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Meshing Complicated Geometries
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� %WWYQI�XLEX � MW GSQTPMGEXIH MR�XLI�WIRWI�XLEX�MX�GSRXEMRW�QMGVSWXVYGXYVIW�

� 4() TVSFPIQ� KMZIR L : ((L)�H�H ERH J�H� ½RH Y � ((L) WYGL�XLEX

LY = J MR �.

� *)1��KMZIR�E�QIWL TL SJ�KVERYPEVMX] L� ½RH YL � :L(TL) WYGL�XLEX

LLYL = JL.

� 8]TMGEPP] TL GSRWMWXW�SJ��QETTIH
 XVMERKPIW�UYEHVMPEXIVEPW���(
 SV
XIXVELIHVE�LI\ELIHVE�TVMWQW�T]VEQMHW���(
��8LIVIF]�

dim(:L(TL)) � 'SQTPI\MX]�SJ �

� 8SS�QER]�HIKVIIW�SJ�JVIIHSQ�EVI�IQTPS]IH�XS�VIWSPZI�XLI�KISQIXV]�

� 0MQMXW�XLI�IJJIGXMZIRIWW�SJ�EHETXMZI�QIWL�VI½RIQIRX�WXVEXIKMIW�

� (IWMKR�SJ�QYPXMPIZIP�TVIGSRHMXMSRIVW�MW�HMJ½GYPX��7GL[EV^�QYPXMKVMH
�

Hackbusch & Sauter 1997→



Polygonal/Polyhedral Meshes

• Provide greater flexibility in mesh generation.	



• Exploited as transitional elements in FEM meshes. 	



• Fictitious Domain/Unfitted Methods/Overlapping Meshes [Lagrange–multiplier 
approaches, finite cell methods, fat boundary methods, Penalty methods, Cut–cell]	



	

 	

 Barrett & Elliott 1987, Dinh, Glowinski, He, Kwock, Pan, Periaux 1992, Quirk 1992, Glowinski, Pan, & 	


	

 	

 Periaux 1994, 1995, Maury 2001, Baaijens 2001, Del Pino & Pironneau 2003, Hansbo & Hansbo 2002, 	


	

 	

 2004, Becker, Hansbo, & Stenberg 2003, Hansbo, Hansbo, & Larson 2003, Girault & Glowinski 2005, 	


	

 	

 Glowinski & Kuznetsov 2007, Yu 2005, Vos, van Loon, & Sherwin 2007, Burman & Hansbo 2009, Engwer	


	

 	

 2009, Bastian & Engwer 2009, Burman & Hansbo 2010, 2011, Johansson & Larson 2011, Massing 2012	


!
!
!
!
!
!
!
!
!

• Better suited for applications (complicated and/or moving domains).	


	

 Solid mechanics, fluid structure interaction, mathematical biology, …	



• Techniques applicable to characteristic-based methods.	


	

 Exact projection Lagrange-Galerkin method (Priestley 1994)	



!
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FEMs on Polygonal/Polyhedral Meshes

• Polygonal Finite Element Methods.	


	

 Sukumar & Tabarraei 2004, 2007	



• Extended/Generalised FEMs (Partition of Unity).	


	

 Duarte & Oden 1996, Melenk & Babuska 1996, Moes, Dolbow, & Belytschko 1999, Daux, Moes, Dolbow,	


	

 Sukumar, & Belytschko 2000, Sukumar, Moes, Moran, & Belytschko 2000, Belytschko, Moes, Usui, & Parimi 2001, 
	

 Gerstenberger & Wall 2008, Bechet, Moes, & Wohlmuth 2009, Belytschko, Gracie, & Ventura 2009, Jaroslav & 
	

 Renard 2009, Fries & Belytschko 2010, Shahmiri, Gerstenberger, & Wall 2011, …	



• Virtual Element Method.	


