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Introduction

Microstructure 1in metal alloys sometimes occurs when the
martensitic variants (favoured crystal orientations at low
temperature) “mix’ to achieve an overall lower energy for
the bulk crystal. This 1s explained with a stored-energy
functional with two or more “wells” corresponding to each
of the martensitic variants. In order to satisfy other phys-
ical constraints different regions within the metal fall into
the different energy wells while simultaneously minimis-
ing energy. In this project we are interested in trying to
model a (stmple) dynamical process that might explain the
observed properties of microstructure and how it appears
when a metal 1s cooled from its austenitic phase (favoured
crystal orientation at high temperature) to its martensitic
phase.

Problem
Consider the problem

Auy + div(o(Vu)) =0 in 2= (0,1),
u =0 on 0f),
u=1uy € Hy(Q) whent=0,

o : R° — R? globally Lipschitz, o(p) - p > c|p|* — d for
c > 0,d>0,and o = DW, where W 1s a double well
potential. For example,

W(Vu) = 3

T 2u2+1

(uz —1)* + %ui

This problem can also be expressed as the H_({2) gradient
flow of I(u) := [, W (Vu)dx, ie. u; = —VI(u)in H}(Q).
The direction chosen by the dynamics 1s the direction of
steepest descent. In our example, the solution would like to
satisty u, = =1, u, = 0.

To study this problem it 1s useful to rewrite 1t as

w = F(u)  in H(Q),

where F(u) := —A"'div(e(Vu)). F: Hj(Q) — H(Q) is
Lipschitz.

Main Question
What can we say about the long-time behaviour of solutions
and the appearance of microstructure?
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Figure 2: Austenite/martensite boundary (R.D. James
& C. Chu)

Theory
Standard theory and energy estimates (eg.
Temam) = 4! solution

u@:mwgﬁFm@mm

u € CY([0,00), H}(Q)) N L>®([0,00), H}(Q)), u; €
C™((0, 00), Hy(§2)) N L>((0, 00), Hy(€2)), and

Henry and

t >0,

t
/QW(Vu(t))dqu/O IV us(s)|| 7 ds = const.

= u; € L*((0,00), Hj(Q)) and u; — 0in H}(Q) as t — 0.
We have been unable to prove additional regularity or com-
pactness. This limits what we can say about the long-time
behaviour of solutions. Question remains: Are all solutions
minimising sequences for [, W (Vu(x))dx, or are some so-
lutions attracted to rest points, for which [, W (Vu(x))dx >
07?

Numerics

Is the microstructure that we observe in Figure 3 a numer-
ical artifact and can we bound the FEM error? Up to finite
time it is possible to prove that u;, — w in H}(2) as h — 0
but we do not get a rate of convergence due to lack of addi-
tional regularity. Try regularizing problem...

Figure 3: Solution at ¢ = 15, smooth u, standard FEM,
implicit/explicit time discretization. Observe
microstructure that appears from the boundary.

Regularized Problem
For € > 0 consider the problem

Auy; — eA*u + div(e(Vu)) = 0 in Q = (0,1)7,
Au=u=0 on 0f2,
u=uy € Hyj(Q) att = 0.

Rewrite as

u — eAu = F(u) in H}(9). (1)

In the gradient flow representation the additional term 1s
bending energy, I(u) = [o W (Vu) + 5(Au)*. Using the
same techniques as above we can prove similar results, e.g.
3! solution u € C([0, 00), H(Q)) N C((0, 00), V)

t
fMﬂ:d@uwh/é“WAFm@Wk
0

where V = {v € H}(Q) : Av € H}(Q)} and it is also
possible to prove that for finite 7', 4 C' > 0 such that

lu@®)[lm < C ¢ €0,00),
(Ce V212 e (0,T)
t s <« ’ ’ 2
WOl = cerr temo) @
Ctl te(0,T),
t < 3
e (8) | 1 < ¢ teToo) (3)

Other results are also possible, eg. higher regularity, exis-
tence of a Lyapunov function, u; — 0in H' as t — oo and
existence of a compact attractor of finite dimension (where
the dimension depends on e~'/?).

Semi-discrete Problem

Let V), C HZ(Q) be finite dimensional and define A, : V;, —
Vi, by (Ahuh, ¢h)L2 — —(Vuh, v¢h)L2 for all uy, ¢, € Vi,
Also define the elliptic projection operator R = R(h) and
the L? projection operator P = P(h) by

(V(Ru —u),Vop)r: =0
(Pu — U, ¢h)L2 = (

Von € Vi, u € Hy(Q)
Von € Vi, u € Hy(Q).

We have A, R = PA. Assume

|lu — Ru||rz + hllu — Rul|g < h°||u|
|lu — Pul|z2 + hllu — Pul||g < h°||ul

Hs
Hs S — 1,2

Applying the Galerkin method to (1) we get: find u;, €

C'(|0,c0), V) such that u = wugy, := Rugatt = 0 and
Upt — eApuy = Fh(uh) in Vj, fort > 0,

where Fj,(u) .= RF(uy) = —A; ' div(o(Vuy,). The same
theory as earlier = d! solution

t
up(t) = ey, / elt=3)Bn By (up,(s))ds.
0

Using the same techinques as earlier we get the similar reg-
ularity results for the solution to the semi-discrete problem
(except the H* norm is replaced with ||Ayup|12).

Error Analysis

To analyse the error we follow standard theory (e.g. Lars-
son), but pay particular attention to the dependence on e, to
show that

lup(t) — u(®)|| g < he Y272 te(0,T].  (5)

A sketch of the proof 1s as follows. First split the error 1nto
two parts

e=u,—uU=1u, — Ru+LRu—u.
0(t)EVh p(t)

p(t) is just the elliptic projection error, and using (2) and (4)
we get

lp(O)l| e < hllu(®)]|m> < he 212 fort € (0, 7).

0(t) satisfies its own equation,

(975 — GAhe — Fh(uh) — Fh(U) -+ (P — R)(ut — F(u))
with solution

B (1) = el By + /O R [Fh@h) — Fy(u) + (P — R)(uy — F(u)ﬂ ds.

us(s) is not so well behaved for small s, see (3), so integrate
by parts to get

O(t) = "6,
t

+ 0 elf=s)eBn Fr(up(s)) — Fp(u(s))|ds
—L%WWWP—me@ms

+ 2 (P — R)u(t) — o™ (P — R)ug
+ € /02 Aj, et P — R)u(s)ds

t
+[ =3B (P — R)uy(s)ds

Now take || - || g1 of each term separately and use (2), (3), (4)
and the fact that [|A ' || < €7~ for o > 0 in either
the H' or L? norm to get the result (5).
If we choose h sufficiently small, h2=20 < ¢ for some § > 0,
then

ey, — wel| g < ROEH?

independent of e. Unfortunately we can only prove that
u. — w in Hj(€) as ¢ — 0 up to finite time . We do not
have a rate of convergence for the regularization error.

Numerics and Conclusions

Numerical simulations 1in Figure 4 suggest that too much
regularization might prevent microstructure from appear-
ing.

Other results that we have made some progress towards 1n-
clude: long-time convergence result for the convergence of
attractors, bounding the discretization error in L? and exis-
tence of non-trivial rest points for the original PDE.

Figure 4: left: ¢ = 1077, right: e = 107 h = ..
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