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McKean-Vlasov
Forl1 <:<mn,

X2(1) = X7(0) + / o(X0(s), V™ (3))dBi(s) + / b(XD(s), V"(s))ds

+/0 a(X(s), V"(s))dW (s)

where V" (t) is the normalized empirical measure + > | dxn ().

Asn — oo, X' “should” converge to a solution of the infinte system
t t
Xilt) = X(0) + [ 0((s). V(NBi(s) + [ BOX(). Vi)
0 0
t
+ [ (o). Vinaws)
0

Problem: Does V" converge, and if so, to what?
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Exchangeability and de Finetti’s theorem
X1, Xo, ... € Sisexchangeable if
P{Xiel,.... Xpeln=P{X,, ely,..., X, e}

(s1,-..,5n) any permutation of (1,...,m).

Theorem 1 (de Finetti) Let X1, Xo, ... be exchangeable. Then there exists
a random probability measure = such that for every bounded, measurable g,

n—oo mn

almost surely, and
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Convergence of exchangeable systems (2010)

Lemma 2 Let X" = (X7, ..., X} ) be exchangeable families of D0, 00)-
valued random variables such that N,, = oo and X" = X in Dg=|0, 00).
Define

=" = 5 L Oxp € P(Dpl0, 00))

= = lim,, oo % S ox,

VR(t) = 3= 200 6xpe) € P(E)

V(t) = im0 5 2075 Ox, (0
Then V" =V in Dpg)|0, 0o) or more precisely,

(V" X1, XY, o) = (V, X1, X, ...)

in Dp(pyxp=|0,00). If X" — X in probability in Dg~[0,00), then V" —
Vin Dp(p)[0, 00) in probability.
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McKean-Vlasov

X2(t) = X2(0) + / o(X2(s), V"(5))dBi(s) + / b(XD(s), V"(s))ds

+/0 a(X(s), V"(s))dW (s)

where V" (t) is the normalized empirical measure 1 >"" | § Xn()-

Along any convergent subsequence, X" converges to a solution of
the infinite system

X;(t) :XZ-(O)—F/O U(Xi(s),V(s))dBZ-(s)—l—/o b(X;i(s),V(s))ds
-|—/ a(X;(s),V(s))dW(s)
0

where V is the P(R?)-valued process givenby V (t) = limy_~ 1 S Xi(t)-
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Derivation of SPDE
Applying Itd’s formula

o(X(1) / V(X $), V(s))dBi(s)

i / Lv ))ds + / V(X (), V())dIv (s)

where for a(z,v) = o(z,v)o(z,v)T + a(z,v)a(z, )T

L(v)p(x) = %Z a;j(z,v)0;0;p(x) + b(x,v) - Vo(z).

]

Averaging gives
V(). 0) = (V(0), ) + / (V(s), L(V(5))())ds

+ [ (e, Vet Tt Vs aw )
0
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Uniqueness
X;(t) = X;(0) —I—/O o(Xi(s),V(s))dBi(s) +/0 b(Xi(s),V(s))ds

t
4 / a(Xi(s), V(s)dW(s) (1)
0
Let p(p1, 112) = SUD( 1. t(a)— (o) <la—sly | Sra fAb1 — [ga fdpal.
p defines a metric on Py (RY) = {u € P(R?) : [ |z|u(dz) < oo},
If {X;} and {X;} are solutions of (1), then

PV, T(0) < lim ST 1X(0) = Ku(o)

and if

|o(@1, 1) — o (22, pi2)| + [b(1, - p1) — b2, -, )| + |1, p11) — (2, o)
S C(lﬂfl - .CCQ‘ + p(:“l):“?)):
the solution of the infinite system is unique.
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Propagation of chaos

Theorem 3 If { X;} satisfies a system of equations of the form
Xi — F<X17 V7 UZ)7

where the U; are iid, V' is the de Finetti measure for { X;}, and if the solution
of the system is strongly unique, then the X; are independent.

Uniqueness of SPDE

Theorem 4 Uniqueness for the particle system implies uniqueness for the
SPDE.
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Weighted particle representations (1999)

Here we assume each particle has a weight A, (¢) so that the measure-
valued state is given by

N
V(t) = lim — ; Ai(t)dx, 1)

thatis (V(£), ) = limo £ S0 A(D(Xi(1), ¢ € B(E).

The limit will exist provided {(X;(¢), Ai(t))} is exchangeable and
E[|Ai(#)]] < oo.