	

 Beirao daVeiga, Brezzi, Cangiani, Manzini, Marini, & Russo 2013	



• Mimetic Finite Difference Method.	


	

 Brezzi, Lipnikov, & Shashkov 2005, Brezzi, Lipnikov, & Simoncini 2005, Brezzi, Buffa, & Lipnikov 2009, Cangiani,	


	

 Manzini, Russo 2009, Beirao da Veiga, Droniou, & Manzini 2011, Beirao daVeiga, Lipnikov & Manzini 2011, Beirao	


	

 da Veiga & Manzini 2013,…	



• Composite Finite Element Methods. 	


	

 Shortley & Weller 1938, Hackbusch & Sauter 1997→, Rech, Sauter, & Smolianski 2006, Antonietti, Giani, &	


	

 H. 2012, 2013,…	



• Agglomerated Finite Element Methods.	


	

 DGFEM: Bassi, Botti, Colombo, Di Pietro, & Tesini 2012, Bassi, Botti & Colombo 2013.
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Objectives:
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Number of degrees of freedom is independent of the domain;	



Coarse approximations may be computed with engineering accuracy;	



Adaptivity is focused on resolving important features of the solution; 	



Method naturally admits high-order polynomial orders;	



May be exploited as coarse level solvers with multilevel preconditioners.

➡ Develop (composite/agglomerated) discontinuous Galerkin finite 
element methods on general polytopic meshes.



Incompressible Navier-Stokes Equations
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Re = 100� (;6 6I½RIQIRX� [MXL J(u, p) = p(11, 1.5) � 2.2764 � 10�3

Giani & H. 2014



Incompressible Navier-Stokes Equations
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Re = 100� (;6 6I½RIQIRX� [MXL J(u, p) = p(11, 1.5) � 2.2764 � 10�3

Initial mesh consisting of 96 polygonal elements



Incompressible Navier-Stokes Equations

10

Re = 100� (;6 6I½RIQIRX� [MXL J(u, p) = p(11, 1.5) � 2.2764 � 10�3

Composite mesh after 3 adaptive refinements, with 408 elements



Incompressible Navier-Stokes Equations
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Re = 100� (;6 6I½RIQIRX� [MXL J(u, p) = p(11, 1.5) � 2.2764 � 10�3

Composite mesh after 7 adaptive refinements, with 3118 elements



Incompressible Navier-Stokes Equations
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Re = 100� (;6 6I½RIQIRX� [MXL J(u, p) = p(11, 1.5) � 2.2764 � 10�3
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Incompressible Navier-Stokes Equations
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Re = 100� (;6 6I½RIQIRX� [MXL J(u, p) = p(11, 1.5) � 2.2764 � 10�3

No of Eles No of Dofs
96 1440 -2.849E-02 -2.534E-02 0.89

159 2385 -1.702E-02 -1.430E-02 0.84
240 3600 -5.755E-03 -3.419E-03 0.59
408 6120 -2.974E-03 -1.554E-03 0.52
660 9900 -1.592E-03 -7.969E-04 0.50
1108 16620 -8.644E-04 -3.853E-04 0.45
1901 28515 -5.008E-04 -2.842E-04 0.57
3118 46770 -2.068E-04 -1.468E-04 0.71
5196 77940 -5.390E-05 -4.716E-05 0.87
8708 130620 -1.172E-05 -1.172E-05 1.00

J(u, p) � J(uh, ph)
�

��TCFE
�� �

� =
�

��TCFE
��

J(u,p)�J(uh,ph)



Outline

Discontinuous Galerkin FEMs on Polytopic Meshes
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Discontinuous Galerkin Methods

15

✓ Robustness/stability;	



✓ Locally conservative;	



✓ Ease of implementation;	



✓ Highly parallelizable;	



✓ Flexible mesh design (hybrid grids, non-matching grids, non-
uniform/anisotropic polynomial degrees);	



✓ Wider choice of stable FE spaces for mixed problems;	



✓ Unified treatment of a wide range of PDEs;

✓ Convergence of the method is independent of the element shape;	



➡ Polynomial bases may be defined in the physical frame, 
without the need to map from a reference element.	



