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Qutline: Superstring amplitudes

Superstring amplitudes: generalized Euler integrals,
multiple Gaussian hypergeometric functions

Structure of o/—expansions is encoded by
decompositon of motivic multi zeta values

coproduct maps the o’—expansion onto a
non—commutative Hopf algebra

Graded Lie algebra structure of the a/—expansion:
interesting algebras related to Grothendiecks Galois theory

Multiple inverse Mellin transformations:
string amplitudes treated as distributions



Disk scattering of open strings

N open strings (Tree—Level)

A(1,2,...,N;O/) HK—X > >




Disk scattering of open strings

Compact and short expression
in terms of a minimal basis of (N — 3)! building blocks:

A(1,2,...,N;a)= Y Ayn(1,24,...,(N—2)s,N—1,N) F(Ul,m’N)(o/)
oceESN_3

Mafra, Schlotterer, St.St., arXiv:1106.2645 and arXiv:1106.2646
St.St., Taylor, arXiv:1204.3848

Ay v Yang—Mlills subamplitudes with colour ordering 1,2,..., N

F?(a’)  generalized Euler integral,
multiple Gaussian hypergeometric functions




Scattering of N open strings

Consider (generalized) Selberg integrals:

N-—2
I
F[{ni;}] = / II dz II ez (2 —2)
yi<zip1 \J=2 1<i<j<N-1
Integration over N — 3 ordered points sij = o/ (ki+kj)* = 2d'kikj, nj; € Z
With parameterization:
1 @ — 0 3 ZN—-1 — 1 3
N-3
% = ] , k=2..,N-2
l=k—1

Generalized Euler integrals:

N-3 1 No3 o L N3 -
By[n] =1 ] /O dz; | 1] z; (1—x;)% 1] (1 — XTi4q xk>
i=1 =1 i<k



Scattering of N open strings

° %N(N — 3) Laurent polynomials = number of kinematic invariants s;;
e Integrals on the moduli space of Riemann spheres with N marked points Mg y

e There is a basis of (N — 3)! independent integrals F |{n/}]

Examples:

Bs[n] = /1 dr z*=Tm2 (1 — z)™=Tm = M(s12+mn12+1) M(s23 + 7123+ 1)
0 M(s12 + s23 + n12 + no3 + 2)
1 1
Bs[n] = / da:1/ drg 52 T™ &t (1 — gp)=Tm (1 — gp)™ = (1 — gyxy)®Tme
0 0

(14 si2+n1)M (14 sa5 +n2) (1 4 s23 +n11)M (1 + 533 + n22)
(24 s12+ s23+n1+n11) MN(24 s34 + sas + no 4+ noo)

14 s12+mn1,1 4 sa5 + no, —s24 — n12
2+ s12 + s23 + n1 +n11,2 + s34 + Sa5 + no + noo

3P [



o'—expansion <= multiple Euler—Zagier sums

E.g. N=7:

1 1 1 1 s s t Sa ot s s s

2 1_ 3 2 1_ 4 6 1_ 5 7 1_ 6

/d:c/dy/dzfdw z* ( x)* y= ( y)* 2z ( 2)% w® ( w) (1 — waya)s bt
o Jo Jo Jo (1 —-=2y) (1 -wz) (1—yz)

X (1 — xy)_s3_34+t3 (1 - wz)_55_36+t5 (1 _ yz)—54—55+t4 (1 _ wyz)85+t1—t4—t5 (1 _ xyz)84—t3—t4+t7

=To + Tia (s1+ 52+ 53+ 54+ 55+ 86+ 57) + Zup (t1+t2+t3+ta + ts + te + t7) + O('?)

with Multiple Euler—Zagier sums Zg, Z14, Z1p:

(0.}

1 1 27
ZO_/(l—xw(l—wz)(l—yz) = D AT i I D Gy — 2@

nl,no=0

n3z=1

In w - 1 7
To= | GG e a ) 2 B ) Gy — 28 A XB)
B Iny - 1 _ 9
= | A e DD e crernrn N e i OB SN ORC)

n3=0




Generalized Selberg integrals

Z1 :O, ZN—-1 — 1

N-2
/ 11 dz II e =207 (25— =)™
o

2i<zigq \J 1<i<j<N-1

Terasoma & Brown: The coefficients of the Taylor expansion

of the Selberg integrals w.r.t. the variables Sij
can be expressed as linear combinations of MZVs over Q.

