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Introduction

Homogenization theory studies differential equations with rapidly
oscillating coefficients. One is interested in the behavior of the solutions in
the small period limit.
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Introduction

Homogenization theory studies differential equations with rapidly
oscillating coefficients. One is interested in the behavior of the solutions in
the small period limit. A broad literature is devoted to homogenization
problems. First of all, we mention the books

@ A. Bensoussan, J.-L. Lions, G. Papanicolaou. Asymptotic analysis for
periodic structures, 1978.

e E. Sanchez-Palencia. Nonhomogeneous media and vibration theory,
1980.

@ N. S. Bakhvalov, G. P. Panasenko. Homogenization: averaging of
processes in periodic media, 1984.

e V. V. Zhikov, S. M. Kozlov, O. A. Oleinik. Homogenization of
differential operators, 1993.
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Introduction

One of the methods in homogenization theory is a spectral approach based
on the Floquet-Bloch theory and the spectral perturbation theory.
Mention the following papers where the spectral method was used:

e E. V. Sevost'yanova, Asymptotic expansion of the solution of a
second-order elliptic equation with periodic rapidly oscillating
coefficients, Math. USSR-Sbornik, 1982.

e V. V. Zhikov, Spectral approach to asymptotic diffusion problems,
Diff. Equations, 1989.

@ C. Conca, R. Orive, M. Vanninathan, Bloch approximation in
homogenization and applications, SIAM J. Math. Anal., 2002.
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Introduction

We will discuss the operator-theoretic (spectral) approach to
homogenization problems that was suggested and developed in a series of
papers by M. Birman and T. Suslina (in 2001-2008).
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We will discuss the operator-theoretic (spectral) approach to
homogenization problems that was suggested and developed in a series of
papers by M. Birman and T. Suslina (in 2001-2008).

The main idea of our approach is that the homogenization can be studied
as a spectral threshold effect at the bottom of the spectrum of a periodic
elliptic operator.
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Introduction

We will discuss the operator-theoretic (spectral) approach to
homogenization problems that was suggested and developed in a series of
papers by M. Birman and T. Suslina (in 2001-2008).

The main idea of our approach is that the homogenization can be studied
as a spectral threshold effect at the bottom of the spectrum of a periodic
elliptic operator.

Consider the simplest homogenization problem. Let € > 0 be a small
parameter. In L(R?), consider the operator

A = —divg(x/e)V.
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We will discuss the operator-theoretic (spectral) approach to
homogenization problems that was suggested and developed in a series of
papers by M. Birman and T. Suslina (in 2001-2008).

The main idea of our approach is that the homogenization can be studied
as a spectral threshold effect at the bottom of the spectrum of a periodic
elliptic operator.

Consider the simplest homogenization problem. Let € > 0 be a small
parameter. In L(R?), consider the operator

A = —divg(x/e)V.

Here g(x) is positive definite and bounded (d x d)-matrix-valued function,
periodic with respect to some lattice of periods.
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Introduction

We will discuss the operator-theoretic (spectral) approach to
homogenization problems that was suggested and developed in a series of
papers by M. Birman and T. Suslina (in 2001-2008).

The main idea of our approach is that the homogenization can be studied
as a spectral threshold effect at the bottom of the spectrum of a periodic
elliptic operator.

Consider the simplest homogenization problem. Let € > 0 be a small
parameter. In L(R?), consider the operator

A = —divg(x/e)V.

Here g(x) is positive definite and bounded (d x d)-matrix-valued function,
periodic with respect to some lattice of periods. The operator A is the
acoustics operator, it describes a periodic acoustical medium with rapidly
oscillating parameters.
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Introduction

Consider the following equation in R:

Acu. +u. = F, F e Ly(RY).
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Introduction

Consider the following equation in R:
Acu. +u. = F, F e Ly(RY).

It turns out that there exists a limit: u. — ug, as € — 0. Here ug is the
solution of the so called "homogenized” (or "effective”) equation

Alug + ug = F,

where A9 is the effective operator A = —div g%V with constant positive
matrix g° called the effective matrix.
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Consider the following equation in R:
Acu. +u. = F, F e Ly(RY).

It turns out that there exists a limit: u. — ug, as € — 0. Here ug is the
solution of the so called "homogenized” (or "effective”) equation

AUy +up = F,

where A9 is the effective operator A = —div g%V with constant positive
matrix g° called the effective matrix.

From physical point of view the convergence u. — ug means
homogenization of the medium: a medium with rapidly oscillating
parameters in the small period limit behaves like a homogeneous medium
with constant effective parameters.
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Introduction

Consider the following equation in R:
Acu. +u. = F, F e Ly(RY).

It turns out that there exists a limit: u. — ug, as € — 0. Here ug is the
solution of the so called "homogenized” (or "effective”) equation

AUy +up = F,

where A9 is the effective operator A = —div g%V with constant positive
matrix g° called the effective matrix.

From physical point of view the convergence u. — ug means
homogenization of the medium: a medium with rapidly oscillating
parameters in the small period limit behaves like a homogeneous medium
with constant effective parameters. Mathematicians are interested in the
character of convergence and estimates of the error u. — ug.
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Introduction

We prove the error estimate

[ue = uol| L, may < CellFll Ly (me)- (1)
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Introduction

We prove the error estimate

[ue = uol| L, may < CellFll Ly (me)- (1)
This estimate is order-sharp. It can be formulated in the operator terms:

(A + 1) = (A% + 1) 7Yy (re) s Lo(rey < Ce. (2)
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We prove the error estimate
[ue = uol| L, may < CellFll Ly (me)- (1)
This estimate is order-sharp. It can be formulated in the operator terms:
(A + 1) = (A% + 1) 7Yy (re) s Lo(rey < Ce. (2)

Such estimates are called operator error estimates in homogenization
theory.
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Introduction

We prove the error estimate
[ue = uol| L, may < CellFll Ly (me)- (1)
This estimate is order-sharp. It can be formulated in the operator terms:
(A + 1) = (A% + 1) 7Yy (re) s Lo(rey < Ce. (2)

Such estimates are called operator error estimates in homogenization
theory. In order to obtain estimate (2), it is useful to apply the scaling
transformation. We have the following identity:

H(AS + I)il - (AO + /)71”L2%L2 - €2H(A + 52/)71 - (AO + 82’)71“L2%L27

where A = —divg(x)V.
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Introduction

The bottom of the spectrum of A is the point A = 0. This point is called
"a threshold”.

Tatiana Suslina (SPbSU) Spectral Approach to Homogenization Durham, July 2016 8 /38



Introduction

The bottom of the spectrum of A is the point A = 0. This point is called
"a threshold”. Only a small part of the spectrum near the threshold is
essential for our problem. Indeed, fix sufficiently small 6 > 0. Let Es be
the spectral projection of A for the interval [0, d].
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Introduction

The bottom of the spectrum of A is the point A = 0. This point is called
"a threshold”. Only a small part of the spectrum near the threshold is
essential for our problem. Indeed, fix sufficiently small 6 > 0. Let Es be
the spectral projection of A for the interval [0,0]. Obviously, we have

I(A + 1) 5|l Lymey—s Lo(rey < 0

So, the term £2(A +£21)"1Ej- is estimated by Ce? and "moves to error”.
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The bottom of the spectrum of A is the point A = 0. This point is called
"a threshold”. Only a small part of the spectrum near the threshold is
essential for our problem. Indeed, fix sufficiently small 6 > 0. Let Es be
the spectral projection of A for the interval [0,0]. Obviously, we have

I(A + 1) 5|l Lymey—s Lo(rey < 0

So, the term £2(A + £21)"1Ej- is estimated by Ce? and "moves to error”.
It remains to study the operator (A + £2/)~1E;.
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Introduction

The bottom of the spectrum of A is the point A = 0. This point is called
"a threshold”. Only a small part of the spectrum near the threshold is
essential for our problem. Indeed, fix sufficiently small 6 > 0. Let Es be
the spectral projection of A for the interval [0,0]. Obviously, we have

[(A+ 52/)71E§L||L2(Rd)aL2(Rd) <o

So, the term £2(A + £21)"1Ej- is estimated by Ce? and "moves to error”.
It remains to study the operator (A 4 £2/)~1E;s. It is natural to expect
that the behavior of this operator can be described in terms of the
"threshold characteristics” (the spectral characteristics of A near the
bottom of the spectrum).
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the spectral projection of A for the interval [0,0]. Obviously, we have

I(A + €217 Egt || Ly(rey—s Lo(rey < &

So, the term £2(A + £21)"1Ej- is estimated by Ce? and "moves to error”.
It remains to study the operator (A 4 £2/)~1E;s. It is natural to expect
that the behavior of this operator can be described in terms of the
"threshold characteristics” (the spectral characteristics of A near the
bottom of the spectrum). That is why we can treat homogenization as a
spectral threshold effect.