If V(t,dx) = v(x,t)m(dx), then

TAE%OZAZ'@)G(U(Xi(t)at))gp(Xi(t)) = (V(1),G(u(,1)¢)
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Stochastic Allen-Cahn equation

Consider a family of SPDEs of the form
dv = Awvdt+ F(v)dt + noise,
v(0,2) = h(z), ze€D,
v(t,z) = g(z), xe€dD,t>0,
where F'(v) = G(v)v and G is bounded above. For example,
Fv)=v—2v"=(1-v)v.

To be specific, in weak form the equation is

V()0 = (V(0).) + / (V(s), Ap)ds + / (V(s), 9Gluls,-)))ds

+ o(z)p(x, u)dzW (du x ds),
Ux[0,¢] J D
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Constructing a particle representation
(2017)

Assume D is bounded and {X;} are independent, stationary, reflect-
ing diffusions in D. To be specific, take the X; to satisfy

Xi(t) = X;(0)+ /0 o(X;(s))dBi(s)+ /0 c(Xi(s))ds+ /0 1(Xi(s))dLi(s),
(2)

where 7(z) is a vector field defined on the boundary 0D and L, is a
local time on 0D for X;, that is, L; is a nondecreasing process that
increases only when X; is in 0D.

I

a(x) =o(x)o" (x) nondegenerate.
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Ito’s formula
For ¢ € C2(D), let
Lo(e) = 3 Y@, 00) + 3 c@gl@), @)
Then ’ |
A0 = X0 + [ TR DX NB() + [ Lip(Xi(o)ds
+ [ Vo)X L)

In (3), a(z) = o(z)o(z)T, where o7 is the transpose of o.
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Particle weights

dA;(t) = G(v(t, X;(t)))Ai(t)dt + / p(X;(t), )W (du x dt)
U
Ai(0) = h(X;(0)
If X; hits the boundary at time ¢, A;(¢) is reset to g(X;(t)).

For V( ) = hmk—>oo z Zz 1 Ai(t ( )5X (t)s

we have
V(). ) = /D o(@)o(t, 2)n(dz)

where 7 is the stationary distribution for X; (normalized Lebesgue
measure on D for normally reflecting Brownian motion).
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Particle representation

Let 7;(t) = 0 Vsup{s < t: X;(s) € 9D, and
Ai(t) = g(Xi(7i(t) Lm0 + P(Xi(0))1ir =0y (4)

t

# [ 60 X, XD As + [ s

where
Vit)o) = lim =3 o(X0)A) = [ plo)elt,z)n(d)

Note that V" will be absolutely continuous with respect to .
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Corresponding SPDE
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Averaging

Vi) g = (V(0)g) + / t< V(s oGl ) s + [ [ v

/Uxot/ dz)W (du x ds) + /O (V(s), Lep)ds

which is the weak form of
t
v(t,x) =v(0,x) + / (G(v(s,x),z)v(s,z) + b(x))ds
0
t
+/ plx, u)W(du x ds) +/ L*v(z, s)ds,
Ux[0,4] 0

where L* is the adjoint determined by

/ gLfdr = / fL*gdn.
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Boundary behavior

By the Riesz representation theorem that there exists a measure 3 on
0D which satisfies

o 12| [etxninis] = [ wsan. 6

For sufficiently regular space-time functions ¢, we have

/Ot /aD ¢(z,s)8(dx)ds =E [/Otcp(Xi(s), s)dLi(S)} , 6)

Denote partial derivatives with respect to time by 0. Then

//(8+L)¢($73)7T(d$)d8 = / Vo(x,s) n(z)s(dr)ds.
0 JD 0 JoD
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Boundary value identity

Theorem 5 Under mild reqularity conditions, almost surely, for dL; al-
most every t, A;(t) = A;(t—) = g(Xi(t)) and therefore
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SPDE for test functions in C3(D)

¢(x,s) twice continuously differentiable in z, continuously differ-
entiable in s, and zero on 0D x [0,00). Applying Itd’s formula to
©(Xi(s), s) and averaging,

(o(-,1), V() = (90(°70),V(0)>+/0<90(-,8)G(U(Sa')a')aV(8)>d8

i /0 /D o, 5)b(z)m(dx)ds 7)
+/UX[Ot]/Dgp(x,s)p(a:,u)w(dx)W(du>< ds)
[ (Liples) + 05,9, Vo

/ /aD ) - Vo(x, 5)B(dw)ds,
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Linearized systems

Let ¢ be an L'(7)-valued stochastic process that is compatible with
W, and assume (W, 1) is independent of {X;}. Define A? to be the
solution of

AV = g(Xi(n®)Linsop + h(Xi(0) L t)—0)
t

/ G((s, Xi(s)), X ())A;ﬂ(s)ds+/(t)b(XZ-(s))ds

/ p(Xi(s), )W (du x ds).
Ux (7;(t),t]

The {A!} will be exchangeable, so we can define ®v(t, ) to be the
density of the signed measure determined by

@U(0,9) = [ pla)@v(t0ym(d) = lim =3 AVOX(D)
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Apriori bounds

Assume
K; = suplb(z)] < o0
x,D
Ky, = sup/p(x,u)2,u(du) < 00
xeD
K3 = sup G(v,7) < 0.

veER,xeD

Lemma 6 Let

Then
AY®)] < (gl Vbl + Kt — 7))+ sup  |[H(t) — Hi(r)])efet-m)

7 (t)<r<t

< (llgll VIRl + Kt + sup [H;(t) — Hi(s)|)e"*" = Ti(t).