However:

5
/ (H dzj) 1T lzi0% - —2¢(2)+2¢3) +---
J

< a Z1421(6RDA4RZRKL
5
g 1 27
/ (H dz]> H |zij|3wz I — = 2 c(4) +---



Selberg integrals

Graphs:
6
VAN
2z Z 2z 2z 2z
14216%24%235%246 1 4 o2 3 5
1 —
Z13%16724735%246

— mixing criterion from graphs

St.St., Taylor, arXiv:1204.3848
Mafra, Schlotterer, St.St., arXiv:1106.2646



o' —expansion and multiple polylogarithms

Multiple polylogarithims appear to be suitable language to systemize our task

Consider (regular) integral: 21=0, zy_1 =1, 2y = ©

N-2 .

k+1  dzp y

Igy = 11 /o - 11 1251%%7 ar, € {0, 2541, 242, -+ ZN—2, 1}

k=2 kT kg )

expande.r.t. o
N-2 =z oo |n . nw
A IR
k=270 2k~ 0k i \pnl =0 nj!
= 7 an_

1 d z3d
35 [ 2 [T 52 linGes — 202
0 z3—1J0 =2

1

:
o 1 2 1 dz3 23 dzo 2 ) ) 2
_ 5323/0 S Zz{[m(%)] 42 Inz3ln<1—%>+lln<l——>] }




Performing the integration using multiple polylogarithms

> dt
Multiple polylogarithms: |G(a1.as. ... an 2) = / Glao, ... an:t)

Multiple polylogarithms constitute a graded Lie algebra with shuffle product:

G(ai,...,ar;2) Glapg1, ... apyg2) = > G(ay(1)s- -1 o (rts) )
oc> (r,s)

G(0,0,...,0;2) = X(In 2)¥ G(1,1...,1;2) = 5In¥(1-2)

w w

%In (1 —g)w

G(a,a,...,a;z)
W

—= {G(O,O;?«g) + G(0; 23) G(23; 22) + G(Z3,Z3J22)}
z3—1J0 29

/1 dz3 23 dzo
0

1 .
— / 2 {G(0,0; 23)G(0; 23) + G(0; 23) G(0, 23: 23) + G(0, 23, 23, 23) } = 3
0 z3—1 5




Performing the integration using multiple polylogarithms

—= G(z3;22) G(1; 22)
z3—1J0 29

Problem, e.g.: /1 dzz [?*3dzo
0

1 dzj _ .
_ /()z3_1 [G(0,23,1;23) + G(0, 1,23 23)}

— How to write a multiple polylogarithm of the form

G({0,a1,a2,...,2,...,an}tw; 2)
in terms of objects without z in their labels ?

Proceed as follows:

° use Hopf-algebra structure of polylogarithms
o decompose polyogs step by step using coproduct
° express the result in the appropriate basis

Duhr



Performing the integration using multiple polylogarithms

Example: G(0,z,1;2) = G(0,0,1;2) —G(1,0,1;2) — G(1;2) ¢

G(0,1,z;2z) = —-2G(0,0,1;2)+G(0,1,1;2)+G(1,0,1;2) +G(1;2) (&
G(ai,...,a;—1,2,a0;41,-..,an,2) = G(a;_1,a1,...,8;_1,2,0;41,...,0n; 2)
- G((LL‘_|_]_,(1,]_,...,CLZ'_]_,,IZ\,CLi_F]_,...,Cl,n;Z)
z dt
— G(a1,...,a;_-1,t,a;41,...,an;t
/Ot—ai_l (az aj—1,t, a;41 an;t)

z dt R
+ / G(at,...,ai—1,t,8;41,...,an;1)

z dt
/ G(ag,...,a;—1,t,a;41,...,0n;1)