Tatiana Suslina (SPbSU) Spectral Approach to Homogenization Durham, July 2016 8 /38



Introduction

The bottom of the spectrum of A is the point A = 0. This point is called
"a threshold”. Only a small part of the spectrum near the threshold is
essential for our problem. Indeed, fix sufficiently small 6 > 0. Let Es be
the spectral projection of A for the interval [0,0]. Obviously, we have

I(A + €217 Egt || Ly(rey—s Lo(rey < &

So, the term £2(A + £21)"1Ej- is estimated by Ce? and "moves to error”.
It remains to study the operator (A 4 £2/)~1E;s. It is natural to expect
that the behavior of this operator can be described in terms of the
"threshold characteristics” (the spectral characteristics of A near the
bottom of the spectrum). That is why we can treat homogenization as a
spectral threshold effect. Using this main idea, we have developed an
operator-theoretic approach to homogenization and have obtained the
operator error estimates for a wide class of matrix differential operators.

Tatiana Suslina (SPbSU) Spectral Approach to Homogenization Durham, July 2016 8 /38



Statement of the problem

Let I be a lattice in RY, let Q be the cell of T B
By I we denote the dual lattice. Let Q2 be the Brillouin zone of T.
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Statement of the problem

Let I be a lattice in RY, let Q be the cell of T B
By I we denote the dual lattice. Let Q2 be the Brillouin zone of T.

Example:

r=z4 Q=(,1¢, T=02r2)q Q=(-mrn).
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Statement of the problem

Let I be a lattice in RY, let Q be the cell of T B
By I we denote the dual lattice. Let Q2 be the Brillouin zone of T.

Example:

r=z4 Q=(,1¢, T=02r2)q Q=(-mrn).

By L, = Lg(Rd; C"™) we denote the Ly-space of C"-valued functions in RY.
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Statement of the problem

Let I be a lattice in RY, let Q be the cell of T B
By I we denote the dual lattice. Let Q2 be the Brillouin zone of T.

Example:
r=z¢, Q=(0,1) T=r2)¢ Q=(-mn)

By Ly = Lo(R?; C") we denote the Lp-space of C"-valued functions in RY.
Now we introduce the class of second order DOs. Let A be the operator in
L>(R¥; C") admitting the following factorization

A= f(x)*b(D)*g(x)b(D)f(x), D= —iV.
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Statement of the problem

Let I be a lattice in RY, let Q be the cell of T B
By I we denote the dual lattice. Let Q2 be the Brillouin zone of T.

Example:
r=z¢, Q=(0,1) T=r2)¢ Q=(-mn)

By Ly = Lo(R?; C") we denote the Lp-space of C"-valued functions in RY.
Now we introduce the class of second order DOs. Let A be the operator in
L>(R¥; C") admitting the following factorization

A= f(x)*b(D)*g(x)b(D)f(x), D= —iV.

Here g(x) is an (m x m)-matrix, f(x) is an (n x n)-matrix, and b(D) is an
(m x n)-matrix DO. It is assumed that m > n.
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Statement of the problem

A= f(x)*b(D)*g(x)b(D)f(x).

Tatiana Suslina (SPbSU) Spectral Approach to Homogenization Durham, July 2016 10 / 38



Statement of the problem

A = f(x)"b(D)"g(x)b(D)f(x).
Suppose that g(x) and f(x) are I-periodic and such that
foflele; ggtels g(x) > 0.
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Statement of the problem

A = f(x)"b(D)"g(x)b(D)f(x).
Suppose that g(x) and f(x) are I-periodic and such that
foflele; ggtels g(x) > 0.
The operator b(D) is given by

d
b(D) = > b;D;,
j=1

where b; are constant (m x n)-matrices. We assume that the symbol
b(€) = Y7, bj¢; satisfies
rankb(§) =n, 0#E¢€ RY.
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Statement of the problem

A = f(x)"b(D)"g(x)b(D)f(x).
Suppose that g(x) and f(x) are I-periodic and such that
foflele; ggtels g(x) > 0.
The operator b(D) is given by

d
b(D) = > b;D;,
j=1

where b; are constant (m x n)-matrices. We assume that the symbol
b(€) = Y7, bj¢; satisfies
rankb(§) =n, 0#E¢€ RY.
This condition is equivalent to
apl, < b(0)*b(0) <aul,, [0]=1 0<ap<a <. (3)
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Statement of the problem

The precise definition of A is given in terms of the quadratic form

alu, u] = /Rd<g(x)b(D)(f(X)U(X))ab(D)(f(X)U(X))> dx,
Doma = {u € [,(RY;,C"): fue HY(R?;C")}.
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The precise definition of A is given in terms of the quadratic form
afu,u] = /Rd (g(x)b(D)(f(x)u(x)), b(D)(f(x)u(x))) dx,
Doma = {u € [,(RY;,C"): fue HY(R?;C")}.

Under our assumptions, this form is closed and nonnegative. By definition,
A is a selfadjoint operator in Ly(R?; C") generated by this form.
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Statement of the problem

The precise definition of A is given in terms of the quadratic form
afu,u] = /Rd (g(x)b(D)(f(x)u(x)), b(D)(f(x)u(x))) dx,
Doma = {u € [,(RY;,C"): fue HY(R?;C")}.

Under our assumptions, this form is closed and nonnegative. By definition,
A is a selfadjoint operator in Ly(R?; C") generated by this form. The form
alu, u] satisfies the two-sided estimates

&l D(fu)3, < alu,u] < | D(fu)[3,, u € Doma.

In this sense, A is elliptic.
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Statement of the problem

The precise definition of A is given in terms of the quadratic form
afu,u] = /Rd (g(x)b(D)(f(x)u(x)), b(D)(f(x)u(x))) dx,
Doma = {u € [,(RY;,C"): fue HY(R?;C")}.

Under our assumptions, this form is closed and nonnegative. By definition,
A is a selfadjoint operator in Ly(R?; C") generated by this form. The form
alu, u] satisfies the two-sided estimates

coHD(fu)H%2 < afu,u] < cﬂ]D(fu)H%Z, u € Dom a.
In this sense, A is elliptic. In the case where f = 1, we use the notation

A = b(D)"g(x)b(D).
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Statement of the problem

The precise definition of A is given in terms of the quadratic form

alu, u] = /Rd<g(x)b(D)(f(X)U(X))vb(D)(f(X)U(X))> dx,
Doma = {u € [,(RY;,C"): fue HY(R?;C")}.

Under our assumptions, this form is closed and nonnegative. By definition,
A is a selfadjoint operator in Ly(R?; C") generated by this form. The form
alu, u] satisfies the two-sided estimates

coHD(fu)H%2 < afu,u] < cﬂ]D(fu)H%Z, u € Dom a.
In this sense, A is elliptic. In the case where f = 1, we use the notation

A = b(D)"g(x)b(D).

Example. The acoustics operator: A = —div g(x)V = D*g(x)D.
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Statement of the problem

Let £ > 0 be a small parameter. We use the notation

¢ (x) :qs(f), £>0.

