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Consider N diffusing particles X' € R? interacting with kernel W.
dx;N = bN(Xi’N)dt +dB!N, i=1,...,N,
Z W(x — xiV)

(Xé’N),-Zl i.i.d. with law fo.

We expect that, for large N, the probability density of one of the particles
is well approximated by the solution to the non-linear mean-field equation

Ocfe + V - (b°f;) — AAf, = 0, (t,x) € (0, T) x RY,
b(x) = [ HOIW(x - y) dy.

fo(x) initial condition.

Assumptions on the interaction kernel W will be made later in the talk.
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Why might one expect this? Heuristic:
o Imagine bV = b were fixed and given. Then by It's Lemma the law
of th’N solves

8tft+V(btf;_-)—%Aft:0, (t,X) c (07 T) XRd,
fo(x) initial condition.

o Idea: Make the assumption that the particles are i.i.d. (chaos), so we
can compute the force field bY(x) by

yR ,
bV(x) = N S Wi(x - xg”")\z;JEW(x — XM
Jj=1 LLN

_ / W(x — y)f(y) dy = b°(x)

where we have used the law of large numbers to approximate the
actual field bN by the mean field b*.

@ The assumption of chaos is only true for t = 0. We must assume
propagation of chaos, that particles remain (approximately)
independent at later times if they are independent at the start.
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Let d be a metric on the space of probability measures on RY, e.g.
Bounded-Lipschitz metric.

Definition (Chaotic particle system (Sznitman))

A family of symmetric particle distributions (X"M)¥, for N =1,2,... s
chaotic if the empirical measure p"N given by

1N
uN = N ng,-,,\,, satisfies d(uN, f) — 0 weakly as N — oo
j=1

for some deterministic probability measure f.

Note that there is no mention of time in this definition.
We are interested in quantitative estimates of chaoticity. We want bounds
on d(uN, f) that are polynomial in N, i.e.

Ed(uN, f) < CN77, for some explicit v > 0.
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Why is propagation of chaos important?

Establishing propagation of chaos is a central part of rigorously deriving
macroscopic and mesoscopic continuum models from the microscopic laws
governing the motion of particles. It is used in:

@ The Vlasov-Poisson equation in kinetic theory, which models galaxies
and plasmas.

@ The vortex dynamics formulation of the 2D Euler equation.
@ Swarming models for fish, birds, ...

In the derivation of the homogeneous Boltzmann equation from Kac's
model of randomly colliding particles.

In the particles method in numerical integration of PDE.
In the theory of particle filters in statistics.

In mean-field models of biological neural networks.

Many more ...
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Prior (quantitative) work (locally Lipschitz interactions)

@ Dobrushin '79 (also Braun-Hepp independently), proved propagation
of chaos in the noiseless case (ODEs instead of SDEs) for Lipschitz
interaction kernels W.

Key observation: empirical measure is weak solution to limit PDE.

@ Sznitman '91, did the same for SDEs (explained later in talk).

@ Since then the main quantitative results have assumed that W is
smooth except for a singularity at the origin, and work by estimating
the distance between particles: Jabin, Hauray, Mischler, Fournier ...
in the last decade.

@ In these works the noise is a hindrance. It makes it harder to control
the minimum distance between particles.

(Non-quantitative results using compactness are a whole other game.)
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The result

i,N i\N i,N
ax; = bN(x"M)dt + dBy" atﬂJrv'(booft)_;M_o

1Y :
B(x) = 5 - Wx — X, b (x /ft Wi — )iy
=1

Theorem (H. 2016)

Let W be a-Hélder continuous for some o € (0,1). Then there exists an
explicit v > 0 depending only on «, such that

E sup d(up,fy) < CN77.
te[0,T]

In particular, this holds for interaction kernels W that are nowhere
Lipschitz.

v

This result implies the result of Sznitman (which requires W Lipschitz, i.e.
a = 1), but the exponent ~ obtained is worse.
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Coupling methods

dxiN = N (xPN)de + dB}",

N
1 ;
bN(x) = i > Wix—xiY).
j=1

d(uy, )

Oefe + V- (b°f:) — SAf =0,

b (x) = / Al)W(x — ) dy.




Coupling methods

ax{V = b (X{M)dt + dBN, | s
N SDE b ,i,N b>Si,N i,N

1 ; ——— dX, "T=b2(X. U )dt+dBy .

B(x) = = >0 Wilx— XEN). o =] 0 FOC A
j=1

A

N Law of Large
dut s fr) d(ut™N ) numbers
approximation

-

Oefe + V- (b°f:) — SAf =0,

b (x) = / Al)W(x — ) dy.

d(ul, ) < d(ul pe") + d(pe " ) (Sznitman)



Coupling methods

ax{" = b (X[M)dt + dBN, | s
dXP™N= poo(XETNY gt 4 dBEN.

N
1 .
bN(x) = i > Wix—xiY).
j=1

A~ A~
Law of Large N Law of Large
N d| fi oo
numbers | d(uf, £ e dug M) | numbers
approximation approximation
- -

Oy +V - (b°f;) — 30F =0,

8 f2+v - (BN FE") —LAfP"= 0.
RV (behT) —2 8k 200 = [ AW =3 .

d(ul, f) < d(ul ™M)+ d(ue™™ f)  (Sznitman)
OR
N N
d(u, ) < d(ug, £27) + d(F2 f)
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Estimating the hard term

- - . Law of
dXé’N — bl\’(Xi{,N)dt_i_ dB{L’N, Large
N numbers? N I et
btl'V(X) = %Z W(X — X{’N). d(mv, fth) atﬂ + \ (bt ft ) 2Aft =0.

j=t

o If bN were deterministic this would be an easy application of the law
of large numbers.

e But bV depends on all the particles.
e What do we know about bN?
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Estimating the hard term

- : . Law of
dXiN = pY(XPM)de + dBIN,|  Large
N numbers? BN o L n o
1 ' Ofl + V- (BNFETY — LAFP = 0.
() = o > W = XM [ g ey L (b'f") — 341,

j=t

o If bN were deterministic this would be an easy application of the law
of large numbers.