Broedel, Schlotterer, St.St., arXiv:1304.7267 [hep-th]



Scattering of N open strings

Recall, we had an ordering:

[ ()

2i<zj1 \J

— an other set of (N — 3)! different orderings !
— basis of (N — 3)! x (N — 3)! hypergeometric functions

— put them into a matrix F

F = period matrix of the moduli space of Riemann spheres
with N marked points

rk(F) = (N — 3)! (Goncharov, private communication)



Mafra,
Superstring amplitude : A = F A Schlotterer,
St.St.
A = (N —3)! dimensional vector encoding the string basis
FF = (N -3)! x (N - 3)! matrix encoding o/—expansion
A = (N — 3)! dimensional vector encoding the YM-basis
k1 Fo _ _
ko Fy
1 1
Fi = 512 s34 / dac/ dy x%° y*271 (1 — )™ 1 (1 —y)*= (1 —zy)*>
0 0

= 14 ¢(2) (s153 — 5354 — 5155)

— ((3) (3%33 + 2515283 + slsg — 3%94 — :533%1 — 3%35 — slsg) + (9(0/4) :

1 1
F> = 513 824 / dﬂ?/ dy % y*2 (1 —z)** (1 —y)™ (1 —zy)™*
0 0

= ((2) s13 524 — C(3) s13 524 (s1+ 52+ s3+ sa + s5) + O .

with: Sij — Oé/(ki—l—kj)Q, Si = Sii4+1 — o/ (ki—l-kH_l)Q , 1+5 =1



Aspects of multiple zeta values

r
. —Nn
Cnl,...,nr -— C(n]_)"')n?"): Z H kl l ; nl€N+, ny > 2.
1 22n—1 7.‘.2n
E.g.: Riemann zeta—function: Gn = Zﬁ ,  Con = (2n)! | Boy |
k>0 '

.
e w = ) nyis called the transcendentality degree or weight
=1

e r depth of MZV
Cny,...onp = (—1)" G(0,...,0,1...,0,...,0,1; 1)

nr—1 nl—l
Cngyorny = (—=1)" I4(0; p(n1...1np); 1), p(ng,...,np) = 101 1ol
. . dt .
Iy(ag; a1, an;an41) = Jn,  moar N A tnd_Lan



(Commutative) graded Q-algebra:

Z=@ 2, , dimg(Zn)=dy |,
k>0

with: dN = dN—Q +dN—37 do =1, di =0, do=1,... (Zagier)

w 2|1 3| 4 5 6 | 7 8 9 10 11 12

Zo || &2 G| G| G 2| & (3,5 Co (3,7 (3,35 C2 G | Q146 ¢2 (3,7
(2@ | G| e |GG |G (3 (7 (35 ¢z (2 Co | (39 (3 (35

CRCHNCNCHNCNCANG C11 5 ¢7 | G5 Go CXE
> (3¢5 | G235 | €5 Cs (3¢5 | G5 Gr C2 ¢3 (7
CRCANCHCRCRNCRE (3 5 G5 Cs
¢ G ¢ G
¢ ¢
dw 1 1 1 2 2 |3 4 5 4 9 12

Bliumlein, Broadhurst, Vermaseren




Structure of open string amplitude

F = PQ :expq > Copt1 Moyt1

n>1
P = (N —3)! x (N —3)! matrix encoding «’-expansions with ¢
Ms,+1 = (N —3)! x (N —3)! matrix encoding o’-expansions with {211
Q = (N —3)! x (N — 3)! matrix encoding a’-expansions with (y,....n,
with:
P = 14+ B Ppi=14+) GF|,
n>1 n>1

Mopy1 = Fl,




Structure of open string amplitude

and:

= 1+%C3,5 [M5,M3]+{ %C§+1—14 C3,7} [M7, M3]
ot 2 RG-S Bt [Ms, [Ms, Ms])
2 (9 o5 2 K7 35 2 (5 5 3,3,5 3 5, 3

+ { gCS C7+% (3,9 } [Mo, M3]

48 18 1 Ve 3
+ @ {£C§ Cg‘l'g C% C3 C5—10 CQ C3 CY—E C2 Cg—g Cg C3,5_3 CQ C3,7
1 467 799 2665
15 Cél—ﬁ Cs C7+§ (3 Co + 645 3o+ (1146 } { [Mo, M3] — 3 [M7,Ms5] }+ ...