9
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Let £ > 0 be a small parameter. We use the notation

¢ (x) :qs(f), £>0.
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Main object

Our main objects are the operators

~

Ac = b(D)"g*(x)b(D),  A- = (f°(x))"b(D)"g"(x)b(D)f*(x).
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Statement of the problem

Let £ > 0 be a small parameter. We use the notation

¢ (x) :qs(f), £>0.

9

Main object

Our main objects are the operators

~

Ac = b(D)"g*(x)b(D),  A- = (f°(x))"b(D)"g"(x)b(D)f*(x).

Problem

Our goal is to study the behavior of the resolvents (A. + 1)~* and
(A. + )71 for small e.
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The effective matrix. The effective operator

Definition of the effective matrix

Let A(x) be the (n x m)-matrix-valued T -periodic solution of the problem

b(D)"g(x)(B(D)A(X) + 1) = O, / A(x) dx = 0.
Q
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The effective matrix. The effective operator

Definition of the effective matrix

Let A(x) be the (n x m)-matrix-valued T -periodic solution of the problem

b(D)"g(x)(B(D)A(X) + 1) = O, / A(x) dx = 0.
Q

Then the effective matrix g° is an (m x m)-matrix given by

g =1 /E(X) dx, g(x) = g(x)(b(D)A(x) + 1pm).
Q
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The effective matrix. The effective operator

Definition of the effective matrix

Let A(x) be the (n x m)-matrix-valued T -periodic solution of the problem

b(D)"g(x)(B(D)A(X) + 1) = O, / A(x) dx = 0.
Q

Then the effective matrix g° is an (m x m)-matrix given by

g =1 /E(X) dx, g(x) = g(x)(b(D)A(x) + 1pm).
Q

It turns out that the matrix g is positive definite.
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The effective matrix. The effective operator

Proposition
The effective matrix satisfies the estimates (known as the Voight-Reuss

bracketing)
g<g’<e

z=l0" /Q g(x)dx, g = (|Q|—1 /Q g(x)! d)

Here
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The effective matrix. The effective operator

Proposition
The effective matrix satisfies the estimates (known as the Voight-Reuss

bracketing)
g<g’<e

Here

g=0 [aman g= (0 [ g ax)

0:

If m= n, then g
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The effective matrix. The effective operator

Proposition
The effective matrix satisfies the estimates (known as the Voight-Reuss

bracketing)
g<g’<e

/ ,gzomqéa@4wy{
=&

Here

If m = n, then g°

The operator
A® = b(D)*g%(D)

is called the effective operator for A.

Tatiana Suslina (SPbSU) Spectral Approach to Homogenization Durham, July 2016
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Results: approximation for the resolvent

Now we formulate the main results. We start with the principal term of
approximation for the resolvent of A..
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Results: approximation for the resolvent

Now we formulate the main results. We start with the principal term of
approximation for the resolvent of A..

Theorem 1 [M. Birman and T. Suslina]
Let A. = b(D)*g*b(D), and let A° = b(D)*g°h(D) be the effective

operator. Then

1(Ac + 1)t = (A + 1) 1yor, < Ce, 0<e< 1.

The constant C depends only on the norms ||g||...,
and the parameters of the lattice T.

(4)

g e, on ao, a1,
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Results: approximation for the resolvent

If f = 1, the resolvent of the operator A. = (f)*b(D)*g®b(D)f¢ cannot
be approximated by the resolvent of some operator with constant
coefficients.

Tatiana Suslina (SPbSU) Spectral Approach to Homogenization Durham, July 2016 16 / 38



Results: approximation for the resolvent

If f = 1, the resolvent of the operator A. = (f)*b(D)*g®b(D)f¢ cannot
be approximated by the resolvent of some operator with constant
coefficients.

Theorem 2 [M. Birman and T. Suslina]

We have
(A + )72 = (F9) 1A + Q) ((F5)*) iy, < Ce, 0<e< 1. (5)

Here

Q=10 /Q (FOOF()") ™ dx.

The constant C depends only on the norms |gl[r.., |l e, IIFllL,
IF~L.., on ao, a1, and the parameters of the lattice T
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Results: approximation for the resolvent

If f = 1, the resolvent of the operator A. = (f)*b(D)*g®b(D)f¢ cannot
be approximated by the resolvent of some operator with constant
coefficients.

Theorem 2 [M. Birman and T. Suslina]

We have
(A + )72 = (F9) 1A + Q) ((F5)*) iy, < Ce, 0<e< 1. (5)

Here

Q=10 /Q (FOOF()") ™ dx.

The constant C depends only on the norms |gl[r.., |l e, IIFllL,

IF~L.., on ao, a1, and the parameters of the lattice T

Estimates (4) and (5) are order-sharp, and the constants in estimates are

well controlled.
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Results: more accurate approximation for the resolvent

In order to describe more accurate approximation of the resolvent, we need
to introduce a corrector K(e):

K(c) = Ki(e) + Kie)® + Ka. (6)
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Results: more accurate approximation for the resolvent

In order to describe more accurate approximation of the resolvent, we need
to introduce a corrector K(e):

K(e) = Ki(e) + Ki(e)* + Ks. (6)
Here the operator Kj(g) is given by
Ki(e) = AN.b(D)(A° + 1)1, (7)
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Results: more accurate approximation for the resolvent

In order to describe more accurate approximation of the resolvent, we need
to introduce a corrector K(e):

K(e) = Ki(e) + Ki(e)* + Ks. (6)
Here the operator Kj(g) is given by
Ki(e) = AN.b(D)(A° + 1)1, (7)

and 1. is the auxiliary smoothing operator
(Mu)(x) = (20) 42 | %i(e) de,
Q/e

u(&) is the Fourier image of u(x).
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Results: more accurate approximation for the resolvent

In order to describe more accurate approximation of the resolvent, we need
to introduce a corrector K(e):

K(e) = Ki(e) + Ki(e)* + Ks. (6)
Here the operator Kj(g) is given by
Ki(e) = AN.b(D)(A° + 1)1, (7)

and 1. is the auxiliary smoothing operator
(Mu)(x) = (20) 42 | %i(e) de,
Q/e
u(&) is the Fourier image of u(x). The operator K3 is given by
Ks = —(A° + 1)"1h(D)*L(D)b(D)(A° + 1)~}
where L(D) is the first order differential operator with the symbol

L&) =™ /Q(/\(X)*b(é)*E(X) + &(x)"b(§)A\(x)) dx.
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Results: more accurate approximation for the resolvent

Theorem 3 [M. Birman and T. Suslina]
We have

(A + 1)1 = (A + 1)L — eK(e)|lLyot, < CE%, O0<e<1. (8)

g YL, ao, a1, and the

The constant C depends on ||g]|L..,
parameters of the lattice I.
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Results: more accurate approximation for the resolvent

Theorem 3 [M. Birman and T. Suslina]
We have

(A + 1)1 = (A + 1)L — eK(e)|lLyot, < CE%, O0<e<1. (8)

The constant C depends on ||g||.., |lg ... @0, a1, and the
parameters of the lattice I.

Remark. In some cases we can get rid of 1. and use a simpler corrector

KO(e) = KP(e) + (KP(e))" + K3, KP(c) = Ab(D)(A® + 1)L

Tatiana Suslina (SPbSU) Spectral Approach to Homogenization Durham, July 2016 18 / 38



Results: more accurate approximation for the resolvent

Theorem 3 [M. Birman and T. Suslina]

We have

~

(A + 1)1 = (A + 1)L — eK(e)|lLyot, < CE%, O0<e<1. (8)

The constant C depends on ||g||.., |lg ... @0, a1, and the
parameters of the lattice I.

Remark. In some cases we can get rid of 1. and use a simpler corrector
KO(e) = KO(e) + (KP(e))" + Ks,  KD() = A°h(D)(A® + 1)L

In particular, this is possible in the following cases: a) if d < 4, b) for the
scalar operator A = D*g(x)D = —div g(x)V, where g(x) has real entries.
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Results: more accurate approximation for the resolvent

Theorem 3 [M. Birman and T. Suslina]
We have

~

(A + 1)1 = (A + 1)L — eK(e)|lLyot, < CE%, O0<e<1. (8)

g YL, ao, a1, and the

The constant C depends on ||g]|L..,
parameters of the lattice I.