0<s<t
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Weights and solution values

Lemma 7 Suppose that (W, 1) is independent of { X;}. Then &1 is { F}" ' }-
adapted and for each i,

EIAY (1)|W, 9, Xi(t)] = Py (t, X;(t))

S0
(¢, Xi(t)) < E[Ti(6)[W, ¢, Xi(t)]
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Uniqueness

- |G (v,2)|
Ly =sup, ,ep T < OO

— |G(’U1,CC)—G(U2,$)|
Ly = supy, 4, zep [or—val(or|Hlval) ~ O°

mmw—Amw|<L/mwwmm&@xm@»w@wwMMa&@mxmm&%w%

< / Li(1+ E[Ly(s)|W, Xi(s)]2)|A;’1(s) — A% (s)|ds
73 (t)
+ /‘(t) 2Ly E(Li(s)|W, X;(s)|Ti(s)|v1 (s, Xi(s)) — va(s, Xi(s))|ds

SAMH%W@@—W®W
n /0 2LaC2 0y (s, Xi(s)) — va(s, Xi(s))|ds

t
+ / L{r,(s)>CHO{EIN (o)W Xa ()] >3 Vi (8) Ly (1 4+ E[Ti(s)|W, Xi(s)]?)ds
0
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Uniqueness for nonlinear SPDE

Theorem 8 Uniqueness for the linear infinite system and the nonlinear
infinite system and uniqueness for the linear SPDE

(1), VI(t) = (2(0), V(0)>+/<90('78)G(¢(87 ),7), VV(s))ds

/ / x,s) m(dx)ds (8)
+/UX[O¢]/D<,0 x, 8)p(x, u)m(dz)W (du x ds)

/ (Lo, 5) + Do, ), V¥ (s))ds

/ /aD ) - Vp(z, s)B(dx)ds,

implies uniqueness for the nonlinear SPDE.
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Proof. Suppose ¢ is a solution of the nonlinear SPDE. Use 1 as the
input into the linear infinite system. Uniqueness of the linear infinite
system implies ®1) is a solution of the linear SPDE, but v is also a
solution of the linear SPDE, so ¢ = ®% and uniqueness of the non-
linear infinite system implies there is only one such . (See Section 3

of ( )-) O

O®First ®Prev ®Next ®Go To ®Go Back ®Full Screen ®Close ®Quit 25



References

Lorenzo Bertini, Stella Brassesco, and Paolo Butta. Boundary effects on the interface dynamics for the stochas-
tic AllenCahn equation. In Vladas Sidoravic¢ius, editor, New Trends in Mathematical Physics, pages 87-93.

Springer, 2009.

Dan Crisan, Christopher Janjigian, and Thomas G. Kurtz. Particle representations for stochastic partial differ-
ential equations with boundary conditions. Preprint, 2017.

Peter M. Kotelenez and Thomas G. Kurtz. Macroscopic limits for stochastic partial differential equations of
McKean-Vlasov type. Probab. Theory Related Fields, 146(1-2):189-222, 2010. ISSN 0178-8051. doi: 10.1007/
s00440-008-0188-0. URL http://dx.doi.org/10.1007/s00440-008-0188-0.

Thomas G. Kurtz and Jie Xiong. Particle representations for a class of nonlinear SPDEs. Stochastic Process.
Appl., 83(1):103-126, 1999. ISSN 0304-4149.

oFirst ePrev eNext eGo To eGo Back eFull Screen eClose eQuit 26


http://dx.doi.org/10.1007/s00440-008-0188-0

Abstract

Particle representations for stochastic partial differential equations

Stochastic partial differential equations arise naturally as limits of finite systems of weighted interacting parti-
cles. For a variety of purposes, it is useful to keep the particles in the limit obtaining an infinite exchangeable
system of stochastic differential equations for the particle locations and weights. The corresponding de Finetti
measure then gives the solution of the SPDE. These representations frequently simplify existence, uniqueness
and convergence results. Beginning with the classical McKean-Vlasov limit, the basic results on exchangeable
systems along with several examples will be discussed.
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