But bV depends on all the particles.
What do we know about bN?

@ As W is a-Halder continuous, bN is a-Halder in x, and
(/2 — €)-Haolder in t almost surely.

o We will estimate Esupcp 7 d(pl, fth) using only this information.
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Estimating the hard term
@ When you don't know something, bound with the worst case!
o As, uN = ,ubN’N by definition, we have

E sup d(u f2") <Esup sup d(ug™,£P).
te[0,T] beC t€[0,T]

Uniform Law
of Large
numbers

dX;"" = (X" dt + dBy", Of +V - (befP) — JAFP = 0.

sup d(u;", £)
beC

C={b: bl conpo,rjxrey < C}-
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Estimating the hard term

@ When you don't know something, bound with the worst case!
o As, uN = ubN’N by definition, we have

E sup d(ul, f2") <Esup sup d(ut™, D).

te[0,T] beC t€[0,T]
Uniform Law
of Large
. ; ; b
X7 = b(Xp M)t + dBYY, e O+ V- (bef?) — AR =0,
sup d(pg", %)
beC

C={b: bl conpo,rjxrey < C}-

Theorem (Glivenko-Cantelli result for SDEs (H. 2016))
There exists explicit v depending only on « such that

Esup sup d(p2M, £P) < N,
beC te[0,T]
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Proving the Glivenko-Cantelli result

Want to prove:  Esup sup d(p2", fP) < CN7.
beC te[0, T

@ Uniform law of large numbers of a large set C.
o Study one-particle stochastic process (X?)pec.
@ First step: Continuity with respect to b € C.

e C is too large to apply the Kolmogorov continuity theorem (or the
chaining method in general!).
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Proving the Glivenko-Cantelli result

Want to prove:  Esup sup d(p2", f2) < cN77,
beC t€[0,T]

@ Uniform law of large numbers of a large set C.
o Study one-particle stochastic process (X?)pec.
@ First step: Continuity with respect to b € C.

e C is too large to apply the Kolmogorov continuity theorem (or the
chaining method in general!).

o Fortunately, we have a very strong continuity property:

Lemma
For each b € C, then therg exists a random variable J (different for each
b) in LP such that for all b € C, we have,

sup [ X — XxP| < J/T e — B, .
t€[0,T] 0 Lee
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With this lemma we can prove the Glivenko-Cantelli theorem using
standard tools from empirical process theory:

Definition (Covering Number)
A a set, d a metric on A:
N(e, A, d) = Size of smallest e-cover of A

where an e-cover (e-net) is a finite set (ax);_; C A such that for each
a € A there is a k with d(a, ax) <e.

Then N(e,C, ||-l;) < exp(Ce™(9+2)/@) which is sharp (and huge!), but:

Lemma (Orlicz maximal inequality for sub-Gaussian r.v.s)

Let Z1,...Zy, be real-valued sub-Gaussian r.v.s (not necessarily
independent), and |||, be the sub-Gaussian Orlicz norm, then

< Cy/log(1 ax || Zil. -
b S y/log(1 + m)max || Z],,

Thomas Holding (University of Warwick) Propagation of chaos for Holder kernels July 2017 13 / 16

m
4
HoylEl




Proving the lemma

Lemma

For each b € C, then there exists a random variable J (different for each
b) in LP such that for all b € C, the following holds almost surely,

sup [Xb — XP| < J/T e~ B, a.
te[0,T] 0 Lee

° %|th — th’\ < |b(Xp) - B(Xti’)\, but b not Lipschitz, so can't close
estimate!
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Proving the lemma

Lemma
For each b € C, then there exists a random variable J (different for each
b) in LP such that for all b € C, the following holds almost surely,

sup [Xb — XP| < J/T e~ B, a.
te[0,T] 0 Lee

o d1xb - XB| < |b(XP) — B(XP)], but b not Lipschitz, so can't close
estimate!
o But noise is regularising!

Theorem (Stochastic flow. (Flandoli, Gubinelli, Priola '10))

The solution map ¢ : [0, T] x RY — R9, Xq + X; of the SDE
dX; = by(X;)dt + dB; where b € C (i.e. a-Hélder), is C1# in x almost
surely.

@ Use this to replace the (absent) Lipschitz property of b in the above
estimate.
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Second order SDEs and hypoellipticity

Can do the same for second order particle system, but the degeneracy of
the noise means we need 2/3-Hélder continuity.

dXiN = v} Nt
dvilN = bN(X”N)dt — VNt + dBIN

ZW - XM

(f; solves a non-linear kinetic Fokker—PIanck equation (omitted for space)).
Theorem (H. 2016)
Let W be a-Hélder continuous for some o € (2/3,1). Then there exists

an explicit v > 0 depending only on «, such that

E sup d(up,fy) < CN77.
te[0,T]

This holds for interaction kernels W that are nowhere Lipschitz.

v
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