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Einstein: E2 = p? + m? Schrédinger: (i0¢)2v¢ = (—iV)2%¢ + m2ep
E=\/m2+4+p2xm+ %

[Schridinger®]: 18y = ﬁ(—iV)zd)

[Dirac®®]: E = \/m =a-p+ Bm,

i0,) = (—ic - V + Bm) ¥,

Dy,

P(z,t) €C4a zeR?

Dirac matrices ovj (1<j<3) and 3: self-adjoint, (—icx + V + Bm)?
_ [Iz

Standard choice: a; = [0(_) o(-)j } (Pauli matrices), 3 = 0
J

0
—I

|



Dirac-Maxwell system
Y (10, — eAL)Yp = map, OA* = ey e, 9, A" = 0.

[Esteban et al.”®, Abenda®®]: solitary waves 1 (x, t) = ¢(x)e ™!, w € (—m,m)

Dirac—-Maxwell and Dirac—Coulomb systems

Qdwe™™Y) | —

E(qbwe_th)

—_m<w<m

[Comech™®]: solitary waves with w = m for Dirac—Coulomb; ¢(x) ~ e~constvV =l

=8 v=pad,1<5<3



Self-interacting spinors

Models of self-interacting spinor field:
[1vanenk038, Finkelstein et al.>', Finkelstein et al.>®, Heisenberg57] [...]

Soler model [Ivanenk038, Soler70], scalar self-interaction:
gSoler = d;(i’y#au - m)d" + I’J”/Jlk—i_l k >0

in (1+1)D: massive Gross-Neveu model [Gross & Neveu'*]

Massive Thirring model [ThirringSS], vector self-interaction:

Larrm = B0 — M) + [Pt By T k>0

IH(x) = P(z)y*y(z): “charge-current density”



Soler model: NLD with scalar self-interaction

i = (—ia -V +mpB) vy — (Ppy)*By,  Y(z,t) €CV, xR

D

o [Soler™, Cazenave & Vizquez®0]: existence of solitary waves in R3,
w(x7 t) = ¢w(x)e_u"t’ w e (07 m)’ ¢UJ e Hl(Rs)

e Attempts at stability: [Bogolubsky’®, Alvarez & Soler®®, Strauss & Vizquez®°] ...

e Numerics suggest that (all?) solitary waves in 1D cubic Soler model are stable:
[Alvarez & Carremsgl, Alvarez & Soler83, Cooper et al.lo, Berkolaiko & Comechlz],

[Mertens et al. 12, Shao et al. 14, Cuevas-Maraver et al. 14]

e Assuming linear stability, one tries to prove asymptotic stability

[Pelinovsky & Stefanovlz] [Boussaid & Cuccagnalz] [Comech, Phan, Stefanov'4]




Nonrelativistic limit of NLD: w < m

[Ounaiesoo, Guanos]

Solitary wave: ¥ (z,t) = {Zgz;] e~ wt; v,u€eC?® =zeR3

e ) -V - 1 0
. v
w Lﬂ ~ —i0c-V [:} + (m — |'u|2k) [—u]
fwm,|ul K€ |v| <K<l 2mu =< —io - Vv, v satisfies NLS:
—(m —w)v = ——Av — |v|**v
2m

Scaling: v(x) = €'/*®(ex), €= +v/m — w,

1
—b=——AP— |®|*P, H(x)ER, xcR"
2m



NLD: linearization at a solitary wave

Given ¢, (z)e™**, w € (—m,m), consider ¢ (z,t) = (Ppu(x) + r(z,t))e ™"

Linearized eqn on r(x,t), i0yr = Dy — wr + ... I
5 Rer| 0 D,, —w-+..| |Rer (m+w)i
tlimr| ~ |—Dpp +w + ... 0 Im»r
A,
R = A, R; o(A,) C iR (“spectral stability”) 2?? (m — w)i
a-ess(Aw)
o(D,, — w)
_O
—-_m —w m— w ||



o(AL)
Linear instability of NLD

" 2ma

I (m + w)i
i04tp = Diytp — (Pap)*Bep, z € R”
P(x,t) = ¢ (z)e !

Theorem 1 ([Comech, Guan, Gustafson?]). Lo —_—

Ao
If K > 2/n, so that NLSy is linearly unstable, then
forw <m,3 A, € 04(Au),

ReA, >0, Ao, — O

w—rm

Unstable forn = 1, k > 2 (above quintic) I || —2mi
Unstable forn = 2, k > 1 (above cubic)
Unstable forn = 3,k > 2/3 w<m

w =m

Proof: Rescale; use Schur reduction and Rayleigh-Schrodinger perturbation theory.



