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Limit theorems

(Y, B, v) - measure space with v(Y) =1

T :Y —Y - transformation preserving the measure v
h:Y — R - measurable function

Question:

Are there sequences b, > 0, ¢,, and a non-degenerate
random variable n such that

d - Im Z)un(dz) = Z Z),
Mo =9 1 = | /Zf< unl(dz) = [ F(2)udz). e ()

n—oo 7

Nn, N - random variables with values in a metric space Z and
distributions wn, u
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Functional limit theorems
Define the process {wy(t) : t € [0, 1]} by

[nt]—1
1 |
Wn(t):B— Z hOTJ—C[nt] for t€[0,1], n> 1.
n 2o

Is there a process VW such that the sequence w, converges

weakly to W
wa(-) =9 W(-)?

Statistical Limit Theorems for non-invertible transformations, Marta Tyran-Kaminska



Functional limit theorems
Define the process {wy(t) : t € [0, 1]} by

[nt]—1
1 |
Wn(t):B— Z hOTJ—C[nt] for t€[0,1], n> 1.
n 2o

Is there a process VW such that the sequence w, converges
weakly to W
wa(-) =9 W()?

Perron-Frobenius operator
Pr: LYY, B, v) — LYY, B, v) :
for all f € LY(Y,B,v), g€ L=, B,v)

/PTf(Y)g()/)l/(dy) :/f(Y)g(T(y))u(dy)_
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'Standard’ central limit theorems
Theorem 1. Let h € L?(Y,B,v) be such that Prh = 0.

T hen

[n]-1
=0

where 1 is the o-algebra of T-invariant sets and w is a
standard Brownian motion independent of E(h?|T).

Note:
Prh=0= [ h(y)v(dy) =0;
T-ergodic = /E(h2|T) = ||h||».
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Example. Consider T : [0,1] — [0, 1]

l.O'A'
( ol
2_)/ yE O’Z)
Ty)=1 2y -1, yel:2)
=
\ 2y—1, y € Z’l]

0.0 0.5 1.0

v - Lebesgue measure
T- not ergodic: T71([0,2]) = [0, 2] and T~1([2,1]) = [3. 1]

The Perron-Frobenius operator

ey Te(T ), 1o (1 1\, 1.1 1),
) =S5y ) Loyl sy + 2 JH5f Loy +5 ) I gW),
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Let

(1, ye¢ :O,%)
—1, y€ :111)
h(y) = D
-2, yel3.7)
3
A

-1

) 50
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The density of \/E(h?2|Z)w(t) equals to

1 1 ( X2
22t > 2t
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When the problem can be reduced to Theorem 17
Theorem 2. Let he L2(Y,B,v) be such that [ h(y)v(dy) = 0.
Suppose that

©.@)

_3
2.

n=1 k=1

"hH2 — 0. (1)

T hen
[n-]—1

Z ho Tl 4\ E(RIT)w("),

where h € L2(Y, B, 1/) is such that
1 n—1
h=0  and —H h—h TfH 50 (2
Pr NG ;( ) © , (2)

Note:

If Z HPThHQ < oo then (1) holds.
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Sufficient decay of correlations = condition (1)

[ f0)aT ety — [ fav [ gdv] < 1)lFle gl

e coupling method: | : ]

L1 - HOlder continuous functions, L, = L*°
[IPEAIL < I(n)|lhll .,

Note:
1Al < All2 < ||Alle

1/2
PRI < ||AIIX2IPEAILY
e Birkhoff metrics: | ]

e cstimates in BV norms
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Example. T is ergodic and cyclic: Y =YiU...UY,,
TY) =Y, i=1,..., r—1, T(Y;) =Y.

Let h € L2(Y,B,v) be such that [ h(y)v(dy) =0 and

n—1 r—1
> Ph| =0(1), where h =) hoTk
k=0 - k=0
Then
[n-]—1
Z hoT/ =9 ow(-), where
/ h2(y)l/(dy)+22/ he(y)he (T (dy);
c=0<«= h,=foT"—f for some f.
[ ] P+ quasi-compact on L
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a-Stable random variable

Nq IS said to be a-stable for some a € (0,2) if it has
characteristic function

/

exp(ifa — 04|0|*(1 — iBsign(f8) tan(mwa/2))), o # 1,
exp(iBa — 04|0|(1 + iB(2/m)sign(8) In(0)), a=1.

Ee'fM — ¢

\

=0, a=0
Gaussian law
a=1.5b
a=0.5b
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h is in @ domain of attraction of an a-stable law
v(|lh] > x) ~ x %L(x), x — oo,

where o € (0,2), L is a slowly varying function at oco and

. v(h>x) - v(h < —x)
lIm = p and lIm = q
x—o0 p(|h| > x) x—oo Y(|h| > x)
with 0< p<1and p+qg=1.
Let b, be such that
lim nv(|h| > b,) = 1. (3)
n—-o0

Then
nv(b;th € ) =Y Xa(-), where

Aa(dx) = (Pox™" 1 (g 00y (X) + ga(—x) "4 (Lo 0)(X)) dx.

Statistical Limit Theorems for non-invertible transformations, Marta Tyran-Kaminska



Assumptions:
(C1) T is ergodic.

(C2) his in a domain of attraction of an a-stable law with
a € (0,2)

(C3) for every set V which is a finite sum of disjoint and
separated from O intervals of the form (c, d]

Tim v(Th1(p,v) 2 1) = exp(=Aa(V)), (4)

where T4(y) = inf{k > 1: T*(y) € A}.
Note:

n—oo

(4) <= lim v(my, > u(f/n)> )
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Convergence to a-stable random variable nq
Theorem 3. Assume (C1)-(C3).

1 n—1 |
(i) IF0 < a < 1, then b—Zhon—>dna.
nj:O

(ii) If 1 < a <2 and for all € > 0

lim limsup v(|S,(0, 6] — ESn(0,96]| > €) =0, (5)

0—0 n—ooo

where Sn(0,68] = byt Y25 (Lip-1 066y h) © T/, then there is c;
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Convergence to a-stable random variable nq
Theorem 3. Assume (C1)-(C3).

1 n—1 |
(i) IF0 < a < 1, then b—Zhon—>dna.
nJ:O

(ii) If 1 < a <2 and for all € > 0

lim limsup v(|S,(0, 6] — ESn(0,96]| > €) =0, (5)

0—0 n—ooo

where Sn(0,68] = byt Y25 (Lip-1 066y h) © T/, then there is c;

Remark. Extensions of (4) and (5) lead to functional limit
theorem with a-stable process in the [imit.
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Example. Tent map

T(y)=1-2ly|, y € [-1,1], v- normalized Lebesgue measure

on [—1,1],
Prh(y) = %h (y2—1) + %h (1_2y> .

h(y) =—h(—-y), y € [-1,1] = Prh=0.
Let h(y) =y", y >0 and h(—y) = —h(y):

1
29+1>0= — hoT/ —d w(-),
Y Z =70
[
2'Y+1<O:>FZhOTJ—>dX_%(),
J=0

Xa - SYymmetric a-stable process
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