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SYM with 16 supercharges — conformal field theory in d = 4

Textbook description: = anomalous dimensions of gauge invariant

operators
= 3-point functions
= sewing relations

e spectral problem of N =4 SYM: find all anomalous dimensions

Omn
|£U|2An

= O, “good” operators —diagonal RG flow (Op(0)Op(x)) =
available tricks for special ‘‘good” operators

= Op " natural” operators = operator mixing — (On(0)Om(x)) # dmn

“good’ operators = combinations of “natural’ operators
¢ Clean formulation in terms of dilatation generator (D € PSU(2,2|4))

DOy = Z'Ynm Om — DOn = Ap Op
m

= Further simplification: restrict to single-trace O,, in 't Hooft Ilimit



e Known explicit higher loop anomalous dimensions in N = 4 SYM:

= BMN operators (2-loops) Gross, Mikhailov, RR

» single-magnon dispersion relation (all loops)  ©ross, Mikhailov, RR;
Santambrogio, Zanon

= 2- and 3-loop cusp anomalous dimension Kotikov, Lipatov,
Onishchenko, Velizhanin; Bern, Dixon, Smirnov

= 4-loop cusp anom. dim. tour de force Bern, Czakon,Dixon,
Kosower, Smirnov;
— further improvements Cachazo, Spradlin, Volovich

e Strong coupling — from AdS/CFT

» Operators with large quantum numbers
Frolov, Tseytlin; Kruczensky, Ryzhov, Tseytlin;

» Cusp/folded string (LO, NLO, NNLO)

Gubser, Klebanov, Polyakov; Frolov, Tseytlin; Kruczensky;
Frolov, Tirziu, Tsevytlin; RR, Tirziu, Tseytlin



Outline

What is integrability and why do we believe in it7

Hamiltonian vs. (2-dimensional) S-matrix: 1,2,3,4...007

The idea of the Bethe ansatz

BES vs direct calculations

Is this the end?

Outlook and open problems



What is integrability ...

Wikipedia: “In Hamiltonian mechanics, an integrable system refers
to a Hamiltonian system that has constants of motion other than the
enerqgy itself. A completely integrable system is a system that has n
degrees of freedom, n constants of motion, and whose constants of
motion are in involution: that is, the Poisson bracket between each
pair of constants of motion vanishes.”

s spectrum — degeneracies unexplained by lowest conservation laws

= NO algorithm to identify integrable Hamiltonians



Sasha Migdal: “... but why do you believe in integrability for N = 4
SYM?”

Matthias Staudacher: “I guess unlimited optimism :)"

12th Ttzykson meeting, Paris 2007



From weak coupling end:

= |ow order evolution operators define integrable H Lipatov;
Minahan, Zarembo; Beisert, Staudacher

= tree-level Yangian consistent with 1-loop dilatation operator
Dolan, Nappi, Witten

u higher—loop Yangian Agarwal, Rajeev; Zwiebel

» degenerate pairs and higher multiplets Beisert, Kristjansen, Staudacher
Beisert, Spill; Torrielli; Matsumoto; Moriyama,...

From strong coupling end:

= classical AdS string — infinitely many integrals of motion
Bena, Polchinski, RR

m seem to survive quantization Berkovits

m Structures characteristic to integrable systems in quantum strings

— classical Spectrum on cylinder Kazakov, Marshakov, Minahan, Zarembo;
Beisert, Kazakov, Sakai, Zarembo



Hamiltonian vs. (2-dimensional) S-matrix
DOy = Z'}’nm Om — DOp = Ap Op
m

e Interpret as a Schrodinger equation with D as Hamiltonian; ~ is
its matrix representation in the basis {On}

= Need vacuum; choose scalar 1/2—BPS operator Tr [Z7] J —

Excitations: — replace vacuum field Z by one of remaining fields

— enforce gauge invariance

— 4 real scalars Berenstein, Maldacena, Nastase

4 fermions
arbitrary covariant derivatives of vacuum fields



Hamiltonian vs. (2-dimensional) S-matrix
DOy = Z'}’nm Om — DOp = Ap Op
m

e Interpret as a Schrodinger equation with D as Hamiltonian; ~ is
its matrix representation in the basis {On}
= Need vacuum; choose scalar 1/2—BPS operator