Bifurcations from o o(4.)

(m + wo)i
Let 0 <wog<m " ..)\wo
Theorem 2 ([Boussaid & Comech'6]). ( o
m — wo)i
Assume: A, €0p(Ay), ReAy, #0, °)
?
Ao — Ao, € 4R
w—+wo
Then: °*., Lo
|Awolsm+w09 ‘0

Ao € 0p(Auo) U {0} U {i(m +wo)}

LAP methods of [Agm0n75], [Berthier & Georgescu87]:

”u”HiS < Cz,s,5||(Dm - Z)u”Lga z € C\[-m,m], s>1/2, |z£m|>§

ullaz = (11 + |2])*u)| a2



o(As)
Linear stability of NLD " 2mi
(m + w)i

2w1

lat"/’ = Dm"/’ - (1Z¢)kﬂ¢a r € R™

Y(2,t) = po(x)e ™" (m — w)i

Theorem 3 ([Comechl 1 D.
| Ifn < 3, then A = £2wi € o,(Au).

—2w1i
Theorem 4 ([Boussaid & Comechlﬁ]).
n<3 kI2/n Il —2mi
¢de~ ™t are linearly stable for w < m
w<m w=m

Including the “charge-critical” case k = 2/n



Eigenvalues A\ = +2w?1 in the Soler model

A = F2wi is bad for proving asymptotic stability!

[Boussaid & Cuccagnau], [Comech, Phan, Stefanov'*]

Asymptotic stability of solitons in Soler model for “radially symmetric” case:

1. perturbations orthogonal to translations;

2. perturbations orthogonal to 2w1 eigenvectors
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SU(1,1) invariance of the Soler model and the Soler charge

Theorem 5 ([Boussaid & Comech®]).

1. Soler model hamiltonian is invariant under transformations

P(z,t) — (a— ib‘72C)¢($,t), a, beC, |a|2 - |b|2 =1

2. These transformations form the group SU(1,1) D U(1) [% f_j

3. Conserved charges: Q = [¢*pdx > 0

A= [y (—iv*)pdx €C
4. Bi-frequency solutions: if ¢(z)e*?
Y(x,t) = ae”*'p(x) — betiv’C(P(z))

is a solitary wave, so is

Note: if |b| < 1, then ¥(x,t) ~ e~ ™! (¢(m) — beZi“’ti’ﬂC((b(a;)))
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Figure 1: (1+1)D Soler model. LEFT: k = 2 (“charge-critical”); RIGHT: k = 3.
TOP ROW: charge and energy of the solitary waves as functions of w € (0, 1).

BOTTOM ROW: Spectrum on the upper half of the imaginary axis. Note the exact eigenvalue A = 2w?.




Cuevas-Maraver et al.'%]

[

Figure 2: (2+1)D cubic “charge-critical” Soler model
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Figure 3: (3+1)D cubic “charge-supercritical” Soler model [Cuevas-Maraver et al.16]
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Theorem 6 ( [Berkolaiko, Comech, Sukhtayev'®]).

H Both Q’(w) = 0 and E(w) = 0 indicate collision of eigenvalues at A = 0

Qpoe—it) ~| *
E(d)ue_iwt) i

—_m<w<m

Figure 4: “Quadratic” massive Thirring model, k = 1/2.

TOP: energy and charge as functions of w € (—m, m).

BOTTOM: The spectrum of the linearization at a solitary wave.

Dotted eigenvalue collides with its opposite at the origin when wy =~ —0.6276m, where E(w4) = 0
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Qw)

A€ Ry

—_m<<w<m

Figure 5: Massive Thirring model with k = 1.

TOP: energy and charge as functions of w € (—1,1).

BOTTOM: The spectrum of the linearization at a solitary wave on the upper half of the imaginary axis.
No nonzero eigenvalues in completely integrable model.
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Figure 6: Massive Thirring model with k = 2, “charge critical”.
TOP: energy and charge as functions of w € (—1,1).
BOTTOM: The spectrum of the linearization at a solitary wave.
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Figure 7: Massive Thirring model with k = 3.
TOP: energy and charge as functions of w € (—1,1).
BOTTOM: The spectrum of the linearization at a solitary wave.
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