	

 	

  (See Bassi, Botti, Colombo, Di Pietro, & Tesini 2012)

★Computational overhead/efficiency (increase in DoFs);



DGFEM vs CGFEM (Cangiani, Georgoulis, & H. 2014)
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Chemically Reacting Flow Example 
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PDE Problem
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� %WWYQI�XLEX � MW GSQTPMGEXIH MR�XLI�WIRWI�XLEX�MX�GSRXEMRW�QMGVSWXVYGXYVIW�

Poisson’s Equation

+MZIR � � RH� H = �, �� ERH J � 0�(�)� ½RH Y WYGL�XLEX

��Y = J MR �, Y = � SR ��.

8LIVI�I\MWXW�E�PMRIEV�I\XIRWMSR�STIVEXSV E : ,W(�) � ,W(RH)� W � N��
WYGL�XLEX EZ|� = Z ERH

�EZ�,W(RH) � '�Z�,W(�).

7II�7XIMR������ 7EYXIV�
�;EVROI������

Theorem



Construction of the FEM meshes
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� 4SP]XSTMG�1IWL�+IRIVEXSV

� :SVSRSM�1IWL�KIRIVEXSV�

� %KKPSQIVEXMSR

+VETL�TEVXMXMSRMRK�XSSPW� I�K�� �

Joint work with 	


Jochen Schuetz (Aachen)

Talischi et al. 2012



Construction of the FEM meshes
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� /I]�-HIE�MW�XS�IQTPS]�X[S�QIWLIW�

�� TL MW�E�½RI�QIWL�[LMGL�EGGYVEXIP]�VITVIWIRXW ��

�� TCFE MW�E�GSEVWI EKKPSQIVEXIH QIWL�GSRWMWXMRK�SJ�TSP]KSRW�

� TCFE TVSZMHIW�ER EJJSVHEFPI GSQTYXEXMSREP�QIWL�

� 'SQTSWMXI�*)1 QIWL�GSRWXVYGXMSR�

Hackbusch & Sauter 1997→



Construction of the FEM meshes
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�� 7IX T̂L� = T̂,� ERH�XLI�QIWL�GSYRXIV � = ��

�� 7IX T̂L�+� = ��

�� *SV�EPP �̂ � T̂L� HS

�E
 -J �̂ � � XLIR T̂L�+� = T̂L�+�

�
{�̂}�

�F
 3XLIV[MWI VI½RI �̂ =
�R�̂

M=� �̂M� *SV M = �, . . . , R�̂� MJ �̂M � � �= � XLIR�WIX
T̂L�+� = T̂L�+�

�
{�̂M}�

�� -J�XLI�VIJIVIRGI�QIWL T̂L� MW WYJ½GMIRXP] ½RI� MR�XLI�WIRWI�XLEX�MX�TVSZMHIW�E�KSSH
VITVIWIRXEXMSR�SJ�XLI�FSYRHEV]�SJ �� XLIR ��3XLIV[MWI� WIX � = � + �� ERH

��

Refinement Algorithm (Construction of the Reference Meshes):

;I�HI½RI�ER SZIVPETTMRK WLETI�VIKYPEV�GSEVWI�QIWL T̂,� GSRWMWXMRK�SJ�WXERHEVH�HMWNSMRX
IPIQIRXW�

� � �, =

�

�
�

�̂�T̂,

�̂

�

�
�

ERH �̂� � � �= � ��̂ � T̂,.



