PENTAGON, TETRAHEDRON AND YANG—BAXTER MAPS IN
NON-COMMUTING VARIABLES, AND THEIR GEOMETRIC ORIGIN

Adam Doliwa
doliwa@matman.uwm.edu.pl

University of Warmia and Mazury, Olsztyn, Poland

GEOMETRIC AND ALGEBRAIC ASPECTS OF INTEGRABILITY
LONDON MATHEMATICAL SOCIETY EPSRC DURHAM SYMPOSIUM

25TH JULY — 4TH AUGUST 2016

ADAM DoLIwA (UWM PL) PENTAGON, TETRAHEDRON & YANG-BAXTER MAPS 25.07-4.08.2016 1/24



OUTLINE

@ GEOMETRIC PENTAGON AND TETRAHEDRON MAPS (WITH R. KASHAEV)
@ The normalization map
@ The Veblen map
@ Geometric tetrahedron map

© 4D CONSISTENT SYSTEMS AND ZAMOLODCHIKOV’S CONDITION
@ Desargues maps and non-commutative KP systems
@ Multidimensional discrete conjugate nets

© YANG-BAXTER MAPS
@ Periodic reduction of the non-commutative KP map
@ Central-product reduction
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PENTAGON MAPS

X —aset,amap S: X% — X2 satisfying in A2 the relation
Si20 5130 So3 = Sa3 0 Si2
is called a pentagon map [S. Zakrzewski 1992], [Semenov-Tian-Shanskii 1992]

PENTAGON PROPERTY OF THE NORMALIZATION MAP
The following birational map N: (xi, X2) --» (Xy, X3)

/ —1 /
X1 = (e +x1 —X1X) X, Xo = X2 + X1 — X1 X2,

satisfies the pentagonal condition

COROLLARY
The inverse of N is given by

X1 = X5, X =(1—xx1) "' x(1 — x1),

and satisfies the reversed pentagonal condition
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GEOMETRY OF THE NORMALIZATION MAP [AD, Sergeev 2014]

Given four collinear points A, B, C and D, consider two pairs of linear relations
between their non-homogeneous coordinates

D
Oa—05=(0c _¢B)%
A

D

Ga=dcxi + dp(1 —x1) and a = dpxi + dp(1 — X{)
Op = PcXe+ Pa(1 — Xx2) bp = bcXs + Pa(1 — x3).

The normalization map is a consequence of that change of basis
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COMBINATORIAL DESCRIPTION OF THE PENTAGONAL CONDITION

823°813=512°81°S 23
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LINEAR PROBLEM FOR THE VEBLEN MAP [AD, Sergeev 2014]

Ppc = ¢AB£_(1 + ¢pp(1 — 5(1)
Pep = PapXe + Pep(1 — Xe2).

Dac = PagX1 + dap(1 — x1)
Ppc = GacXe + Pep(1 — x2)

The Veblen (62, 43) configuration

and

C C
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(AFFINE) VEBLEN MAP

PENTAGON PROPERTY OF THE VEBLEN MAP
The birational map V: (x, y) --» (X, y), where

)_(1 = X1Xo, )_(2 = (1 —X1)X2(1 —X1X2)_17
satisfies the reversed pentagonal condition

V23 o V13 o V12 = V12 © V23

Notice that V°? = N~'

COROLLARY
The inverse of V is given by

- = — — = \—1 — — - -
X1 =X1(X1 + X — XoX1) ™, X2 = X1 + Xo — XoXq,

and satisfies the pentagonal condition
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THE VEBLEN MAP AND DESARGUES (103) CONFIGURATION

AE

Pentagonal property of the Veblen map is a consequence of the Desargues theorem
e lines are labeled by two-element subsets out of five-letter set

e points are labeled by three-element subsets
e contains five Veblen configurations labeled by subsets containing a fixed letter
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TETRAHEDRON MAPS

Amap R: X% — X3, which satisfies in X® the relation
Ri23 0 Ryas 0 Rose © R3se = Rase © Reas © Ri4s 0 Ry23,

proposed on the quantum level by [Zamolodchikov 1981], is called tetrahedron map

The birational map R = Paz o Vi2 0 Nig, : (X1, X2, X3) --» (X1, X2, X3), where

X = [xa + xi(1 7X3)]71 X1 X2, %o =x3+x1(1 - x3),
%=1+ —1)[1—x)x+x1(1 —x)] " (x+x(1 —x3)),

satisfies the tetrahedron condition

The inverse map R™": (X1, X2, X3) --+ (x1, X2, X3) , given explicitly by

X=%%[f+(1-%)%]"", xe=5%+(1-%)k,
Xs =1+ %+ (1 —%)%)[%(1 — %)+ (1 - %)% (& —1),

satisfies the tetrahedron condition as well
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GEOMETRY OF THE TEN-TERM RELATION FOR THE NORMALIZATION AND
VEBLEN MAPS

THEOREM [Kashaev, Sergeev 1998]

Given a solution N of the functional pentagon equation, and given a solution V of the
reversed functional pentagon equation on the same set X, then the map
R = Py 0 V42 o N3 satisfies the Zamolodchikov tetrahedron equation, provided

Viz o Ni2 o Vig 0 Nag o Vg = Nag 0 Vo4 0 Nig o Vi3 o Nya.