This form is bolstered by the algebraic structure of motivic MZVs

Schlotterer, Stieberger, arXiv:1205.1516 [hep-thl]




Structure of o/—expansions

Illustrate the structure of the matrices P and M, e.g.: P> and Mas:

p, = (3% + 51 (s3 — s5) $13 524
$1 83 (s1+ s2) (s2+ 83) — 5455

My = <m11 m12>

m21 M2
with:
mi1 = s3 [ —s1 (s1+ 2s2+4 s3) + 5354+ 53 | + s1s5 (s1+ s5)
miz = —s13 S24 (s1+s2+ s34+ sa+ss5) ,
mo1 = s183[s1+so+s3—2(sa+ss)],
mo> = (s24s3) [ (s1+ s2)(s1+s3) —2 s18a ] — [ 25183 — 55 4+ 252 (s34 54) |ss + sas? ,

and s; = o/(k; + k;1-1)? subject to cyclic identification k;4n = k;.



Structure of o/—expansions

More material to download from:

http://mzv.mpp.mpg.de

Broedel, Schlotterer, St.St., arXiv:1304.7267 [hep-thl]



Structure of o/—expansions

Open string a/—expansions:

E.g. weight 8: Fley (o = Ms M3
1
Flegs = : [Ms, M3]

E.g. weight 10:

Fleg ¢ = M7 Ms

1
F IC 1A [M77M3]
37 14

1 3
F — Me M — | M-+. M
|C§ (2 5 5-|-14[ 7 3])




Remarks

e [ here is an intrinsic form in @ given by the commutator terms:
Cnyyeny [Mno, [Mng, ...y [Mn,., Mnq]] .. ]

— Minimal depth representation with Euler sums

e () may be written as an exponential:
Q=exp{% Ca5 [Ms, M3] + (£ B+ & Ca7) [M7, Ma]+ ...}
e Forms of Q and M are basis dependent !

E.g.: (35=-3 (2615 (3 (5 — 52 (5 changes form of Q.

e Consider Hoffman basis: Every MZV is a Q—linear combination of

(G2 3 2 5
{ Cnl,...,nr | Ny, .-, N € {273} }' €g.. <C2,3> B ( Al 3 > (CQ C3>

1
2

— Coproduct structure will remove all these ambiguities !



Aspects of motivic MZV's

703
4

173

Gt G5 ()P (oo G (P22 G5 ()= Ga (@)

Recall: (137 = —(335+

— How to determine coefficients € Q 7

Task: To explicitly describe the structure of the algebra Z
MZVs are replaced by their symbols (or motivic MZVs)

Goncharov, Brown, ...

This defines a commutative graded Hopf algebra: 'H = @Hn
n>0



Aspects of motivic MZVs

For for ag,...,a,4+1 € {0,1} define motivic MZVs:

C"(nq,...,nr) = (=1)" I"(0; p(n1,...,np); 1)

with period map: per : ' H — R

Non—canonical isomorphism: H:H/Q"Q”H ®q Q[

Note: Hi — Zj is surjective, i.e.: dimqg(Zy) < dimq(Hi) = di

Deligne, Goncharov, Brown



Aspects of motivic MZV's

Work of F. Brown: On the decomposition of motivic MZVs:
To explicitly describe the structure of ‘H introduce the (trivial) algebra—comodule:

introduce elements f;:

U=Q(f3; fs; ..

) ®q Qlf]

There exists a morphism ¢ of graded algebra—comodules:

0. H—U

normalized by: ¢({)') =fu , n>2.