Composite FEM Meshes
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6IJIVIRGI�1IWLIW T̂LM � M = �, . . . , ��

4L]WMGEP��EKKPSQIVEXIH
�1IWLIW TLM � M = �, . . . , �� �

TCFE



 DG Finite Element Spaces

;I�WIX
:(TCFE,p) = {Y � 0�(�) : Y|� � PT�(�) �� � TCFE},

[LIVI PT(�) HIRSXIW�XLI�WIX�SJ�TSP]RSQMEPW�SJ�HIKVII�EX�QSWX T � � SZIV ��

➡ Polynomial bases are defined in the physical space, without any mappings. 

Mesh Assumptions

� F(TCFE) = FI
CFE � FB

CFE HIRSXIW�XLI�WIX�SJ�EPP�JEGIW�MR�XLI�QIWL TCFE�

�%�
 *SV�EPP�IPIQIRXW � � TCFE� [I�VIUYMVI

max
��TCFE

GEVH
�
* � FI

CFE � FB
CFE : * � ��

�
� '* �YRMJSVQP]
.

�%�
 8LI�TSP]RSQMEP�HIKVII�ZIGXSV p MW�SJ FSYRHIH�PSGEP�ZEVMEXMSR�



DGFEM

hp-DGFEM (based on Symmetric Interior Penalty Method- SIPG)
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*MRH YL � :(TCFE,p) WYGL�XLEX

&DG(YL, Z) = *L(Z)

JSV�EPP Z � :(TCFE,p)� [LIVI

&DG(Y, Z) =
�

��TCFE

�

�
�Y · �Z H\ +

�

*�FI
CFE�FB

CFE

�

*
� [[Y]] · [[Z]] HW

�
�

*�FI
CFE�FB

CFE

�

*

�
{{�LZ}} · [[Y]] + {{�LY}} · [[Z]]

�
HW,

*L(Z) =

�

�
JZ H\.

{{·}} : %ZIVEKI�3TIVEXSV [[·]] : .YQT�3TIVEXSV

Stabilisation

ConsistencySymmetry



Outline

Error Estimation	
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Stability of the DGFEM

26

Face/edge Degeneration

�

*

� QIEW(*) � QIEW(�)

Inverse Estimate

�*
�

�Z��0�(*) � 'inv
T�|*|

sup�*
�
�� |�*

�|
�Z��0�(�).

+MZIR Z � PT(�)� [I�LEZI�XLI�MRZIVWI�IWXMQEXI

�*
�

*

�



Stability of the DGFEM
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Face/edge Degeneration

�

*

� QIEW(*) � QIEW(�)

Inverse Estimate

�*
�

+MZIR Z � PT(�)� [I�LEZI�XLI�MRZIVWI�IWXMQEXI

�Z��0�(*) � 'inv min

�
|�|

sup�*
�
�� |�*

�|
, T�H

�
T�|*|
|�| �Z��0�(�).

4VSSJ� )\TPSMX�ER�MRZIVWI�MRIUYEPMX]�MR 0�� XSKIXLIV�[MXL�VIWYPXW�JVSQ
+ISVKSYPMW������



Stability of the DGFEM

Lemma (Coercivity & Continuity)

28

DG-Norm

||| Z |||�DG =
�

��TCFE

��Z��0�(�) +
�

*�FI
CFE�FB

CFE

��
�/�[[Z]]��0�(*).

*SV � > �min� [I�LEZI

&DG(Z, Z) � 'coer||| Z |||�DG JSV�EPP Z � :(TCFE,p),

ERH

&DG(Z,[) � 'cont||| Z |||DG|||[ |||DG JSV�EPP Z,[ � :(TCFE,p).

Interior Penalty Parameter

� := � 'inv max
��{�+,��}

�
min

�
|�|

sup�*
�
�� |�*

�|
, T�H�

�
T��|*|
|�|

�
, * = �+ � ��.



Approximation Results

Projection Operators

29

�

;I�[VMXI �̃TZ = �T(EZ|K)|�.

