mat/0603593]
g-Fourier transform:
® " ixg
- 1_
FLT16) = &5 ®q fodx=[ef ™ f(x) dx (nonlinear!)

g-correlation:

Two random variables X [with density f, (x)] and Y [with density f, (y)]
are said q-correlated if

F [(X+Y](S) =F,[X](S) ®, F[YI(S),

le., if
Ii dz e7° ®, f,.y (2) =[Ii dx eg° ®, fx(X)} ®y U_Z dy e ®, fY(Y)} :

with f, ., (2) = _[_O:o dx_[: dy h(X,y) o(x+y—-12)= j:dx h(X,z—-X) = I: dy h(z-vy,y)

where h(x, y) is the joint density.

g -correlation means independence if g=1,1e, hxy)=7fX Ty
( global correlation if g=1, hence h(x,y)= f, (X)f,(y) ]



Closure:
The g - Fourier transform of a g-Gaussian is a z(q)-Gaussian with

2(q) = %ﬂleowﬁ>

Iteration:

29+n(d-q)
n=0, £1, £2,...; q, =
i G, =)

(the same as in R.S. Mendes and C.T. [Phys Lett A 285, 273 (2005)] when calculating marginal probabilities!)

Oy = Z, () =2(Z,,(q) =

hence
(1) q,(H)=1(vn), 0a.(q)=1(Vq),
(ii) G, =2 ——— .

n+1

(the same as in L.G. Moyano, C.T. and M. Gell-Mann (2005)!)
(the same as in A. Robledo [Physica D 193, 153 (2004)] for pitchfork and tangent bifurcations!)

s 1 q+m(1_q)
n=2m=0, +2, +4,.. yields q,,=0,, =
(111) y Q) = G 1+m(1-q)

(the same obtained in C.T., M. Gell-Mann and Y. Sato [Proc Natl Acad Sci (USA) 102, 15377 (2005)],

by combining only additive and multiplicative dualities, and which was conjectured

to be a possible explanation for the NASA-detected g-triangle for m =0, £1!)



Generic pitchfork bifurcations:

X, =% +b sign(x) | % |* (z>1; b>0)

Generic tangent bifurcations:

X, =% +D0| X " (z>1;, b>0)

The fixed point map is a q-exponential with

q=12
and the sensitivity to the initial conditions is a g, - exponential with
1
qsen =2 _a

Example: The ¢ —logistic family of maps
X =1-a|% [ (¢>1 0<a<2; ¢>1)
has

b

z =3 for pitchfork bifurcations (V¢), hence q=3 and q,, =§ ;

z =2 for tangent bifurcations (V¢), hence q=2 and q, :% :

A. Robledo, Physica D 193, 153 (2004)



q- FourierTransform{

where

and
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T g ﬂz—qcza—m

-

2J_r[q 1]
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A random variable X is said to have a (q,«)-stable distribution Lg , (X)
If its g - Fourier transform has the form a eab oI (a>0,b>0, 0<a<2)
le., If

- " ix$
. o (X 1-q _b 104
Falloo1©) = [ €M@y Ly, 00 dx= [el 9™ L, (0 dx -a € 9

'—1,2(X) =G(X) (Gaussian)
Ll,a(x) =L, (X) (a-—stable Levy distribution)
quz(x) =Gq(X) (q-Gaussian)

S. Umarov, C. T., M. Gell-Mann and S. Steinberg (2006)
cond-mat/0606038
cond-mat/0606040



CENTRAL LIMIT THEOREMS: N "“*9T_SCALED ATTRACTOR IF(x) WHEN SUMMING N — o0
g-CORRELATED IDENTICAL RANDOM VARIABLES WITH SYMMETRIC DISTRIBUTION f (X)

q=1 [independent] q=1 (e, Q=29-1 #1) [globally correlated]
F(x) =G4, (X) = E-Gaussian,
gl gq+1
F(x) = Gaussian G(X), with same o, [z [ (£ o010 /[ dx [f(x)]Q} of f(x)
O-Q< o0 with same o, of f(X) = G(X) if [ %< x.(0,2)
(a0 =2) G?;f(x) {~ F(x) ~ Cq/ | x [TV it | x1>> x.(q,2)

with lim,_, , X.(q,2) =00

F(x)=L - stable distribution,
F(x) = Levy distribution L, (x), ral-arl ,
with same |x| — with Ly, 043  ~ f(X)NCé,La)/\x\(”“)/(“aq—a)
asymptotic behavior S
Opn —> © :
° =600 o N
0<a<?2) if | x|<< x.(1, @) F(x) = Laq+q—1a stable distribution,
L, (X)s Ligr a+q-1"~
~f(X)~Ca/|X| with L | - f(X)~C(*) /|X|2(05+q—1)/05(q_1)
- =+ - a
if | x[>>x.(1,) Ak qQ_l @ q.

with lim_ , , X (L) =




BOLTZMANN-GIBBS STATISTICAL MECHANICS
(Maxwell 1860, Boltzmann 1872, Gibbs < 1902)

W
Entropy Sgs = —kz pi In p,
i=1
W
Internal energy Use = 2 PiE,
Equilibrium R 7 N tE
distribution P °e > ;‘e
: . dy
Paradigmatic ax AVl y =e¥
differential y(0) =1
equation
a y(x)
Equilibrium distributi
quilibrium distribution Ei _IB / p(EI)
.Se.n.51t1V1ty to ¢ 2 £= lim Ax(t) _ o it
initial conditions Ax(0)->0 AX(0)
Typical relaxation of O()-0(x) ..
observable O L -1z 2= 0(0)—0(x) *