Note:

¢ «— " — o(™)
Z «— H —U

It is believed: Z, ~ U, over Q



Aspects of motivic MZVs

Map ¢ sends every motivic MZV £ € Hy41 to a non—commutative polynomial in the f;'s:

expansion w.r.t. basis {f24+1}

P(§) =

2.

3<2r+1<N

Jor+41 §or41 € Un41

coefficients &5,41 € Un—_o,

computed from coproduct

Example: weight 10

BlO :{ Cg?Ya Cén C?? (C75n)27 C§?5 C?? an C75n C?? (Cén)2 (C;n)2a (C72n)5 }

Compute ¢(B1g) :

¢ (CZ{L?)

6 ((¢8)?)

b (585
6 ((¢5)°)

—14 f7f3—-6 fsfs, ¢ (C3'¢7) = f3W f7,
fsw fs, ¢ (C%C?) = —5 fsf3f2,
faw fsfa, ¢ ((BH%(BN?) = fzw f3f5

3




Decomposition of motivic MZV's

— Inverting the map ¢ gives the decomposition of (" (n1,...,ny)
w.r.t. to a basis B, of motivic MZVs.

Moving to motivic MZVs allows to compute the decomposition directly:

£10 = ag (¢8Y)° + a1 (B2 (¢§)2% 4+ an ¢B ¢5 ¢&" + az (¢IY)?

+ a4 (3" (3’5t as (3 (7' +ag (37

Operators acting on ¢(&10):

_ 1 _ 1 3
a1 = 5 c5 05, ap =cp 0503, a3z = 5 0f + 7% [07,03]

aq % C2 [857 83]7 a5 — 67837 ag — ]_L4 [877 83]




Decomposition of motivic MZVs and o'—expansion

Example: weight 11

6
B(Hs8) =2 fo(fstli f2) + 5 fof — o f1/3 — 45 fofa |

Exact match in the coefficient and commutator structure

by identifying the
motivic derivation operators 0 and the matrix operators M

and the coefficient operator co with the matrix operatorspP;

Oopt1 =~ Moyt ,
A~ Py, k>1.

< Motivic multi zeta values encapsulate a/—expansion
Schlotterer, Stieberger, arXiv:1205.1516 [hep-thl]



Motivic structure of the open superstring amplitude

E.9: o( B¢ MsMs+ & (Z' [Ms, M3] ) = fafs MsMs+ fsfs M3Ms

( \
P(F"™) = (Z 5 sz) > > fiufinoo- Sy, Mi,... MM,

k=1 =0 Q1,050
\p 6221N+Z-|Zil )

— Motivic period matrix F™ takes simple structures in terms of Hopf algebra !

Schlotterer, Stieberger, arXiv:1205.1516 [hep-th]

1
Remark: ¢(F™) = (kgl 15 P2k> (1 —kgl fok+1 M2k—|—1>

Proof in Broedel, Schlotterer, St.St., Terasoma, to appear



Lie algebra structure of the o/—expansion

Recall: Commutator structure in Q: [Mn,, [Mns, ..., [Mn,, Mn]]

Graded Lie algebra over Q

L::@Cr,

r>1

which is generated by the symbols Moy, 1 of degree 2n + 1,
with the Lie bracket (M;, M;) w— [M;, M;].

The algebra L is generated by the following elements:
M37 M57 M77 [M57M3]7 M97 [M77M3]7
M117 [M37[M57M3]]7 [M97M3]7 [M77M5]7°°°



Linearly independent elements in L,, and primitive MZVs

m | dim(Ly,) | linearly independent elements at o/ | irreducible MZVs
1 0 — —

2 0 - —

3 1 M3 (3

4 0 - _

5 1 Msx (5

6 0 — —

’ 1 M~ (7

8 1 [Ms, M3] (35

9 1 Mg Co

10 1 [M7, M3] (3,7

11 2 Miq, [M3z,[Ms, M3]] €11, €335
12 2 [M97M3]7 [M77M5]

