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Fokker Planck Equation for PDF Evolution

Ofx(@t) _ DM fx(ast) | O°Di)fx(=;)
ot - Oz; Oz ;0x;

with with

2 HLS . | \ | [ o 2dozufom
RN A ; SEEEEER B L1 SEEEREREE
I:'&‘;%* +++ ﬁﬁ-**’i"‘} + ! ' ¥ ¥ A 1 ! . / | v 1 ¥ ¥y .‘ ¥ !
+*Jd+*¥¢£{5+**ﬂ+ E}h*ﬁ“#’” ¥ FT .o A e 8 T o T O 5 il O ol
POt SN, SRS o] i aiie o 4R R F SEER R RE " RN
A Hah i g, Saghbrd . PR A (K R0 S N I S R L R de feapar l |
gy £ -l . 1Y % Y ooy @ " y / E ¥ & ) v I CR S 1 1 ;
A et kv \ e DO R ¥
ot L1d 244 : SRR AR R
SR RS R . TR 2R R
: EREERLRN Y A SIS TR B
Yo o8 woum Wooh Epn SR T R B
S48 88 B8
| B T A L NI\ T\ S T T A
Y Y v % % ¥ H Y S| “w DR T T T
Yoy v -‘J' i U N O N O X ; ‘* !
Y ¥ ¥ 5 A % ¥ I ¥ ¥ 1 ¥ Y ¥ 1
e B B B S I T A Y
G ! s TR T i o o og oy g 4 ¥
t 14 I R A\ TR v te b ok g oy b
BREEEERERENNRR A a8 ERERE
1T T F P B Rens g T M £ 4
-+ + T ¥ F % ¥ W NN \ ey vl AL R (78 A y Y Y
Tk ?4} #;*fj# Ty £ T 4 F*‘:_’ + :f ?‘:’: Y v ‘:~ VI T\ R\ T \ B\ \ PR o8 IR B B %
Pty s A L SO LR | o B A S B ) T o B Y )
o, A g i it
P R TR SREERRRRERR EERERRRREES
G el Fg, . L1t &S (o ¢ BT a8 08ty
i +m++$+§$#{f¢ ey ook R *’fﬁfﬂ SEEEEER B ST EER ER RS &
+ + + + y v VoW v \] J \ ;2 Vi oW % ¥ " ! ¥
e gl TR A e SEEEEERNR & } } ] RN

Institute of Fluid Dynamics

Eidgendssische Technische Hochschule Ziirich
Swiss Federal Institute of Technology Zurich




Outline

- Kinetic Description of Non-Equilibrium Gas

« Consistency with Continuum Fluid Dynamics
» Collision Models

- Fokker Planck Model and Integration Scheme
* Knudsen Paradox

* Performance

« Conclusion

ETH

Eidgendssische Technische Hochschule Ziirich
Swiss Federal Institute of Technology Zurich

Patrick Jenny Institute of Fluid Dynamics




Kinetic Description of Non-Equilibrium Gas

ﬂr "J
e ‘a”‘*“l% LAt o
a i t.

gg g g}w}%x f,, ; el qw e Assume that the statistics of

;§ particles in a monatomic gas can
Sap i;', be described by the mass density

=: : 4 " N 1 :{}’: % function
A “"'%“’ ey
;“{:gﬁg‘?‘; F(V,z,t) = p(z,t)f(V;x,t)

&
s Y ‘e, BTN
e 3 inoad OF _ OF OFF
e ENTR e o Vi S(F)
Lo \'c.‘*,i:; o & "},‘3 ot 6:1:?, aVi

In equilibrium, the velocity PDF is given by the Maxwell distribution:

(p, pU, pes + %p[ﬁ) — ./RB W, FdV = [RS WeonsFrdV  with the weights ¥, = (I,V, %Vz)
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Consistency with Fluid Dynamics

(p, U, pe, + LpU?) = fR W FdV = Aﬁ WeonaFyrdV with the weights  @en = (1,V,3V?)

transfer equations for W, yield the conservation laws
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do not depend on the details of the collision model due to conservation property

j W, S(F)AV =0 forany F
A
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Consistency with Fluid Dynamics

(p, U, pe, + LpU?) = fR W FdV = Aﬁ WeonaFyrdV with the weights  @en = (1,V,3V?)

transfer equations for W, yield the conservation laws
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unknown molecular stress p;; 5

splitting p;; = pdy; + m; P = gpes

For perfect gases we are familiar with the equation of state p = (v — 1)pes
v =5/3
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Consistency with Fluid Dynamics

(p, U, pe, + LpU?) = fR W FdV = Aﬁ WeonaFyrdV with the weights  @en = (1,V,3V?)

transfer equations for W, yield the conservation laws
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collision model enters through F;; and P,
closure for the deviatoric stress m;; and the heat flux g;
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Consistency with Fluid Dynamics

(p, U, pe, + LpU?) = fR W FdV = Aﬁ WeonaFyrdV with the weights  @en = (1,V,3V?)

transfer equations for W, yield the conservation laws
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e
agjs - aglii L gq‘; +p3ngk 0.
Chapman-Enskog Expansion => Navier-Stokes
Ty = —27p Sf? + O ('rz) and
g = —gkiTpgT% + O (Tz) with Sf = % (ggj 2 ggf) s %g—iﬁéﬁj
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Collision Models

(p, pU, pes + %pUz) = fR ) . FdV = A{ \ WeonsFurdV  with the weights W, =

transfer equations for W, yield the conservation laws
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(1,v,3v?)

if S(Beltz) ig the benchmark, it is also reasonable to aim for

US(F)dV = /m W §ED) (F) gy

B3

for integration weights ¥ = (V;V;,V;V;W, ..., Vi,Vi, - -+ Vi)
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(p, pU , pes + spU?) = /R  Weons FdV = Aa , WeonsFudV  with the weights

Collision Models

transfer equations for W, yield the conservation laws
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v cons —

(1,v,3v?)

most popular collision model is the so-called BGK model

SECK(F) = (Fm — F)

TBGK

assuming that the post-collision velocities follow a Maxwell
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Collision Models

(p, PU, pea + LpU?) = fR W FdV = Aﬁ e FirdV  with the weights  Teon = (1,V, 1V?)

transfer equations for W, yield the conservation laws
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Here we propose a Fokker-Planck operator:

0 1 0?2 2e
(FP) = (V. —TT. 4
& (‘7:) aVi (TFP (I/; UE)F) * 6%8% (STFP}—)

depending explicitly on gas velocity U, energy e; and a relaxation time 7p

motivation: leads to the possibility to use highly efficient numerical methods
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Collision Models
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All models are linear in the pressure deviator p(;; and the heat flux g;
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collision model enters through F;; and P,
closure for the deviatoric stress m;; and the heat flux g;
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Fokker-Planck Solution Algorithm
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solved through stochastic motion of notional particles
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Fokker-Planck Solution Algorithm

n; time steps are performed

(1) U and e, at time t are estimated at each grid node and interpolated to the particle
positions,

(2) the time step size At is determined,

(3) a first half-step is performed to estimate the particle mid-points,

(4) mid-point boundary conditions are applied,

(5) U and e, at time ¢+ At/2 are interpolated from the grid nodes to the particle mid-point
positions,

(6) the new particle velocities and positions are computed, and

(7) the boundary conditions are enforced.

0 0.2 0 0.8 1

4 :‘1”-0 0.6..
in statistical steady state U and e, do not depend on the time
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