Sg; — extensive, concave, Lesche-stable, finite entropy production




NONEXTENSIVE STATISTICAL MECHANICS
(C.T. 1988, EM.F. Curado and C. T. 1991, C. T., R.S. Mendes and A.R. Plastino 1998)

Entropy

Internal energy

Stationary state
distribution

Paradigmatic
differential
equation

(1 Zp. j/(q 1)
=Zp. E./ij

:O
n('D
I|I

Oy ~ag(Ejg)
=28

j=l1

—:ayq ax 1

= y==6, =[1+0-qgax]i-a

a y(X)

Stationary state
distribution

p(E ) (typically g, = 1)
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-1/

S, — extensive, concave, Lesche-stable, finite entropy production

C. T., Physica A 340,1 (2004)



Prediction of the @ - triplet: C.T., Physica A 340,1 (2004)

SENSITIVITY
(qSé‘H)

RELAXATION STATIONARY STATE
(qref) (qsmr)

Fig. 2. The triangle of the basic values of g, namely those associated with sensitivity to the initial conditions,
relaxation and stationary state. For the most relevant situations we expect gsen < 1, Gyo7 = 1 and Gstar = 1.
These indices are presumably inter-related since they all descend from the particular dynamical exploration
that the system does of its full phase space. For example, for long-range Hamiltonian systems characterized
by the decay exponent o and the dimension d, it could be that g, decreases from a value above unity
(e.g., 2 or %) to unity when a/d increases from zero to unity. For such systems one expects relations like
the (particularly simple) ¢siar = ¢re; = 2 — @sen Or similar ones. In any case, it is clear that, for o/d > 1
(i.e., when BG statistics is known to be the correct one), one has gswr = g1 = gsen = 1. All the weakly
chaotic systems focused on here are expected to have well defined values for gsen and ¢,.;, but only those
associated with a Hamiltonian are expected to also have a well defined value for gssar.




SOLAR WIND: Magnetic Field Strength

L.F. Burlaga and A. F.-Vinas (2005) / NASA Goddard Space Flight Center; Physica A 356, 375 (2005)
[Data: Voyager 1 spacecraft (1989 and 2002); 40 and 85 AU; daily averages]
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Playing with additive duality (g—>2-q)
and with multiplicative duality (g —1/0)
(and using numerical results related to the g— generalized central limit theorem)

We conjecture
1 1
Qo T— = 2 and Ospar +— = 2
qsen qrel

1- 0 stat
3-2 Ostat

hence only one independent!

hence 1-q,, =

Burlaga and Vinas (NASA) most precise value of the g—triplet is

Qe =1.75=7/4
hence O, =— 0.5=—1/2  (consistent with q,, =— 0.6 £0.2 !)
and O =4 (consistent with q,,, = 3.8 £0.3!)

C.T., M. Gell-Mann and Y. Sato
Proc Natl Acad Sc USA 102, 15377 (2005)



Connections with
asymptotically scale — free networks



GEOGRAPHIC PREFERENTIAL ATTACHMENT GROWING NETWORK:

D.J.B. Soares, C. T., A.M. Mariz and L.R. Silva, Europhys Lett 70, 70 (2005)

(1) Locate site I=1 at the origin of say a plane

(2) Then locate the next site with

P, oc1/1*% (ag >0)

(r = distance to the baricenter of the pre — existing cluster)

(3) Then link 1t to only one of the previous sites using

P, <k /riaA (a,20)

4) Repeat

links already attached to site 1)

distance to site i)



(a; =L, =1;N =250)
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D.J.B. Soares, C. T., A.M. Mariz and L.R. Silva
Europhys Lett 70, 70 (2005)



P(k)/P(0)=e,~*'"
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D.J.B. Soares, C. T., A.M. Mariz and L.R. Silva
Europhys Lett 70, 70 (2005)



PREDICTION:

The solution of
0p(xt) _ oy PO

[P(X,0)=0(0)]  (q<3)

ot OX’

IS given by
p(x,t) oc [ 1+(1—q) x>/ (10 =g " (1o D)
hence
x> scales liket” (e.g., <x2>oct7)
with

o2

3-¢

C.T. and D.J. Bukman, Phys Rev E 54, R2197 (1996)



Hydra viridissima: A. Upadhyaya, J.-P. Rieu, J.A. Glazier and Y. Sawada

Physica A 293, 549 (2001)
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Defect turbulence:

K.E. Daniels, C. Beck and E. Bodenschatz, Physica D 193, 208 (2004)
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XY FERROMAGNET WITH LONG-RANGE INTERACTIONS:

2/(3-q)
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Anomalous diffusion exponent Yy

A. Rapisarda and A. Pluchino, Europhys News 36, 202 (2005)
(European Physical Society)



COLD ATOMS IN DISSIPATIVE OPTICAL LATTICES:

Theoretical predictions by E. Lutz, Phys Rev A 67, 051402(R) (2003):

(i) The distribution of atomic velocities is a g-Gaussian;

44E,
UO

where E. =recoil energy

(i) q=1+

U, = potential depth



Experimental and computational verifications
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by P. Douglas, S. Bergamini and F. Renzoni, Phys Rev Lett 96, 110601 (2006)
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