Remark. In some cases we can get rid of 1. and use a simpler corrector
KO(e) = KO(e) + (KP(e))" + Ks,  KD() = A°h(D)(A® + 1)L

In particular, this is possible in the following cases: a) if d < 4, b) for the
scalar operator A = D*g(x)D = —div g(x)V, where g(x) has real entries.

A similar but more complicated result is true for operators A. (we will not
dwell on this).
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Results: approximation of the resolvent in the en

Now we approximate the resolvent in the energy norm.
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Results: approximation of the resolvent in the energy norm

Now we approximate the resolvent in the energy norm.

Theorem 4 [M. Birman and T. Suslina]

Let Ki(g) = A°M.b(D)(A° + 1)~1. We have
(A + )7 = (A + )" —eKi(e) | < Ce, 0<e<1.  (9)
The constant C depends on ||g||r.., |lg L., a0, @1, and the
parameters of the lattice I.
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Results: approximation of the resolvent in the energy norm

Now we approximate the resolvent in the energy norm.

Theorem 4 [M. Birman and T. Suslina]

Let Ki(g) = A°M.b(D)(A° + 1)~1. We have
[(Ac + 1) = (A + 1)t —eKy(e)||yomn < Ce, 0<e<1. (9)
The constant C depends on ||g||1.., g~ ||L... o, a1, and the
parameters of the lattice I. )
Remark. 1) ||Ki(e)| 1, = O(e71).
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Results: approximation of the resolvent in the energy norm

Now we approximate the resolvent in the energy norm.

Theorem 4 [M. Birman and T. Suslina]

Let Ki(g) = A°M.b(D)(A° + 1)~1. We have
(A + )7 = (A + )" —eKi(e) | < Ce, 0<e<1.  (9)

g_1||Loo, ap, a1, and the

The constant C depends on ||g||,..,
parameters of the lattice I.

Remark. 1) ||Ki(e)|,oin = O(1). 2) In some cases it is possible to
get rid of M. and use the corrector K?(g) = A°b(D)(A° + /)~L.
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Results: approximation of the resolvent in the energy norm

Now we approximate the resolvent in the energy norm.

Theorem 4 [M. Birman and T. Suslina]

Let Ki(g) = A°M.b(D)(A° + 1)~1. We have

(A + )7 = (A + )" —eKi(e) | < Ce, 0<e<1.  (9)

g_1||Loo, ap, a1, and the

The constant C depends on ||g||,..,
parameters of the lattice I.

Remark. 1) ||Ki(e)|,oin = O(1). 2) In some cases it is possible to

get rid of M. and use the corrector K9(¢) = Ab(D)(A° + /)~L. In
pAarticular, this is possible a) if d < 2, b) for the scalar operator
A = D*g(x)D, where g(x) has real entries.
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Results: approximation of the resolvent in the energy norm

Now we approximate the resolvent in the energy norm.

Theorem 4 [M. Birman and T. Suslina]

Let Ki(g) = A°M.b(D)(A° + 1)~1. We have

[(Ac + 1) = (A + 1) —eKy ()|l ymn < Ce, O0<e<L.

The constant C depends on ||g||,..,
parameters of the lattice I.

g_1||Loo, ap, a1, and the

(9)

Remark. 1) ||Ki(e)|,oin = O(1). 2) In some cases it is possible to

get rid of M. and use the corrector K9(¢) = Ab(D)(A° + /)~L. In
particular, this is possible a) if d < 2, b) for the scalar operator

A= D*g(x)D, where g(x) has real entries.

The form of the corrector depends on the type of the operator norm.

Tatiana Suslina (SPbSU) Spectral Approach to Homogenization

Durham, July 2016

19 /38



Results: approximation of the resolvent in the energy norm

Now we approximate the resolvent in the energy norm.

Theorem 4 [M. Birman and T. Suslina]

Let Ki(g) = A°M.b(D)(A° + 1)~1. We have

[(Ac + 1) = (A + 1) —eKy ()|l ymn < Ce, O0<e<L.

The constant C depends on ||g||,..,
parameters of the lattice T.

g_1||Loo, ap, a1, and the

(9)

Remark. 1) ||Ki(e)|,oin = O(1). 2) In some cases it is possible to

get rid of M. and use the corrector K9(¢) = Ab(D)(A° + /)~L. In
particular, this is possible a) if d < 2, b) for the scalar operator

A= D*g(x)D, where g(x) has real entries.

The form of the corrector depends on the type of the operator norm.

The analog of Theorem 4 is true for more general operator A..

Tatiana Suslina (SPbSU) Spectral Approach to Homogenization

Durham, July 2016

19 /38



Method: the scaling transformation

The results are obtained by the operator-theoretic approach based on the
scaling transformation, the Floquet-Bloch theory, and the analytic
perturbation theory.
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Method: the scaling transformation

The results are obtained by the operator-theoretic approach based on the
scaling transformation, the Floquet-Bloch theory, and the analytic
perturbation theory. For simplicity, let us discuss the case of the operator
/36 and comment on the proof of Theorem 1.
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Method: the scaling transformation

The results are obtained by the operator-theoretic approach based on the
scaling transformation, the Floquet-Bloch theory, and the analytic
perturbation theory. For simplicity, let us discuss the case of the operator
/36 and comment on the proof of Theorem 1.
Scaling transformation. Let T. be the unitary scaling operator in
Lr(RY; C"):

(Tou)(x) = 9u(ex).
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Method: the scaling transformation

The results are obtained by the operator-theoretic approach based on the
scaling transformation, the Floquet-Bloch theory, and the analytic

perturbation theory. For simplicity, let us discuss the case of the operator
A. and comment on the proof of Theorem 1.

Scaling transformation. Let T. be the unitary scaling operator in
Lr(RY; C"):
(Teu)(x) = 5d/2u(5x).
Then we have N
(A + 1)1 =2THA+ 1) T..

Tatiana Suslina (SPbSU) Spectral Approach to Homogenization Durham, July 2016 20 / 38



Method: the scaling transformation

The results are obtained by the operator-theoretic approach based on the
scaling transformation, the Floquet-Bloch theory, and the analytic
perturbation theory. For simplicity, let us discuss the case of the operator
/36 and comment on the proof of Theorem 1.
Scaling transformation. Let T. be the unitary scaling operator in
Lr(RY; C"):

(Tou)(x) = 9u(ex).

Then we have R R
(A + D)1 =2THA+ )T

A similar identity is true for (Z\O + )7L
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Method: the scaling transformation

The results are obtained by the operator-theoretic approach based on the
scaling transformation, the Floquet-Bloch theory, and the analytic
perturbation theory. For simplicity, let us discuss the case of the operator
/36 and comment on the proof of Theorem 1.
Scaling transformation. Let T. be the unitary scaling operator in
Lr(RY; C"):
(Tou)(x) = 9u(ex).

Then we have

(Ac+ 1) T =2THA+ )T

A similar identity is true for (Z\O + 1)1, Hence,

1A=+ 1) = (A% 4+ D) Mg, = A+ 21— (A 4221 oot
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Method: the scaling transformation

Consequently, the required estimate
|(Ac + 1) = (A° + 1) M1, < Ce
is equivalent to

I(A+ )™ = (A% + 1) 7 ey s ey < Ce (10)
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Method: the direct integral expansion

Applying the Floquet-Bloch theory, we decompose Ain the direct integral
of the operators A(k) acting in L2(€2; C") and depending on the parameter
k € RY called the quasimomentum.
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Method: the direct integral expansion

Applying the Floquet-Bloch theory, we decompose Ain the direct integral
of the operators A(k) acting in L(€; C") and depending on the parameter
k € RY called the quasimomentum. For this, we need the unitary Gelfand
transformation U. Initially, U is defined on the Schwartz class by the
formula

(Uf)(k,x) = Q72 e kxtaf(x +a), xe€Q keQ
acl
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Method: the direct integral expansion

Applying the Floquet-Bloch theory, we decompose Ain the direct integral
of the operators A(k) acting in L(€; C") and depending on the parameter
k € RY called the quasimomentum. For this, we need the unitary Gelfand
transformation U. Initially, U is defined on the Schwartz class by the
formula

(Uf)(k,x) = Q72 e kxtaf(x +a), xe€Q keQ
acl
Next, U extends by continuity to a unitary mapping

U: (R CM) = Lr(Q x Q;C") = /@Lz(Q; C") dk.