= v has block-diagonal structure due to charge conservation

qbl ¢2 VA AM wl ¢2 ¢3 ¢4 Ql Q2 QS Q4
J12 1 OO0 0 1/2 |-1/2 | -1/2 | 1/2 | -1/2 | 1/2 1/2 | -1/2
J34 0 1 0 0 -1/2 1 1/2 |-1/2 | 1/2 1/2 | -1/2 | 1/2 | -1/2
Js6 0 0 1 0 -1/2 | -1/2 | 1/2 | 1/2 1/2 1/2 | -1/2 | -1/2
SU(2) sector Z, ¢
SU(1|1) sector Z, 1
1<n<?2 Beisert — complete classification
SU(n|m) sector | <m<3 Z, ¢1, $2, Ya

SL(2) D"Z, n=20,...,00
= vacuum — Tr [Z7], J —

m 't Hooft limit — fields are ordered — lattice



How does one find ~7

dZ.
V1: from renormalization factors v = Iir% eZ 1
E—>

IngYM

V2: from 2-point function of basis elements
V3: twist-2 operators — from scattering amplitudes/AP Kkernel

V4: algebraically

e Constraints on the L-loop Hamiltonian

e global symmetries and structure of Feynman diagrams
e Vacuum energy and the energy of other BPS states

e results of explicit calculations

e allow/introduce terms not affecting the eigenvalues

— similarity transformations: H' = U 1HU & UT £ U1



= Existing results: = 5-loop SU(2) assuming integrability, smooth contin-

uum limit Beisert, Dippel, Staudacher
= 2-loop SL(2) (w/0); larger sectors (w/)
Ho = +1{} = 4-loop SU(2); no assumptions Beisert, McLoughlin, RR

Hy = +2{} — 2{1}
Ho = —8{} 4+ 12{1} — 2({1,2} + {2,1})

Hs = +60{} — 104{1} 4+ 4{1,3} +24({1,2} + {2,1})
— 4iex{1,3,2} + 4ie2{2,1,3} — 4({1,2,3} + {3,2,1})
Ha = +(—560 — 4523){}
+ (410724 12853 + 8e3a) {1}
+ (—84 — 6023 — 4¢32){1,3}

— 4{1,4} b b+l a atl c ct+l

+ (—302 — 403 — 8e3a) ({1,2} + {2, 1}) o {..bac} = ..Pyy1Puat1Prct1

+ (+40623 + 4e3a + 2iesc — 4z'63d) {1,3,2} e3=undetermined; directly computable
+4323 + 4e3a — 2iezc + 4i63d) {2,1,3} ec=similarity parameters
4 — 2iesc) ({1,2,4} 4+ {1,4,3}) H — U(e)"YHU (€)

(
(
(
(4 4+ 2iesc) ({1,3,4} +{2,1,4})
(+96 T 4633) <{1’ 23} +13.2, 1}) Higher-loop H is computable in princi-
(12 =285 — 4¢32){2,1,3,2}

(+18 4 4c3.) ({1,3,2,4} +{2,1,4,3})

(=8 — 2€30 — 2ic3p) ({1,2,4,3} 4 {1,4,3,2})

(

1

—8 — 2e3, + 2esp) ({2,1,3,4} + {3,2,1,4})

ple; Direct calculation of the all-loop
‘H appears impractical; partial calcula-

tions contain nontrivial information



Eigenvectors and eigenvalues: illustrate on SU(2) sector

e 2-particle states: H|WV) = E|WV) I lo
| |
wy= Y Wy, b)|...Z9Z...Z¢Z ...)
1<l <l <J

s Ifly —lp > L+ 1 then W(iq,lo) = eillaprtiop2)
w If [{ — o < L details of 'H matter;

e Bethe ansatz — asymptotic plane waves Bethe

W(lq,lo) = tP1top2) 4 gy po, N)eillip2tlop1)

= We may think of S(p1,p2,A) as a (1 4+ 1)-dimensional S-matrix

e Spectrum from periodicity of wave function

e’P1) = S(py,pa, ) e?2) = S(py,p1,A)