� �T� 4VSNIGXSV�SR K �WXERHEVH�IPIQIRX�WLETI
�
� E� )\XIRWMSR�STIVEXSV�

K0IX T� = {K} HIRSXI�E�WLETI�VIKYPEV�GSZIVMRK�SJ TCFE�
WYGL�XLEX�JSV�IEGL � � TCFE� XLIVI�I\MWXW K � T�� � � K�

�%�
�;I�EWWYQI�XLEX

max
��TCFE

GEVH {�� � TCFE : �� � K �= �, K � T� � � K} � O� �YRMJSVQP]




Approximation Results

30

Lemma

*SV � � TCFE� [I�LEZI

�Z � �̃Z�,U(�) � '
LW��U

�

TO��U
�

�EZ�,O� (K), � � U � O�,

�Z � �̃Z�0�(*) � '|*|�/� L
W��H/�
�

TO���/�
�

'Q(T�, �, *)�/��EZ�,O� (K),

[LIVI

'Q(T�, �, *) = min

�
LH�

sup�*
�
�� |�*

�|
,

�

T��H
�

�
,

ERH W� = min{T� + �, O�}� O� > H/��



A Priori Error Bound

Theorem (Cangiani, Georgoulis, & H, 2013)
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G�(*, 'INV, 'Q, T�) = T�L�H
�

�

*���

'Q(T�, �, *)���|*|

+ T��|�|��
�

*���

'INV(T�, �, *)���|*| + L�H+�
� T��

�

�

*���

'Q(T�, �, *)�|*|,

'INV(T, �, *) := 'inv min

�
|�|

sup�*
�
�� |�*

�|
, T�H

�
,

'Q(T�, �, *) = min

�
LH�

sup�*
�
�� |�*

�|
,
�

T��H
�

�
.

*SV W� = min{T� + �, O�} ERH T� � �� XLI�JSPPS[MRK�FSYRH�LSPHW�

||| Y � YL |||�DG � '
�

��TCFE

L�(W���)
�

T�(O���)
�

(� + G�(*, 'INV, 'Q, T�)) �EY��
,O� (K).



A Priori Error Bound

Theorem (Cangiani, Georgoulis, & H, 2013)
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*SV�YRMJSVQ�SVHIVW T� = T � �� L = max��T L�� W� = W�
W = min{T + �, O}� O > � + H/�� ERH HMEQ(*) � L�� * � ��� � � TCFE�
[I�KIX�XLI�FSYRH

||| Y � YL |||DG � '
LW��

TO��/�
�Y�,O(�).

GJ� ,�� 7GL[EF�
�7�PM������

*SV W� = min{T� + �, O�} ERH T� � �� XLI�JSPPS[MRK�FSYRH�LSPHW�

||| Y � YL |||�DG � '
�

��TCFE

L�(W���)
�

T�(O���)
�

(� + G�(*, 'INV, 'Q, T�)) �EY��
,O� (K).



2D Example
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��u = f MR �, u = g SR ��
f MW�WIPIGXIH�WS�XLEX u = sin(�x) cos(�y)

Initial Coarse/Fine meshes Analytical Solution



2D Example
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(DGFEM solution computed on domain without any holes)



3D Example

35

��u = f MR �, u = g SR ��

f MW�WIPIGXIH�WS�XLEX u = sin(�x) cos(�y) sin(�z)



3D Example

36

101 102

10−4

10−3

10−2

10−1

dof1/3

L 2(1
)−

Er
ro

r

 

 

p=1
p=2

101 102

10−2

10−1

100

dof1/3
H

1 (1
)−

Er
ro

r
 

 

p=1
p=2



A Posteriori Error Bound

Theorem (On composite meshes)

37

8LI�JSPPS[MRK LT�ZIVWMSR E�TSWXIVMSVM IVVSV�FSYRH�LSPHW�

||| Y � YL |||DG � '

�
�

��TCFE

(��
� + O�

�)

� �
�

,

[LIVI�XLI�PSGEP�IVVSV�MRHMGEXSVW ��� � � TCFE� EVI�HI½RIH�F]

��
� = L��T

��
� ��J + �YL��

0�(�) +
�

*���\��

L��L
��
* T��

� �[[�YL]]��
0�(*)

+�L��L
��
* T��[[YL]]��

0�(��),

ERH�XLI�HEXE�SWGMPPEXMSR�XIVQ O� MW�KMZIR�F]

O� = L��T
��
� �J � �J��

0�(�).