Q
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Method: the direct integral expansion

~

The operator A(k) acts in L»(2; C") and is given by
A(k) = b(D +k)*g(x)b(D + k)

with periodic boundary conditions.
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Method: the direct integral expansion

~

The operator A(k) acts in L»(2; C") and is given by
A(k) = b(D +k)*g(x)b(D + k)

o~

with periodic boundary conditions. Precisely, A(k) is a selfadjoint operator
in L(€2; C™) corresponding to the closed nonnegative quadratic form

5(k)[u, u] = /Q<g(x)b(D L Ku, b(D + k)u) dx, u e HL, (2 C™).
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Method: the direct integral expansion

~

The operator A(k) acts in L»(2; C") and is given by
A(k) = b(D +k)*g(x)b(D + k)

o~

with periodic boundary conditions. Precisely, A(k) is a selfadjoint operator
in L(€2; C™) corresponding to the closed nonnegative quadratic form

a(k)[u,u] = / (g(x)b(D + k)u, b(D + k)u) dx, u € H: (Q;C").
Q
Under our assumptions the form a(k) satisfies the two-sided estimates

co/ |(D+k)ul? dx < a(k)[u,u] < c1/ [(D+k)ul* dx, u € Hp..(2;C").
Q Q
(11)
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Method: the direct integral expansion

~

The operator A(k) acts in L»(2; C") and is given by
A(k) = b(D +k)*g(x)b(D + k)

o~

with periodic boundary conditions. Precisely, A(k) is a selfadjoint operator
in L(€2; C™) corresponding to the closed nonnegative quadratic form

a(k)[u,u] = / (g(x)b(D + k)u, b(D + k)u) dx, u € H: (Q;C").
Q
Under our assumptions the form a(k) satisfies the two-sided estimates

co/ |(D+k)ul? dx < a(k)[u,u] < c1/ [(D+k)ul* dx, u € Hp..(2;C").
Q Q
(11)

The direct integral expansion for Alis given by the formula

UAU! :/ﬂaﬁ(k) dk. (12)
Q
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Method: the spectral properties

By (12), the required estimate (10) is equivalent to the following estimate
which must be uniform in k:

1A + 2217 (B0 + ) Loy oia@ < €24 ke (13)
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Method: the spectral properties

By (12), the required estimate (10) is equivalent to the following estimate
which must be uniform in k:

1A + 2217 (B0 + ) Loy oia@ < €24 ke (13)

~

Spectral properties. The operators A(k) have discrete spectrum.
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Method: the spectral properties

By (12), the required estimate (10) is equivalent to the following estimate
which must be uniform in k:

1A + 2217 (B0 + ) Loy oia@ < €24 ke (13)

~

Spectral properties. The operators A(k) have discrete spectrum. By

o~

Ej(k), j € N, we denote the consecutive eigenvalues of A(k):
Ei(k) < Ex(k) < --- < Ej(k) < ...

The functions Ej(k) are called band functions.
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Method: the spectral properties

By (12), the required estimate (10) is equivalent to the following estimate
which must be uniform in k:

1A + 2217 (B0 + ) Loy oia@ < €24 ke (13)

~

Spectral properties. The operators A(k) have discrete spectrum. By

o~

Ej(k), j € N, we denote the consecutive eigenvalues of A(k):
Ei(k) < Ex(k) < --- < Ej(k) < ...

The functions Ej(k) are called band functions. Band functions Ej(k) are
continuous and periodic with respect to I'. The spectrum of the initial
operator A has a band structure:

specZ: U Ran E;.
JeN
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Method: the spectral properties

By (12), the required estimate (10) is equivalent to the following estimate
which must be uniform in k:

1A + 2217 (B0 + ) Loy oia@ < €24 ke (13)

~

Spectral properties. The operators A(k) have discrete spectrum. By

o~

Ej(k), j € N, we denote the consecutive eigenvalues of A(k):
Ei(k) < Ex(k) < --- < Ej(k) < ...

The functions Ej(k) are called band functions. Band functions Ej(k) are
continuous and periodic with respect to I'. The spectrum of the initial
operator A has a band structure:

specZ: U Ran E;.
JeN

Spectral bands can overlap; there may be gaps in the spectrum.
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Method: the spectral properties

From estimates (11) with k = 0 it is clear that

o~

N :=KerA(0) ={ue L(C"):u=ceC"}, dmN=n.
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Method: the spectral properties

From estimates (11) with k = 0 it is clear that
N :=KerA(0) = {u € [,(2;C") :u=ceC"}, dimN=n.
From (11), by simple variational arguments it follows that

mkinEJ-(k):Ej(O):O7 Jj=1....n,

while
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Method: the spectral properties

From estimates (11) with k = 0 it is clear that
N :=KerA(0) = {u € [,(2;C") :u=ceC"}, dimN=n.
From (11), by simple variational arguments it follows that

mkinEJ-(k):Ej(O):O7 Jj=1....n,

while
mkin En+1(k) > 0.

So, the first n bands overlap and have the common bottom A = 0, while
the next band is separated from zero.

Tatiana Suslina (SPbSU) Spectral Approach to Homogenization Durham, July 2016 25 /38



Method: the spectral properties

From estimates (11) with k = 0 it is clear that
N:=KerA(0) = {u € [,(2;C") :u=ceC"}, dmN=n
From (11), by simple variational arguments it follows that

mkinEJ-(k):Ej(O):O7 Jj=1....n,

while
mkin En+1(k) > 0.

So, the first n bands overlap and have the common bottom A = 0, while
the next band is separated from zero. Moreover,

Ei(k) > c.k]? keQ, j=1,...,n, c >0. (14)
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Method: analytic perturbation theory

o~

The operator family A(k) is an analytic operator family with compact
resolvent.
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Method: analytic perturbation theory

o~

The operator family A(k) is an analytic operator family with compact
resolvent. We want to apply methods of the analytic perturbation theory.
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Method: analytic perturbation theory

o~

The operator family A(k) is an analytic operator family with compact
resolvent. We want to apply methods of the analytic perturbation theory.
However, there is the following difficulty: if d > 1 (the parameter k is

multidimensional) and n > 1 (the unperturbed operator A(0) has multiple
eigenvalue A\ = 0), then the analytic perturbation theory does not work.
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Method: analytic perturbation theory

o~

The operator family A(k) is an analytic operator family with compact
resolvent. We want to apply methods of the analytic perturbation theory.
However, there is the following difficulty: if d > 1 (the parameter k is
multidimensional) and n > 1 (the unperturbed operator A(0) has multiple
eigenvalue A\ = 0), then the analytic perturbation theory does not work. To

avoid this difficulty, we distinguish the one-dimensional parameter. We put

k=t0, t=|k|, 6esi?

and denote R
A(k) =: A(t,0).

This operator family is studied by means of the analytic perturbation
theory with respect to the one-dimensional parameter t.
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Method: analytic perturbation theory

o~

The operator family A(k) is an analytic operator family with compact
resolvent. We want to apply methods of the analytic perturbation theory.
However, there is the following difficulty: if d > 1 (the parameter k is
multidimensional) and n > 1 (the unperturbed operator A(0) has multiple
eigenvalue A\ = 0), then the analytic perturbation theory does not work. To

avoid this difficulty, we distinguish the one-dimensional parameter. We put

k=t0, t=|k|, 6esi?

and denote R
A(k) =: A(t,0).

