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k is the wave number in Qey (K = w./€extftext)-
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The Inverse Problem

Denote the unit sphere by S™ ' := {x ¢ R™, |x| =1}
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Data
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on a nonzero measure subset of S

The Inverse Problem

Determine the damaged part 'y of the known interface I from the
above (measured) data without knowing 1o and ng
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X(s)
3f(s)V(s)

[

Small parameter: the thickness of the open-

_______ ing is much smaller than interrogating wave-
-SFisMis) length X := 27 /k and the thickness of the lay-
r Xo ers.

m Introduces essential computational difficulty in the numerical
solution of the forward problem.

m We use the linear sampling method to solve the inverse problem
and want to probe along the known boundary I for the defective
part .

Replace the opening Qo by appropriate jump conditions on u™ and
u~ across the exact part of the boundary 'y




Asymptotic Model

We use asymptotic method.

[ B. ASLANYUREK, H. HADDAR, AND H. SAHINTURK,
Generalized impedance boundary conditions for thin
dielectric coatings with variable thickness, Wave Motion,
48, 681700, 2011.

[ B. DELOURME, H. HADDAR, AND P. JoLY, Approximate
models for wave propagation across thin periodic
interfaces, J. Math. Pures Appl., 98:2871, 2012.

[§ B. DELOURME Modeles et asymptotiques des interfaces
fines et periodiques en electromagnetisme, PhD thesis,
Universite Pierre et Marie Curie - Paris VI, 2010.



Asymptotic Model

Mo := {Xr(S), RS [O, L]}

Neighborhood of ['g: x = xr(S)+nv(s), £ =

>3

My = {xr(s) + df(s)v(s), selo,L]}

oo o0

Uls,€) = S 0U(s.), u*(s,m) = S Fu(s.m) (+)

j=0 j=0

We expand each of the terms uji(s, 1) in a power series with respect
to the normal direction coordinate n around zero, i.e.

+ + 90 4 U +
u(s,m) = u; (s,O)+na—nuj (s,O)+Ea—n2uj (5,0) + ...
and after plugging in (x) we obtain
X X, ok ok

ut(s,n) = ZZ 5’H8—Muﬁ(s, 0).
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m Neuman part of the transmission needs the computation of
co-normal derivatives in curvilinear coordinates and then equate
the same powers of §.

m Equation for U; is also written in curvilinear coordinates, where
the ansatz is substituted the same powers of ¢ are equated.

Remark

If we assume that f+(0) = f*(L) = 0 the next asymptotic model can
be rigorously justified following the approach of Delourme’s thesis for
periodic interfaces.




Asymptotic Model

%
Qext

pu=1,n=1

I

-(12)

where

a =20 (f(uo — 1)),

In Qext, 24 and Q_ we have the same equa-
tions and on 'y and I\ [y the same transmis-
sion conditions as for the healthy material.

Recalling the notation
W] =w"—w~ and (W) = (w" +w™)/2

on [ we have that

1 ou

and LL ey

} — (=Vr - (31) Vr +7) (u)
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Well-posedness of Asymptotic Model

m Introduce H := {u € H'(Bg\To) such that v+ Vi (u) € LZ(FO)}

2
2

Il = Nl gy + VT 9 @, + VP or

L2(ro)

1 1
m Assume that & L >e>0,andR|(——— ] >e>0
pE po gt

B0 <3(nt) <S(m)and 0 < (™) < S(po)
m f* go to zero at the boundary of 'y in T such that

1/ (f(po — p)) € LY(To) fort =1+ecinR?and t =7/4 + ein R3
for arbitrary small € > 0.

Under the above assumptions the direct approximate model has a
unique solution u € H which depends continuously on the incident
wave u' with respect to the H-norm.




Numerical Validation

| ugxt _ uext”H1 (Ba\D)

e(6,d) .=
(0.9) ”UeXt”H‘(BR\ﬁ)

U — y®
5.y 15— 0o

Ul 2(s)

f=(s) =0, f(s) == —1"2(s+ I)(s — ) for s € (=1, 1), with | = 0.2,

on the interface r = 1. The material properties are chosen to be
n_=1,u_=1inQ_,n, =1, 4t =1inQ,, ng =0.2, 4o = 0.9 in Qp,
and the wave number k = 3.



Numerical Validation
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Panel (a) shows the H' relative error of total fields resulting from
different incident direction. The maximum error is obtained for

d = (1,0). Panel (b) the H' relative error for different values of ¢ and
d = (1,0). The approximated rate of convergence is O(5'7).



Numerical Validation

lu *(0,d)l in the two different models
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Panel (a) shows the plot of the absolute value of the far field for both
models for § = 0.05. Panel (b) shows the far field L? relative error
e> (¢, d), for different values of 6 and d = (1,0). The approximated
rate of convergence is O(§").



The Inverse Problem

u® the scattered field due to the layered media and the flaw on
the interface.

oik|x|

S —

uoo()?,d)+0<‘1x|>, m=2,3

Data

U (X, d) for incident directions d and observation directions X in a
nonzero measure subset of S™!

The Inverse Problem

Determine the damaged part 'y of the known interface I from the
above (measured) data without knowing 1o and ng




The Inverse Problem

Data defines the far field operator F : L2(S™") — L2(S™T)

(Fg) (%) = / U (%, d)g(d)dsg

sm—1

By linearity Fg = Fpg + Fgg with

(Fog) (%) = / U (%, d)g(d)dsq

sm—1

where up°(X, d) is the far field pattern of the scattered field uj(x, d)
due to healthy material, i.e the unique solution
Up = us + €9 ¢ H! (R™) of

1 .
V- (/Vub> +K?nup =0 inR™
v

and uj satisfies Sommerfeld radiation condition.



The Inverse Problem

Consider the far field equation

(Fag) (X) = o1, Lcr

where for some (ay, 8;) € L3(L) x H'(L)

T 1065 (x.y)
w00 =15 [ {autn@soen + o] "G

with GZ°(x, y) the far field of the radiating solution Gp(-, z) to

b as(y)

v (lVGb(-,z)> +K2nGp(-,2) = —0(- —2),  InR"\ {z}
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Lemma (Mixed reciprocity)
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mForLcCT
L C Ty < ¢° € Range(G)



The Inverse Problem

Theorem (Linear Sampling Method)

For an arbitrary arc L C 'y and € > 0, there exists a function
g5 € L3(S™ 1) such that

| Fogi — ¢éoHL2(Sm—1) <e€

and, as € — 0, the corresponding solution up, - to the
background problem converges in H.

For L ¢ o and € > 0, every function g € L2(S™") such that
IFogi — ¢5ll2n-1y < €

is such that the corresponding solution up, 4 to the background
problem satisfies

lim [|up,g; [ = co and  lim ||gf[|iz(gn-1) = oo




Example of Reconstruction
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Example of Reconstruction

0% noise in A 2.05% noise in A
2 2
1 1
0 0
1 1
2 2
2 0 2 2 0 2
6.48% noise in A 18.45% noise in A
2 2
1 1
0 0
1 1
2 2




Example of Reconstruction
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Remarks

[{ F. CAKONI, |. DE TERESA TRUEBA, H. HADDAR, AND P.
MoNK, Nondestructive testing of the delaminated interface
between two materials, SIAM J. Appl. Math. (accepted).

We are working on Maxwell’s equation model for this problem.