2D Example
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��u = 1 MR �, u = 0 SR ��



2D Example
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��u = 1 MR �, u = 0 SR ��
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Outline

Domain Decomposition Preconditioners	
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Domain Decomposition Preconditioning

Goal

A is a large sparse, s.p.d. and ill-conditioned 

41

hp–DGFEM �! Au = f

(A) = O(p4h�2)

• Efficiently solve the algebraic linear system arising from the hp-DGFEM.	



• Solver should be effective for both h- and p-version.



Domain Decomposition Preconditioning

Goal

A is a large sparse, s.p.d. and ill-conditioned 

42

hp–DGFEM �! Au = f

(A) = O(p4h�2)

• Efficiently solve the algebraic linear system arising from the hp-DGFEM.	



• Solver should be effective for both h- and p-version.

Domain Decomposition

• Divide and Conquer: capability to treat large-scale problems.	



• Parallelization: Local problems can be run on different processors.

� 7SPZI�XLI�4() SR � = �2
M=��M.

� 7SPZI�E�WIVMIW�SJ�PSGEP�TVSFPIQW�SR�IEGL�WYFHSQEMR �M, M = �, . . . ,2.



Notation
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Assumption

� TS = {�i}N
i=1� 2SR�SZIVPETTMRK�WYFHSQEMR�TEVXMXMSR�

� Th� *MRI�QIWL�
� TH � TCFE� 'SEVWI��EKKPSQIVEXIH
�QIWL�

TS � TH � Th

Ω1 Ω2

Ω3 Ω4

Ω1 Ω2

Ω3 Ω4

Ω1 Ω2

Ω3 Ω4

TS TH Th



Schwarz Preconditioners for hp-DGFEM

44

Coarse Solver (DGFEM)

BDG0(u0, v0) := BCDG(u0, v0) �u0, v0 � V (TH , q).

Local Solvers, i=1,…,N

Local Projection Operators

�Pi : V (Th, p) � V (Thi , p) :

BDGi( �Piu, vi) := BDG(u,R�
i vi) �vi � V (Thi , p).

�P0 : V (Th, p) � V (TH , q) :

BDG0( �P0u, v0) := BDG(u, R�
0 v0) �v0 � V (TH , q).

4VSPSRKEXMSR��MRNIGXMSR
�STIVEXSV R�
i : V (Thi , p) � V (Th, p)� [LIVI

V (Thi , p) = {v � L2(�i) : v|� � Sp�(�) �� � �i},

BDGi(ui, vi) := BDG(R
�
i ui, R

�
i vi) �ui, vi � V (Thi , p).
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Schwarz Operators

;VMXMRK Pi := R�
i

�Pi : V (Th, p) � V (Th, p), JSV i = 0, 1, . . . , N � [I�LEZI

Pad :=
N�

i=0

Pi, Pmu := I � (I � PN )(I � PN�1) · · · (I � P0).

P̃i = A�1
i RiA,

Pi := R�
i P̃i = R�

i A�1
i RiA,

Pad =

�
N�

i=0

R�
i A�1

i Ri

�
A.