Eigenvectors and eigenvalues: illustrate on SU(2) sector

e 2-particle states: H|WV) = E|WV) I lo
| |
wy= Y W, b)|... Z¢Z... Z¢Z...)
1<l <l <J

s Ifly —lp > L+ 1 then W(iq,lo) = eillaprtiop2)
s If [{ — o < L details of 'H matter;

e.g. 1-loop SU(2) sector H1 =1—-P
W(ly,ln) = o (l1p1+i2p2) + S(p1, po, )\)ei(llpz-l-lzpl)

EWV(l1,lp) =2W(l1,lp) =W (1 —1,l10) —W(l1,lp+ 1)

S( ) B ez'(p1_|_p2) . 2€ip1 4+ 1 E = E(pl) + E(pQ)
P1,P2) = eilp1tp2) — Deir2 4 1 E(p) = 4sin®§



Integrability=factorization «+— Yang-Baxter equation
S(p1,pr2)S(p1,p3)S(P2,p3) = S(P2,P3)S(P1,03)S(P1,P2)

= multi-particle S-matrix is a sequence of 2-particle S-matrices

= particle momenta are separately conserved (3 higher IoM)

Wave function periodicity yields spectrum (Bethe equations)

. J M M
eZpk — H S(pk7p]7>\) b = Z E(p]m)\)
k=1 k=1

Larger sectors

= Nested Bethe ansatz: e spectrum from periodicity
e kind of row reduction

e repeat 1d Bethe ansatz with a different
choice of vacuum at each stage

o The message: it suffices to know S(pl,pQ,A)fjl with 4,74, k,1 € (4|4)



Constraints on the S-matrix from N =4 SYM

= symmetries preserved by the choice of vacuum (PSU(2|2)?)

| symmetry algebra: extended and w/ quantum corrections

(R, 3T =03 — =803, Q%l¢")=a(p, \) 6LJy°),
2 Q%) =b(p, \) e%e |6’ Zt),
a AV — ST~ an a a —
[£%, 371=050" — 50537, Sald"y=c(p, \) e®eaplt’Z7),

(9%, 6'5}=628"5 + 59R, + s5ge,  S"al”)=d(p, ) 85]¢")
(9%, Q%= ,'T,
{Gaa, Gbg}:a?abea@ﬁ QS|\U\U> — SQ\WW}
I symmetry may change the vacuum charge
= unusual feature: scattering may change the vacuum charge
» factorization (a la Yang-Baxter)

= ‘“algebraic crossing”
Il only indirect string theory justification
I enhancement of psu(2|2) to a Hopf algebra
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Asymptotic all-loop Bethe equations
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The phase:

o Universal to all sectors: general structure: Artvunov, Frolov, Staudacher;

Beisert, Klose: Beisert, Tseytlin

O(ur,uz) = > > Bro+1+2.(9) [qr(ul)QT—I—l—I—Qz/(uQ)_q?“(UQ)QT—I—l—I—Ql/(Ul)}
r=2v=0

1 i i _ VA
Ik =1 (w]j')r—l (z;;)r—1 A

e various suggestions for the origin of the phase:

= relativistic 2d sigma model Mann, Polchinski
Gromov, Kazakov, Viera, Sakai
= fill to physical vacuum Sakai, Satoh
Rej, Staudacher, Zieme
m constrained by crossing at strong coupling Janik
= morally similar to SPA (i — ) = CPSP4(0)CP

= for AdS: 01207 = f1o but f1o # f12
solution: compatibility of algebra and C: 1 — 1 — 1 * 1



The phase:

o Universal to all sectors: general structure: Artvunov, Frolov, Staudacher;

Beisert, Klose: Beisert, Tseytlin

O(ur,uz) = > > Bro+1+2.(9) [qr(ul)QT—I—l—I—QV(uQ)_q?“(UQ)QT—I—l—I—QV(Ul)}
r=2v=0

= strong coupling: ¢rs(g) = g% "5 Brs(g)=32, gl
oy (L= () = 1)~ DT+ 40 =3 (s —r+n- 1)
ne 2(=2m)"M(n—1) I_(%(s—l—fr—n-l- 1))|_(%(s—’r—n—|—3))
I not unique Beisert, Hernandez, Lopez

oo
= weak COUp”ng: ﬁr,r—i—l—l-QV(g) — Z g27“—|—21/—|—2uﬁ£;‘|_|‘_V1‘:_l§)V
H=v

e analytic continuation from strong coupling Beisert, Eden, Staudacher



An inspired guess?