Start from seven points (black circles) of the star configuration (102, 54) AND FOUR
CORRESPONDING LINEAR RELATIONS there are two distinct ways to complete the
configuration using the normalization and Veblen flips
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OUTLINE

© 4D CONSISTENT SYSTEMS AND ZAMOLODCHIKOV’S CONDITION
@ Desargues maps and non-commutative KP systems
@ Multidimensional discrete conjugate nets
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DESARGUES MAPS AND NON-COMMUTATIVE DISCRETE MKP SYSTEM

DESARGUES MAPS [AD 2010]

Maps ¢ : ZV — PM(DD), such that the points ¢(n), ¢((n) and ¢ (n) are collinear, for all
nezZN, i # j; here D is a division ring

NOTATION: ¢(jy(My -+ My ey, IN) = @M1,y + 1,000, NN)
In non-homogeneous (affine) coordinates we have @: zZV — DY
(@) — ®) = () — ®)Bj,
o the first part of the compatibility condition gives
B;jBj = Bj,
which allows to introduce a potential o : Z¥ — D, such that
B = O‘(,‘)O'G;;
e the second part of the compatibility condition takes then the form
(0@ —o))ow + (o) = ou)ow + (04 — 95 Jow =0

known as the non-commutative discrete mKP system [Nijhoff, Capel 1990]
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THE LINEAR PROBLEM FOR THE TETRAHEDRON MAP

¢(2) =dx +¢(1)(1 — X1)7 ¢’ ‘D(g Xo+ (12) (1 — X2 ¢(3) = bx3 +¢(2)(1 — X3)

[
D, D) q’m
D)
D) 2 Py (zn ‘1’“ 2)

D3 D)

After the cube flip we arrive to three new linear relations

¢(23) = q)(a);ﬁ +¢‘(13)(1 —)N(1), ¢(3) = ¢)N(2+¢‘(1)(1 —)~(2), ¢(13) = ¢(1))~(3+¢(12)(1 _5'(3)

The relation between the Veblen configuration (the Menelaus theorem) and the
discrete Schwarzian KP equation was known to [Konopelchenko, Schief 2002]
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4D CUBE (TESSERACT) VISUALIZATION OF ZAMOLODCHIKOV’S
CONDITION

i P
6 |\
Ry Y
/
5 2
3 1 4
¢ 2 q>(|234)
4
Rz«:/
6
; 2
oR. o _ 4
0‘ Ry23°Rigs" R 246°R356 = R356°R 246" R 145 °R123 , .
S5/ ;

ADAM DoLIwA (UWM PL) PENTAGON, TETRAHEDRON & YANG-BAXTER MAPS 25.07-4.08.2016 15/24



MULTIDIMENSIONAL CONSISTENCY OF DISCRETE CONJUGATE NETS AND
DISCRETE DARBOUX EQUATIONS [AD, Santini 1997]

A Doliwa. PM. Santini/Physics Letters A 233 (1997} 365-372 mn

Aii(mym....ony),
1T, yame "

Vs (28)

ieg o ij=l..
T,T,P,
%//K v which solve the MQL equation (11) and satisfy the
h / 7 Ty following boundary conditions,

: Ay (0, L0y = A (),

A0, mye g, 0) =A;f”(m.u,},
I1€i<jgN (29)

Fig. 6 Note that the number of the arbitrary functions of

i " two variables entering into the general solution of

Puau 3TiHHTix = mﬂ’" = n TP e the MQL equation agrees with that of the continuous
=l i=liwi case [21].

(25) Remark. All the geometric considerations of this
section can be reformulated in terms of linear equa-
tions (for example, a three-dimensional subspace of
a five-dimensional space is equivalent 1o a system of
(5~ 3) linear equations for 5 unknowns) and the cor-
responding theorems about their solutions.