Algebraic Formulation for Additive Schwarz

� A� *YPP�(+*)1 QEXVM\�
� Ai� i > 1� 0SGEP�(+*)1 QEXVM\�SR �i�
� A0� 'SQTSWMXI�(+*)1 QEXVM\�
� Ri : V (Th, p) � V (Thi , p)� 6IWXVMGXMSR�
� R�

i : V (Thi , p) � V (Th, p)� 4VSPSRKEXMSR�
� Pad� 4VIGSRHMXMSRIH�W]WXIQ�



A Posteriori Error Bound

Theorem (Antonietti & H. 2011, Antonietti, Giani, & H. 2013)
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8LI�GSRHMXMSR�RYQFIV �(Pad) MW�FSYRHIH�F]�

�(Pad) � C�p2 H

h
.

• Proof is based on the abstract theory of Schwarz methods, cf. Dryja & 
Widlund, 1989, 1990, and standard arguments for hp-DGFEMs.	



• Scalability (i.e., independent of the number of subdomains).	


• Note: No overlap is required unlike with CGFEM	


• Dependence of the condition number on the coarse space polynomial 

degree may be established based on the article by Smears 2013.



Poisson’s Equation
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Domain with 4 holes Domain with 256 holes



Poisson’s Equation
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1/2 1/4 1/8 1/16 1/32 1/64

1/8 32 (42.1) 27 (14.5) - - - -

1/16 58 (96.8) 47 (40.1) 29 (17.5) - - -

1/32 93 (203.2) 74 (89.8) 48 (44.1) 31 (17.8) - -

1/64 134 (411.2) 121 (188.3) 80 (95.4) 50 (44.2) 31 (17.9) -

1/128 192 (821.9) 185 (369.8) 137 (194.3) 80 (95.2) 50 (44.2) 31(17.9)

1/2 1/4 1/8 1/16 1/32 1/64

1/64 55 (83.8) 55 (81.3) 54 (69.2) 50 (40.4) 31 (14.7) -

1/128 79 (178.6) 79 (174.5) 79 (151.4) 76 (93.2) 52 (38.2) 31 (17.6)

Domain with 4 holes

Domain with 256 holes

h\H

h\H



2D Laminar Flow: NACA0012 Airfoil
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1E!���� 6I!����� � = 2� ERH�EHMEFEXMG�[EPP�GSRHMXMSR

Mesh 1, consisting of 578 (hybrid) elements
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Mesh 5 partitioned into 500 regions using METIS
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1E!���� 6I!����� � = 2� ERH�EHMEFEXMG�[EPP�GSRHMXMSR

500 1000 2000 4000 8000

Mesh 2 124 (936,10) - - - -

Mesh 3 186 (1303,9) 121 (800,9) - - -

Mesh 4 310 (1957,9) 168 (1150,9)	 116 (700,9) - -

Mesh 5 519 (3136,9) 278 (1796,9) 151 (1034,9) 95 (646,9) -

Mesh 6 933 (5604,9) 492 (3034,9) 276 (1785,9) 162 (1090,9) 103 (687,9)

Th \ ��)PIW TH

Meshes 2-6:  1134, 2113, 4246, 8946, 20229 elements, respectively.	



1)8-7 MW�IQTPS]IH�XS�KIRIVEXI�FSXL TS [MXL N = 250 ERH TH �



Outline

Summary and Outlook
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Summary and Outlook
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• Developed the a priori and a posteriori error analysis of DGFEMs on general 
polytopic meshes.	



• This allows for the construction of very coarse finite element meshes, even 
on complicated domains containing microstructures.	



• Analysis of DGFEMs on general polygonal/polyhedral meshes accounts for 
local edge/face degeneration.	



• Exploitation as coarse grid solvers for Schwarz type DD preconditioners.
• Development of multigrid preconditioners.	



• Extension to problems with discontinuous coefficients.	



• Application to two-grid methods for nonlinear PDEs.	


	

 Congreve, H., & Wihler 2011, 2013, Congreve & H. 2013	



• Extension to hyperbolic problems and PDEs of mixed-type.	



	

 See Zhaonan Dong’s (Peter) poster.	



• Agglomeration-based adaptivity, based on exploiting METIS.