_ 1/g 1
f@)——l_lm——l_g

s Series expansion:

g — o0 g—0

f(@) =Sbng™™ (bn=-1)| f(g) =T ang™ (an=+1)

¢ Analytic continuation “rule”: an, = —b_j, Beisert, Eden, Staudacher

crs(g) = 267(“:&9)91_” = = Zcf/(“,;n)gl—'_n
n n

Various appealing features: 0.6
= Oonly integer powers of A 0.4f
= first nonzero contribution at 4 loops o
= | ipatov’'s transcedentality

m expected radius of convergence

c23/(ca3 + 1) vs. VA/ (VA + )



The phase:

o Universal to all sectors: general structure: Artvunov, Frolov, Staudacher;

O OINNG @)

O(ur,uz) = > > Bro+1+2.(9) [qr(ul)QT—I—l—I—Qz/(uQ)_q?“(UQ)QT—I—l—I—Ql/(Ul)}
r=2v=0

Beisert, Klose: Beisert, Tseytlin

@)
= weak coupling: Br,y142.(g9) = Z 92""+2”+2“5§§i”11‘§)y
p=v

e analytic continuation from strong coupling — several possibilities:
Beisert, Eden, Staudacher

L|no ¢(2n+1) with ¢(2n + 1)
4 | 6§ = 2¢(3) 653 = 4¢(3)
5 | 554 = —20((5) 659 = —40¢(5)
6 | 555 = 210¢(7), 65% = 420¢(7),
654 = 12¢(5), 5% = —4¢(5) | 657 = 24¢(5), 5% = —8¢(5)




= phase coefficients may be identified at the level of the Hamiltonian

Hy = —|-(—560 - 452,3) {}
+ (+1072 + 12823 + 8€3a){1}
+ (—84 — 6023 — 4€3a){17 3}

_4{1,4) b b+l aal cctl
+ ( 302 - 40623 — 863a) ({1, 2} + {2, 1}) o {..bac} = ..Ppt1Piat1 P41
+ (4_45273 + Aesy + iese — 4i63d){1, 3,2} e3=undetermined; directly computable
+ (+4ﬁ2 3+ deza — 2iezc + 4i63d) {2,1,3} ec=similarity parameters
+ (4 — 2iesc) ({1,2,4} + {1,4,3}) H — U(e) " YHU (€)
+ (44 2icsc) ({1,3,4} + {2,1,4})
+ (496 + 4c32) ({1,2,3} +{3,2,1})
+ (—12 = 2823 — 4€32){2,1,3,2}
+ (+18 4 4¢3.) ({1,3,2,4} +{2,1,4,3})
+ (—8 — 235 — 2iesy ) ({1,2,4,3} + {1,4,3,2})
+ (—8 — 2630 + 2icsp) ({2,1,3,4} + {3,2,1,4})
—10({1,2,3,4} + {4,3,2,1})
» Direct calculation of Hy = 5(3) = 4((3) Beisert, McLoughlin, RR

= expected (-constants at 5, 6, 7, 8-loops McLoughlin, RR (unpublished)



Twist operators; SL(2) sector
L

Ony..n, = Tr [D™MZ...D"LZ] > ny=S L=Ng—S
i=1

= Hamiltonian is complicated; unknown beyond 2-loops

Various scaling limits: 1) S<K L A2
2) £ — 00, § — 00, (INS)/L<1 ATns
3) L - 00, S =00, (INS)/L>1 VAInS/VA

= Contact with perturbative gauge theory data — need small L

1(9,9) == f(g)InS
f(g) = Tcusp

= AP kernel — close relation to £ = 2;
However...
= BA defined with £ — oo and fixed S; order of limits issue?

= S > L really removes twist dependence?

= small twist is outside asymptotic regime; does it matter?