This operator family is studied by means of the analytic perturbation
theory with respect to the one-dimensional parameter t. But we have to
make estimates uniform in 6.
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Method: analytic perturbation theory

o~

The operator family A(k) is an analytic operator family with compact
resolvent. We want to apply methods of the analytic perturbation theory.
However, there is the following difficulty: if d > 1 (the parameter k is
multidimensional) and n > 1 (the unperturbed operator A(0) has multiple
eigenvalue A\ = 0), then the analytic perturbation theory does not work. To

avoid this difficulty, we distinguish the one-dimensional parameter. We put

k=t0, t=|k|, 6esi?

and denote R
A(k) =: A(t,0).

This operator family is studied by means of the analytic perturbation
theory with respect to the one-dimensional parameter t. But we have to

~

make estimates uniform in 6. The unperturbed operator is A(0), and the

~

perturbed operator is A(k) = A(t,0) (with small t = |k|).
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Method: analytic perturbation theory

The family A(t, 0) is studied in the framework of an abstract
operator-theoretic scheme. For this scheme, it is important that this
operator family admits a factorization of the form

A(t,0) = X(t,0)*X(t,0), X(t,0) = Xo+ tX(8).

Here Xp is given by
Xo = g(x)!/?b(D)

with periodic boundary conditions, and X;(€) is a bounded operator:

X1(6) = g(x)*/?b(6).
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Method: analytic perturbation theory

The family A(t, 0) is studied in the framework of an abstract
operator-theoretic scheme. For this scheme, it is important that this
operator family admits a factorization of the form

A(t,0) = X(t,0)*X(t,0), X(t,0) = Xo+ tX(8).

Here Xp is given by
Xo = g(x)!/?b(D)

with periodic boundary conditions, and X;(€) is a bounded operator:
X1(0) = g(x)"/*b(0).

So, the point A = 0 is an eigenvalue of multiplicity n for the unpertured
operator A(0).
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Method: analytic perturbation theory

The family A(t, 0) is studied in the framework of an abstract
operator-theoretic scheme. For this scheme, it is important that this
operator family admits a factorization of the form

A(t,0) = X(t,0)*X(t,0), X(t,0)= Xo+ tX1(0).
Here Xp is given by
Xo = g(x)!/?b(D)

with periodic boundary conditions, and X;(€) is a bounded operator:
X1(6) = g(x)"/2b(9).

So, the point A = 0 is an eigenvalue of multiplicity n for the unpertured
operator A(0). Then for t < t° the perturbed operator A(t,8) has exactly
n eigenvalues on the interval [0, ], while the interval (0,30) is free of the
spectrum. We control 6 and 0 explicitly.
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Method: analytic perturbation theory

By the Kato-Rellich theorem, for t < t9 there exist real-analytic branches
of the eigenvalues X/(t, @) and real-analytic branches of the eigenvectors
©(t,8) of the operator A(t,0):

A(t, 0)(,0/(1', 0) = )\/(t, 0)(,0/(1‘,9), I=1,...,n,

such that the vectors ¢/(t,0), | = 1,...,n, form an orthonormal basis in
the eigenspace of A(t, 8) corresponding to the interval [0, d].

Tatiana Suslina (SPbSU) Spectral Approach to Homogenization Durham, July 2016 28 / 38



Method: analytic perturbation theory

By the Kato-Rellich theorem, for t < t9 there exist real-analytic branches
of the eigenvalues X/(t, @) and real-analytic branches of the eigenvectors
©(t,8) of the operator A(t,0):

A(t, 0)(,0/(1', 9) = )\/(t, 0)(,0/(1‘,9), I=1,...,n,

such that the vectors ¢/(t,0), | = 1,...,n, form an orthonormal basis in
the eigenspace of A(t,8) corresponding to the interval [0,6]. In fact, the
functions \/(t, @) partially coincide with Ej(k), but E; are enumerated in
the increasing order, while \; are enumerated so that they are analytic in t.
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Method: analytic perturbation theory

By the Kato-Rellich theorem, for t < t9 there exist real-analytic branches
of the eigenvalues X/(t, @) and real-analytic branches of the eigenvectors
©(t,8) of the operator A(t,0):

A(t, 0)(,0/(1', 9) = )\/(t, 0)(,0/(1‘,9), I=1,...,n,
such that the vectors ¢/(t,0), | = 1,...,n, form an orthonormal basis in
the eigenspace of A(t,8) corresponding to the interval [0,6]. In fact, the
functions \/(t, @) partially coincide with Ej(k), but E; are enumerated in

the increasing order, while \; are enumerated so that they are analytic in t.
For small ¢t < t.(6) we have the convergent power series expansions:

)\/(tvg) :7/(9)t2+ﬂl(9)t3+ vy I=100000,
oi(t,0) =w(0)+ty(@)+..., [=1,...,n.
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of the eigenvalues X/(t, @) and real-analytic branches of the eigenvectors
©(t,8) of the operator A(t,0):

A(t, 0)(,0/(1', 9) = )\/(t, 0)(,0/(1‘,9), I=1,...,n,
such that the vectors ¢/(t,0), | = 1,...,n, form an orthonormal basis in
the eigenspace of A(t,8) corresponding to the interval [0,6]. In fact, the
functions \/(t, @) partially coincide with Ej(k), but E; are enumerated in

the increasing order, while \; are enumerated so that they are analytic in t.
For small ¢t < t.(6) we have the convergent power series expansions:

)\/(tvg):7/(0)t2+ul(0)t3+"'7 I=1,...,n,
oi(t,0) =w(0)+ty(@)+..., [=1,...,n.
We have 7,(6) > ¢, > 0. The vectors w;(€), | =1,...,n, form an

orthonormal basis in 1.
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Method: analytic perturbation theory

By the Kato-Rellich theorem, for t < t9 there exist real-analytic branches
of the eigenvalues X/(t, @) and real-analytic branches of the eigenvectors
©(t,8) of the operator A(t,0):

A(t, 0)(,0/(1', 9) = )\/(t, 0)(,0/(1‘,9), I=1,...,n,

such that the vectors ¢/(t,0), | = 1,...,n, form an orthonormal basis in
the eigenspace of A(t,8) corresponding to the interval [0,6]. In fact, the
functions \/(t, @) partially coincide with Ej(k), but E; are enumerated in
the increasing order, while \; are enumerated so that they are analytic in t.
For small ¢t < t.(6) we have the convergent power series expansions:

)\/(tvg):7/(0)t2+ul(0)t3+"'7 I=1,...,n,
oi(t,0) =w(0)+ty(@)+..., [=1,...,n.
We have 7,(6) > ¢, > 0. The vectors w;(€), | =1,...,n, form an
orthonormal basis in 91. The coefficients ~,(€) and the vectors w;(8),

I'=1,...,n, are called threshold characteristics of A(t,0).
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Method: analytic perturbation theory

The crucial notion of our method is the notion of the spectral germ of the
operator family A(t, ).
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Method: analytic perturbation theory

The crucial notion of our method is the notion of the spectral germ of the
operator family A(t, ).

Definition of the spectral germ

The selfadjoint operator S(0) : M — N such that
S(B)W/(O) = ’)//(0)00/(0), [ = 1, ooy Ny

is called the spectral germ of the operator family A(t,0) at t = 0.
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The selfadjoint operator S(0) : M — N such that
S(B)W/(O) = ’)//(0)00/(0), [ = 1, ooy Ny

is called the spectral germ of the operator family A(t,0) at t = 0.

Thus, the germ contains information about the threshold characteristics.
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Method: analytic perturbation theory

The crucial notion of our method is the notion of the spectral germ of the
operator family A(t, ).

Definition of the spectral germ

The selfadjoint operator S(0) : M — N such that
S(B)W/(O) = ’)//(0)00/(0), [ = 1, ooy Ny

is called the spectral germ of the operator family A(t,0) at t = 0.

Thus, the germ contains information about the threshold characteristics.
Next, we calculate the spectral germ:

5(0) = b(0)*g®b(8), 6 c ST,

where g9 is the effective matrix.
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Method: analytic perturbation theory

The crucial notion of our method is the notion of the spectral germ of the
operator family A(t, ).