€3,9 ,61,1,4.6




m | om linearly independent elements at o' irreducible MZVs
11| 2 M1, [Ms, [Ms, M3]] C11, (3,35
12| 2 [Mo, M3], [M7, Ms] (3,9 ,(1,1,4,6
13| 3 M3, [Ms,[Mz7, Ms]], [Ms, [Ms, M3]] ¢13, (3,37, (3,55
14 | 3 [M11, M3], [Mo, Ms], [Msz,[Ms,[Ms, Ms]]] (3,11, (5,9, (3,335
15 4 Mis, (15

[M3, [Mg, M3]], [Ms, [Mz7, M3]], [Mz7,[Ms, M3s]] (5,37, (3,39, (1,1,3,4,6
16 | 5 [M13, M3], [Mi1, Ms], [Mo, M7], (3,13, (5,11, €1,1,6,8;

[M3, [Ms, [Ms, M3]]], [Ms3, [Ms, [Mz7, M3]]] (333,7, (3355
17| 7 M7, C17,
[M3, [M3, [M3, [Ms, M3]]]], [Mz7,[Mz7, M3]], [Ms,[Mz7, Ms]], ¢3,3,3,3,5, €1,1,3,6,6, 55,7,

[M3, [M11, M3]], [Mo, [Ms, M3s]], [Ms,[My, M3]] (3,3,11, (53,9, (3,59

18| 8 [Mis, M3], [Mi3z, Ms], [Mi1, M7], (315, €513, €1,1,6.10,
[Ms, [Ms, [Ms, M3]]], [Ms3,[Ms,[M7, Ms]]], (3,555, (53,3,7,
[Ms, [M3, [M7, M3]]], [Ms,[Ms,[Mog, M3]]], [Msz,[Ms, [M7, M3]]] | (3339, (3537, (1,1,33,46

19 | 11 Mo, C1o,

[M3, [M13, M3]], [Mz7,[Mg, M3]], [Mo, [Mz7, Ms]], (3313, €739, €1,13,68;

[Ms, [M11, M3]], [Mi1,[Ms, M3]], [Ms, [Mo, Ms]], ¢5,3,11, (3,511, (55,9,

[M7, [M7, Ms]], €1,1,5,6,6
[M3, [M3, [Ms, [Ms, M3]]]], [Ms, [Ms, [Ms, [Ms, M3]]]], (3,3,5,3,5, (3,3,3,55,
[M3, [M3, [M3, [M7, M3]]]] (3,3,3,3,7

20 | 13 [M17, M3], [Mis, Ms], [Miz, M7], [Mzi1, Mo], (7,13, C5,15, (3,17, (1,1,8,10,

[M3, [M3, [M3, [M3, [Ms, M3]]]]],
[M57 [M57 [M77 M3]]]7 [M37 [M57 [M77 M5]]]7 [M37 [M37 [M97 M5]]]7
[M3a [M7a [M77 M3]]]a [M3a [M57 [M97 M3]]]a [M37 [M3a [Mlla M3]]]7
[Ms, [M3, [M7, Ms]]], [Ms,[Ms, [My, M3]]]

(3,3,3,3.3,5;

(5,537, (3557, €53,3,9,
¢3,3,7,7, (3,539, (333,11,
¢1,1,3,3,4,8, (1,1,5,3,4,6

Om = dim(Ly,)



A similar algebra F has been studied by Ihara to relate
the Galois Lie algebra G of the Galois group G
to the more tractable object F.
The free graded Lie algebra F over Q
is freely generated by the symbols
Ton+1 Of degree 2n + 1, with the dimension dim(Fn,).