Twist operators; SL(2) sector; Bethe equations for (InS)/L > 1

42
-
+\ 5 S e utl=g + 7
— ) (
) = wiﬁ—w 1 - g?/aaf Blo)=3 |5 =

= take logarithm; sums — integrals as S > 1; u; — p(u)

E
= take d/du; perturb around pg = p‘g_o > p(u) = po(u) — gzgoa(u);

Fourier-transform o(u) — o(t)

t o0 _—
5(t) = — 1[K(29t, 0) — 442 /O dt' B (2gt, 2gt") 5(t')
e J—
BES
—~ J1(t)Jo(t)) — J1 () Jo(t —~
Rt 1) = 1(t) Jo( Z t/l( )Jo(t) + Ryt )
Kq(t, t') = Z( ) g (B, Japtou (0) J2p-1 () + BL 50, T2p(8) J2pt 1420 (1)

=y

f(9) = E(g9)/In S = 16¢%5(0)



e \Weak coupling: Beisert, Eden, Staudacher

A A2 113 ( 73 C(3)2>,\4...

T2 f(g) =

2 06 T 23040 \ 2580480 T 102476

= agrees within numerical accuracy with direct calculation of I cysp
Bern, Czakon, Dixon, Kosower, Smirnov; Cachazo, Spradlin, VVolovich

s )2 agrees with Padé extrapolation of 4-loop I cus
P
Bern, Czakon, Dixon, Kosower, Smirnov

¢ Bethe ansatz works unexpectedly well despite potential issues

e Strong coupling limit:

= Direct extrapolation of BES Benna, Benvenutti, Klebanov, Scardicchio
o correct LO and NLO; uncertainties w/ procedure at NNLO

o NNLO: apparent inconsistency with ws Feynman diagramatics
RR, Tirziu, Tseytlin

= Use strong coupling phase Casteill, Kristjansen
o correct LO and NLO; NNLO N/A



Does this imply that asymptotic BA is complete?

e Further tests at finite spin and finite length Kotikov, Lipatov, Rej,
Staudacher, Velizhanin
— use BFKL
w? 2 > W(z) = Linl(2)
— = WV(—g9°E(9)) + V(1 +g°E(g)) —2W(1) - z
—g w=S5S-+1

Balitsky, Fadin, Kuraev, Lipatov
= Encodes the t-channel exchange of pomeron resonance
Tr [ZzD1Tv 7]

m Sensitive to complete dependence on A and S
— different organization of Feynman diagrams

= valid for negative spin around w =0

e Comparison with asymptotic BA predictions require
— calculation at finite spin

— continuation to S < 0 and expansion around S = —1



The comparison:

= BFKL
_ 4.2 2 42 3 a2 4
E(g)BFKL:i—o( ff’) +o< 9) —2c<3>< 49) +
= ABA
a2 2\ 2 2\ 3 A.2N\4
E(g)ABA— 49 _O< 4g> +O< 49) _( 4.97) _I_
w w w w

e ABA Dbreaks down at finite spin and finite length at 4-loops
Kotikov, Lipatov, Rej, Staudacher, Velizhanin



The comparison:

e ABA breaks down at finite spin and finite length at 4-loops
Kotikov, Lipatov, Rej, Staudacher, Velizhanin

e Proposed fix: change dressing phase coefficients (Bé )

17
(3)'—>—C(3)——S 4 + 5251+ 5152-|- 53+ 521—5521

= makes S-matrix state-dependent (depends on S) — Universality?

e Assuming all previous assumptions hold — conjecture for vkonishi

= Tr¢'¢] +(9) = 129°-489"+3364°- (@ + 5644(3>)

Kotikov, Lipatov, Rej, Staudacher, Velizhanin



Outlook ...

e Great progress toward finding spectrum of NN =4 SYM
e Bethe Ansatz works better than expected but incomplete

e Not immediately clear what it is diagonalizing

— A — 0 complete 1-loop; higher loops in some sectors
— A — oo a continuum leading order Hamiltonian



...and some open problems

* Prove integrability

* What integrable model describes the N' = 4 spectral problem?
What about the world sheet sigma model?

* Is the dressing phase truly correct and who ordered it?
— Other solutions? Other analytic continuation?
— more reliable computations are needed at strong coupling

* Use of integrability for finite quantum numbers?
— no direct calculation of a wrapping effect
— why some quantities are insensitive to it?

* New computational techniques?
* are there extra symmetries waiting to be discovered?

* Is integrability restricted to the spectral problem?
— consequences/extra structure in scattering amplitudes?