Definition of the spectral germ
The selfadjoint operator S(0) : M — N such that

5(0)wi(60) = v(O)wi(0), [=1,...,n,

is called the spectral germ of the operator family A(t,0) at t = 0.

Thus, the germ contains information about the threshold characteristics.
Next, we calculate the spectral germ:

5(0) = b(0)*g®b(8), 6 c ST,

where g° is the effective matrix. It turns out that the operator family
A%(t,0) = A®(k) which corresponds to the effective operator has the same
spectral germ as A(t,0) = A(k).
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Method: analytic perturbation theory

Threshold approximations. We find the so called threshold
approximations.
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Method: analytic perturbation theory

Threshold approximations. We find the so called threshold
approximations.

Theorem 5 [M. Birman and T. Suslina]

Let F(t,0) be the spectral projection of the operator A(t,8)
corresponding to the interval [0, J].
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Method: analytic perturbation theory

Threshold approximations. We find the so called threshold
approximations.

Theorem 5 [M. Birman and T. Suslina]

Let F(t,0) be the spectral projection of the operator A(t,8)
corresponding to the interval [0,6]. Let P be the orthogonal projection of
L>(2; C") onto MN.
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Method: analytic perturbation theory

Threshold approximations. We find the so called threshold
approximations.

Theorem 5 [M. Birman and T. Suslina]

Let F(t,0) be the spectral projection of the operator A(t,8)
corresponding to the interval [0,6]. Let P be the orthogonal projection of
L>(2; C") onto M. Let S(O) : M — N be the spectral germ of A(t, 9).
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Method: analytic perturbation theory

Threshold approximations. We find the so called threshold
approximations.

Theorem 5 [M. Birman and T. Suslina]

Let F(t,0) be the spectral projection of the operator A(t,8)
corresponding to the interval [0,6]. Let P be the orthogonal projection of
L>(2; C") onto M. Let S(O) : M — N be the spectral germ of A(t, 9).
Then for t < t° we have

1F(t,0) — Pl @)-L@) < Git,
|A(t, 8)F(t,8) — t2S(0) Pl L) Ly() < Cat™.
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Method: analytic perturbation theory

Threshold approximations. We find the so called threshold
approximations.

Theorem 5 [M. Birman and T. Suslina]

Let F(t,0) be the spectral projection of the operator A(t,8)
corresponding to the interval [0,6]. Let P be the orthogonal projection of
L>(2; C") onto M. Let S(O) : M — N be the spectral germ of A(t, 9).
Then for t < t° we have

Cit,
C2t3.

|1F(t,0) = PllLy0)—L2(2)
|A(t, 0)F(t,0) — 2S(0)P|| L) La(2)

NN

Such approximations are proved by integration of the resolvent
(A(t,0) — zI)~1 over the contour in C which envelopes the interval [0, §]
equidistantly at the distance §.
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Method: analytic perturbation theory

Next, with the help of Theorem 5, we find a finite rank approximation of
the resolvent (A(t,0) +2/)~! in terms of the spectral germ.

Theorem 6 [M. Birman and T. Suslina]

Let P be the orthogonal projection of L»(€2; C") onto M. Let
5(0) : N — N be the spectral germ of A(t,0). Then

I(A(t, 0) + 1) = (£25(8) + €2 hn) " Plly(@)—a(@) < Ce 7
0<e<l1, t<1t%
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Method: analytic perturbation theory

Next, with the help of Theorem 5, we find a finite rank approximation of
the resolvent (A(t,0) +2/)~! in terms of the spectral germ.

Theorem 6 [M. Birman and T. Suslina]

Let P be the orthogonal projection of L»(€2; C") onto M. Let
5(0) : N — N be the spectral germ of A(t,0). Then

I(A(t, 0) + 1) = (£25(8) + €2 hn) " Plly(@)—a(@) < Ce 7
0<e<l1, t<1t%

v

Since the effective operator family has the same germ, from Theorem 6 we
deduce the required estimate (13):

1AMK) + €217 = (R0) + 21y sia(@) < Ce % ke Q.
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Method: analytic perturbation theory

Next, with the help of Theorem 5, we find a finite rank approximation of
the resolvent (A(t,0) +2/)~! in terms of the spectral germ.

Theorem 6 [M. Birman and T. Suslina]

Let P be the orthogonal projection of L»(€2; C") onto M. Let
5(0) : N — N be the spectral germ of A(t,0). Then

I(A(t, 0) + 1) = (£25(8) + €2 hn) " Plly(@)—a(@) < Ce 7
0<e<l1, t<1t%

v

Since the effective operator family has the same germ, from Theorem 6 we
deduce the required estimate (13):

1AMK) + €217 = (R0) + 21y sia(@) < Ce % ke Q.

This completes the proof of Theorem 1.
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Method

@ To prove Theorem 3 (i. e., to obtain more accurate approximation for
the resolvent), we find more accurate threshold approximations and
more accurate finite rank approximation for the resolvent

(At,0) + 221)L,
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@ To prove Theorem 3 (i. e., to obtain more accurate approximation for
the resolvent), we find more accurate threshold approximations and
more accurate finite rank approximation for the resolvent
(A(t,0) + 1)L,

@ In order to prove Theorem 4 (to approximate the resolvent of Eg as
an operator acting from Ly(R?; C") to H(R?; C")), we study the
operator 22/2(/35 + 1)~ in Ly(RY;C") by the same method.
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@ To prove Theorem 3 (i. e., to obtain more accurate approximation for
the resolvent), we find more accurate threshold approximations and
more accurate finite rank approximation for the resolvent
(A(t,0) + 1)L,

@ In order to prove Theorem 4 (to approximate the resolvent of Eg as
an operator acting from Ly(R?; C") to H(R?; C")), we study the
operator Ai/Q(AE + 1)~ in Ly(RY;C") by the same method.

o For the study of more general operator A, we use the identity
A = (FE)*AfE.
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@ To prove Theorem 3 (i. e., to obtain more accurate approximation for
the resolvent), we find more accurate threshold approximations and
more accurate finite rank approximation for the resolvent

(A(t,0) + 1)L,

@ In order to prove Theorem 4 (to approximate the resolvent of Eg as
an operator acting from Ly(R?; C") to H(R?; C")), we study the
operator 22/2(/35 + 1)~ in Ly(RY;C") by the same method.

o For the study of more general operator A, we use the identity
Ac = (ff)*A-f=. It follows that the resolvent of the operator A. is
related to the generalized resolvent of A. by the identity

(Ac+ 1)1 = (F) A+ @) H(F)) (15)

Here Q :A(ff*)_l. We study the generalized resolvent of the
operator A. and then use the identity (15).
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Applications

Operators of the form EE:

o The acoustics operator A, = D*g(x)D. Then n=1, m=d,
b(D) = D.
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Applications

Operators of the form EE:

o The acoustics operator A, = D*g(x)D. Then n=1, m=d,
b(D) = D.

@ The operator of elasticity theory can be written as
A: = b(D)*g®(x)b(D) with n=d, m=d(d +1)/2.
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Applications

Operators of the form EE:
@ The acoustics operator Ea =D*g*(x)D. Thenn=1, m=d,
b(D) = D.
@ The operator of elasticity theory can be written as
A: = b(D)*g®(x)b(D) with n=d, m=d(d +1)/2.
Example. Let d = 2. Then

Dy 0
b(D)= (3D 3D: ],
0 D

and g(x) is a symmetric (3 x 3)-matrix-valued function with real
entries; it is bounded, positive definite and periodic. In the isotropic
case g(x) is expressed in terms of the Lame parameters.

Tatiana Suslina (SPbSU) Spectral Approach to Homogenization Durham, July 2016 33 /38



Applications

Operators of the form EE:
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Applications

Operators of the form EE:

@ The model operator of electrodynamics

~

A: = curl h*(x)curl — Vv (x)div.
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Applications

Operators of the form EE:

@ The model operator of electrodynamics

~

A: = curl h*(x)curl — Vv (x)div.
Here h(x) is a symmetric (3 x 3)-matrix-valued function with real

entries, and v(x) is a real-valued function. Both h(x) and v(x) are
periodic, bounded and positive definite.
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Applications

Operators of the form EE:

@ The model operator of electrodynamics
A. = curl h*(x)curl — Vo2 (x)div.