Consider graded space of irreducible (primitive) MZVs:

Z>0
: with: Z5g9 = @ Zw
Z>0 Z>0 w>0
Z>0
Goncharov: ~ (o) D F
Z-0 250 «
Observation: dim(Ly,) = dim(Fm) i.e.. Moy41 >~ Tont1

This relates linearly independent elements £,, in a/—expansion to primitive MZVs



Linearly independent elements in L,, for N =5

E.g. N =5: For any nested commutator

Q(fr) — [an, [Mn37 -

o [Mny, Mngl] .. ]

r>2:

r1+1ro € 274 :

[Q(r1) Qo] =0

T1—|—T262Z+1: {Q(r1)7é(r2)} = 0

General counting formula for dim(£,,)

in Broedel, Schlotterer,
St.St., Terasoma, to appear

As a consequence, €.9g. w = 18 : [M37 [M':_)a [M77M3]] — [M':_)a [M37 [M77M3]]]

m | dim(Fy) | dim(Ly) | irreducible MZVs
18 3 4 7

19 11 11 11

20 13 11 11

21 17 16 16

22 21 16 16

23 23 25

L gives rise to an other algebra, which may be related to Galois Lie group




Linearly independent elements in L,, for N =5

dim(Ly,) = w®+ w0 + 2wl2 4 3wl 4+ 5wl 4 7wld 4 11020
4+ 16w22 4+ 24w24 4 34w2%49w28 4 69w30 4+ 98w32 + . ..

1l 4 2¢13 4 3¢15 + 6¢17 4 10419 4 15421 4 24423
36t2° 4 5427 4+ 80129 + 116431 4+ 16633 4+ 237¢3°

dim(L2;41)

_|_
+ 33437 4 466139 + 646141 + 88943 + 121340 + . ..

Broedel, Schlotterer, St.St., Terasoma, to appear



String theory in Mellin space

Taylor, St.St. arXiv:1303.1532

©.@)
Mellin transformation: M (s) ::/O 2571 (2)

. ' 1 “+100+c
Inverse Mellin transformation: f(x) = (27i)~ /
—100+-c

ds x~° My (s)

Consider multiple inverse Mellin transformations:

“+1004-c “+1004-c
1 s o T(s) T(u)

(27)2 ds / WY )

=5(1—-z—19) 0(1—=z) 6(1 —7)

—100+cC —100-+c

Kang: Extension of Mellin transformation to distributional setup



String theory in Mellin space

T+ @) GAu)

~ 0(1—2) 0(1—y) {61 —2)+5(1-y)+¢(2) [z 5A—2)+y QA —y)|} +
Introduce m = SN(N — 3) dihedral coordinates u; ;:

N~ +i00—+c —8;
(27i) 11 / dsij w; ;| Bn({ski} {ne,})
(ijyep IOt

- I1 u?zj 0(1 —wu; )| 6({ug}) -

(i,j)eP

Polylogarithms and MZVs from expanding delta—functions !



Superstring amplitudes

Superstring amplitudes:
generalized Euler integrals, multiple polylogarithms and MZVs

Structure of o/—expansions is encoded by
decompositon of motivic multi zeta values

coproduct maps the o’—expansion onto a
non—commutative Hopf algebra

Graded Lie algebra structure of the a/—expansion:
interesting algebras related to Galois Lie algebra

Multiple inverse Mellin transformations:
polylogarithms and MZVs from expanding delta—functions !



Appendix: Hopf algebra

A Hopf algebra is an algebra A with multiplication u: A® A — A, i.e.
uw(x1 ®x2) = x1-x2 and associativity. At the same time it is also a coalgebra with
coproduct A : A —- A®.A and coassociativity such that the product and coproduct

are compatible: A(x1-x2) = A(x1) - A(x2), with z1, 25 € A.

I"(x;a1,...,ar;y) - I"(x; Apg-1y -y Opgog Y) = Z " (x; As(1)s s Qg (rts) )
o€ (r,s)

with Z(r,s) ={c € Z(r+s) |c71 (D) < ... <o ()N (r+1) < ... <o (r+s)}

Alm(a’o;a’l)"'aa’n;a’n—Fl) — Z Im<a'0;a'i17"'7a’ik;a’n+l)
O=1p<i1<...<ip<igp41=n—+1
k
p=0

with O < k<nanda;,xz,y € F.