The same argument can be used to prove the compat-
ibility of the construction for an arbitrary dimension
N of the lattice, In the natural notation inherited from
the example N =4,

Qi) = Q5 + Qi) Qui, i,j,k disctinct
/ [Bogdanov, Konopelchenko 1995]
~V The corresponding solution of the functional tetrahedron equation

JOURNAL OF was constructed by [Bazhanov, Sergeev 2006]
INTEGRABLE SYSTEMS
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FURTHER COMMENTS ON DESARGUES MAPS AND MULTIDIMENSIONAL
QUADRILATERAL LATTICES

@ Desargues maps naturally are defined on the root lattice Q(An) [AD 2011]
@ theory of K dimensional discrete conjugate nets is equivalent to theory
of 2K — 1 dimensional Darboux maps [AD 2010]

@ the discrete BKP [Miwa 1982] , and the discrete CKP [Kashaev 1996] equations
in K dimensions are obtained as reductions of the discrete (A)KP [Hirota 1981]
equations in 2K — 1 dimensions [AD 2013]

The (203, 154) configuration as "linear" construction of the quadrilateral lattice
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DESARGUES MAPS IN THE HIROTA GAUGE

In homogeneous coordinates of the projective space, and in a suitable gauge
o5 — by =dU;,  1<i#],
whose compatibility is
Ui+ Ui=0, Uj+Uk+Ui=0, UqUgi= UgUaq 1],k distinct
[Nimmo 2006]

When D is commutative then the functions Uj; can be parametrized in terms of a single
potential 7 : ZN — D

and the nonlinear system reads [Hirota 1981], [Miwa 1982]

Ty T(k) — TG Tik) T Tk T() = 0, 1<i<j<k
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OUTLINE

© YANG-BAXTER MAPS
@ Periodic reduction of the non-commutative KP map
@ Central-product reduction
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THE DISCRETE NON-COMMUTATIVE KP HIERARCHY

Let us distinguish the last variable k = ny, denote also
n=(n,...,Nn—1), ®(n,k)=W(n), Uni(n k)= ux(n)
which allows the rewrite a part (that with the distinguished variable) of the linear
problem in the form [Kajiwara, Noumi, Yamada 2002 ]
Wi — Wiy = Wik, i=1,...,N—=1
Ujk Ui k() = Uik Uj k(i Ui k() + Ujk+1 = Uj k(i) + Ui k41

Uil

uj(1)
uij)

i)

1 )
/ u,
u; i) L uig) |l
w7 I

L i i

Uji)

u;

The non-commutative KP map
Uik = Uik — k)™ Uie(Uikest — Ujket)s 1<i#j<N,

keZ

is multidimensionaly consistent ui = (uix) { P u u
P, i.k+P = Uik
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FrROM KP MAP TO YANG-BAXTER MAP

AmapR: X x X — X x X satisfying the relation
Ri2 0 Ri3 0 Roz = Roz 0 Riz 0 Ruz, in A xXxX

is called Yang—Baxter map [Drinfeld 1992]

=% R
3 1
A R12 R23 3 3
& >X)

uj=i C )=y

OBSERVATION

The companion map of a three dimensionally consistent map gives rise to Yang—Baxter
map [Adler, Bobenko, Suris 2004 ]

XYk = VX, Y+ Xkt = X+ Yrot
Problem: Find the companion map of the KP map
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NON-COMMUTATIVE YANG—BAXTER MAPS

THEOREM
Given non-commuting variables x = (x1,...,xp), ¥ = (J1,. .., yp) define

Xk = XkXk+1 - - - Xk+P, Yk = YeYk+1 -+ YktP

P—1 /a—1
PK_Z<Hyk+’HXk+I)7 k=1,...,P,

i=a+1

where subscripts should be read modulo P. If hx is a solution of the Sylvester equation
M+ Piyt = Vehe (=Y V! Prsr X))
then

R(x,y) = (X, ¥), X = hi_1xchy ", Pk = hi 'y yichk,
is a Yang—Baxter map

Commutative case [Kajiwara, Noumi, Yamada 2002], [Etingof 2003 ]
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THE CENTRAL REDUCTION OF THE YANG—BAXTER MAPS [AD 2014]

Assume that the products & = X1 = x1x2 ... xp, B = V1 = y1)2 ... yp are central, then:
(i) Xx and ) do not depend on k
(ii) the Yang—Baxter map R(x, y) = (X, y) simplifies to

X = PrxPiys Vi = P YiPrst

(iii) the products « and 3 are conserved under the map R

In the simplestcase P =2: a = xix2, B = yiyaWe put x = x1, ¥y = y1 togeta
parameter dependent reversible Yang—Baxter map R(«, 8) : (x,y) — (X, ¥)

X = (ozx’1 +y) x(erﬁyq)_1 ;
j = (ax" +y)71y(X+,6’y‘1) :

which in the commutative case is equivalent to the F;; map in the list of
[Adler, Bobenko, Suris 2004]
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