Here h(x) is a symmetric (3 x 3)-matrix-valued function with real
entries, and v(x) is a real-valued function. Both h(x) and v(x) are
periodic, bounded and positive definite. In this case d =3, n =3,

mer o= () 0= ("0 )
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Applications

Operators of the form EE:

@ The model operator of electrodynamics
A. = curl h*(x)curl — Vo2 (x)div.

Here h(x) is a symmetric (3 x 3)-matrix-valued function with real
entries, and v(x) is a real-valued function. Both h(x) and v(x) are
periodic, bounded and positive definite. In this case d =3, n =3,

mer o= () 0= ("0 )

Such operator with v(x) = 1 arises in the study of the Maxwell
equations in the case where the magnetic permeability is constant.
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Applications

Operators of the form A.:
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Applications

Operators of the form A.:

@ The Schrodinger operator

A. = D*g°(x)D + £ 2V*(x).
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Applications

Operators of the form A.:
@ The Schrodinger operator
A. = D*g°(x)D + £ 2V*(x).

Suppose that the bottom of the spectrum of the operator

A = D*g(x)D + V/(x) is the point A = 0. Then there exists a positive
[-periodic solution w(x) of the equation Aw = 0. The operator A.
admits the following factorization

As _ (ws)_lD*(w€)2g5D(w5)_1.
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Applications

@ The two-dimensional Pauli operator

A= (Fr D) P = (DA () £ e 2 (x).
0 P+,€ ’
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Applications

@ The two-dimensional Pauli operator

A= (P O b (D- At () 4 e 2k (x).
0 P+,€ 7

Here the magnetic potential a(x) is I-periodic Lipschitz R?-valued
function such that diva = 0, an dx = 0. Next, b = 01a, — O»a;.
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Applications

@ The two-dimensional Pauli operator

A= (P_’a 0 > . Pi.=(D—cta%(x))® £ 2b°(x).
0 P+,€ ’

Here the magnetic potential a(x) is [-periodic Lipschitz R?-valued

function such that diva = 0, an dx = 0. Next, b = 01a, — O»a;.

There exists a real-valued '-periodic function (x) such that

Vo ={az, —a1} and [, ¢ dx =0.
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Applications

@ The two-dimensional Pauli operator

A= (P O b (D- At () 4 e 2k (x).
0 P+,€ 7

Here the magnetic potential a(x) is I-periodic Lipschitz R?-valued
function such that diva = 0, an dx = 0. Next, b = 01a, — O»a;.
There exists a real-valued '-periodic function (x) such that

Vo ={az,—a1} and [, ¢ dx=0. Then A. admits a factorization

A = f°b(D)g°b(D)f*,

with m = n =2, g(x) = f(x)?,

B 0 Dy — iD> (™0
b(D)_(DH—iDg 0 ) f(x)_( 0 e—@(x)>‘
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Further development of the method

Further development of the method allowed us to study more problems:
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Further development of the method

Further development of the method allowed us to study more problems:

@ homogenization for periodic elliptic second order operators including
terms of first and zero order;
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Further development of the method

Further development of the method allowed us to study more problems:
@ homogenization for periodic elliptic second order operators including
terms of first and zero order;
@ homogenization problems for periodic elliptic operators near the edge
of an internal spectral gap;
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Further development of the method

Further development of the method allowed us to study more problems:

@ homogenization for periodic elliptic second order operators including
terms of first and zero order;

@ homogenization problems for periodic elliptic operators near the edge
of an internal spectral gap;

@ homogenization of elliptic operators with coefficients periodic in some
directions;
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Further development of the method

Further development of the method allowed us to study more problems:

@ homogenization for periodic elliptic second order operators including
terms of first and zero order;

@ homogenization problems for periodic elliptic operators near the edge
of an internal spectral gap;

@ homogenization of elliptic operators with coefficients periodic in some
directions;

@ homogenization for high order periodic elliptic operators;
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Further development of the method

Further development of the method allowed us to study more problems:

@ homogenization for periodic elliptic second order operators including
terms of first and zero order;

@ homogenization problems for periodic elliptic operators near the edge
of an internal spectral gap;

@ homogenization of elliptic operators with coefficients periodic in some
directions;

@ homogenization for high order periodic elliptic operators;

@ homogenization of the parabolic Cauchy problem;
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Further development of the method

Further development of the method allowed us to study more problems:

@ homogenization for periodic elliptic second order operators including
terms of first and zero order;

@ homogenization problems for periodic elliptic operators near the edge
of an internal spectral gap;

@ homogenization of elliptic operators with coefficients periodic in some
directions;

@ homogenization for high order periodic elliptic operators;

@ homogenization of the parabolic Cauchy problem;

@ homogenization of the stationary Maxwell system;

Tatiana Suslina (SPbSU) Spectral Approach to Homogenization Durham, July 2016 37 /38



Further development of the method

Further development of the method allowed us to study more problems:

@ homogenization for periodic elliptic second order operators including
terms of first and zero order;

@ homogenization problems for periodic elliptic operators near the edge
of an internal spectral gap;

@ homogenization of elliptic operators with coefficients periodic in some

directions;

homogenization for high order periodic elliptic operators;

homogenization of the parabolic Cauchy problem;

homogenization of the stationary Maxwell system;

homogenization of nonstationary equations of the Schrodinger type

and hyperbolic type;
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Further development of the method

Further development of the method allowed us to study more problems:

@ homogenization for periodic elliptic second order operators including
terms of first and zero order;

@ homogenization problems for periodic elliptic operators near the edge
of an internal spectral gap;

@ homogenization of elliptic operators with coefficients periodic in some

directions;

homogenization for high order periodic elliptic operators;

homogenization of the parabolic Cauchy problem;

homogenization of the stationary Maxwell system;

homogenization of nonstationary equations of the Schrodinger type

and hyperbolic type;

@ homogenization of elliptic boundary value problems with periodic
coefficients in a bounded domain;
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Further development of the method

Further development of the method allowed us to study more problems:

@ homogenization for periodic elliptic second order operators including
terms of first and zero order;

@ homogenization problems for periodic elliptic operators near the edge
of an internal spectral gap;

@ homogenization of elliptic operators with coefficients periodic in some

directions;

homogenization for high order periodic elliptic operators;

homogenization of the parabolic Cauchy problem;

homogenization of the stationary Maxwell system;

homogenization of nonstationary equations of the Schrodinger type

and hyperbolic type;

@ homogenization of elliptic boundary value problems with periodic
coefficients in a bounded domain;

@ homogenization of parabolic initial boundary value problems with

periodic coefficients in a bounded domain.
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References

@ M. Sh. Birman and T. A. Suslina, Threshold effects near the lower
edge of the spectrum for periodic differential operators of
mathematical physics, Oper. Theory Adv. Appl. 129 (2001), 71-107.

@ M. Sh. Birman and T. A. Suslina, Second order periodic differential
operators. Threshold properties and homogenization, St. Petersburg
Math. J. 15 (2004), no. 5, 639-714.

@ M. Sh. Birman and T. A. Suslina, Threshold approximations with
corrector term for the resolvent of a factorized selfadjoint operator
family, St. Petersburg Math. J. 17 (2006), no. 5, 745-762.

@ M. Sh. Birman and T. A. Suslina, Homogenization with corrector
term for periodic elliptic differential operators, St. Petersburg Math.
J. 17 (2006), no. 6, 897-973.

@ M. Sh. Birman and T. A. Suslina, Homogenization of periodic
differential operators with corrector. Approximation of solutions in the
Sobolev space H*(RY), St. Petersburg Math. J. 18 (2007), no. 6,
857-955.

Tatiana Suslina (SPbSU) Spectral Approach to Homogenization Durham, July 2016 38 /38



