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Generalized Sylvester equations
Consider the generalized Sylvester matrix equation

(1) AX + XBT + ZNXMT C:CJ

where A, B, N;, M; € R"*" foralli=1,...,m < n, with n (very) large, C1, CceR™ r<n
Applications: MOR for bilinear systems, anaIyS|s of linear stochastic differential equations [2], discretization of elliptic PDEs [4]

Further assumptions (not uncommon in applications):

op(L7'N) < 1, L(X) := AX + XBT, N(X) := >0, N\ XM
elf com(F,QG) := FG— GF, F,G € R"™" then,foralli=1,...,m,
com(A, N;) = U;UT, com(B, M;) = Q;Q
where U;, U c R"Si, §; < n, and Qy, 6,- cR™ < n

Closed-form solution and existence of low-rank approximations
The solution X to (1) can be written as

X=> (-1,
j=0

Let X, be as in (2). Then there exists a low-rank matrix X; s. t.

m
AYo+ YoB' = C,C], AY;+YB' = NY_ M, j>1 _ _
0+ 0 1 2 ]+ J z—: 7] 1 ] I_ HXE_XEH S KG_W\/E

Approximation given by

/ | where K > 0 only depends on £ and £. Moreover,
(2) X, =) (-1)Y;
I=0 rank(Xy) < (2k + 1)r + ¢(2k + 1) 'mtr
st IX — Xe|| < Jl£7Y(C CT)H p(ﬁ e = i |
14 1 (ﬁ 1|_|)
A new approximation space Projection methods for (1) - Algorithm
For simplicity: m = 1 (not restrictive) Algorithm: Galerkin projection method for generalized Sylv egs (m = 1)
@ Extended Krylov subspace: effective for (standard) Sylv eqs (m = 0) [6] Input: A, B, N, M € R"™", U € R™*, Q € R™, Cy,C, € R, £> 0

EK, (A, C) := Range {[C,A7'C,...,Ak-1C,A-kC]} Output: S, S; € R™¢, d < n
1. Set 81 = ||C1]|F, B2 = || C2||F

Lemma 2. Set D, = [Cy, NCy, U, ..., N‘Cy, N U]

~ ~ . Set Dgp = [Co, MC>, Q, . .., M‘Co, M*—1Q]
— T nxs R 29 29 Xy ’ 29
feom(A, N) = UU', U, U € R, s < i, . Perform rank-revealing QR factorization, D, = Vi~., Dp = Wivr

.SetVy = Viand Wy = W,

.oet, =~ (1:r,1:r)and g =~g(1:r,1:7r)

.Fork =1,2,...,till convergence

Compute next basis blocks Vi, Wk

9. Set Vi = [Vik_1, Vk], Wk = [Wk_1, WK]

10. Update Tk = Vl;rAVk, Hk = W,Z-BWk, Gk = V,Z-va, Fk = Wl;rMWk
11. Solve T Zy + ZkHT + GkaFk = E19LHZ-;E1T

N - EK, (A, Cy) C EK}(A,[NCy, U))

0O ~NO®OU AW

Compute X; ~ X, as X, = $1S], S1,S> € R™9, d <« n, where

S € EK; (A D[_), S, € EK; (B DR)

12. Compute ||Rk||%2 = ||ZkEkh]. |2 + || Tk+1ExZk||2
= [Cy, NCy, U, ..., N‘Cy, N“"'U], Dg:=[Co, MCy, Q, ..., M‘Co, M*'Q] 13. If ||Rk||r/B132 is smalll enoggﬁ Stop ]
14. EndDo

n many applications, _ 15. Compute the SVD of Zx = OX7TT
@ small values of £ provide good accuracy

odim (Range {D.}) <« r+ ¢(r + s),dim(Range {Dgr}) < r+ £¢(r + 1) 16. Set 51 = Vi (@\/f) S2 = Wi (T\/f)

Numerical experiments: low-rank I

Numerical experiments: MIMO

Consider ] ; . - Consider
AX + XA" +uv' Xvu" = CC AX + XAT + ~2Ni XN + ~v2No.XN] = CC”
where A = n?tridiag(1, —2,1) € R™" n = 10000, and u,v,C € R"| where ~ = 1/4, A = tridiag(2, —5,2), Ny = tridiag(3,0, —3) € R™"
random vegtors Left and rlght spaces commde EK, (A, [C, u]) n=10000, No = —N; 4+ I, C = randn(n,r), r =2. tol= 108
tol=10" ecom(A, N;) = —com(A, Nb) = 12[ey, es][e1, —en]”
| ~lts. Memory rank(X) Lin. solves CPU time (s) @ Range{[N;C, N>C]} = Range{N; C}
BIlADI (4 Wach. shifts) [1] 88 /2 72 4869 9.50 e Left and right spaces coincide: EK, (A, [C, N;C, e4, e;])
BilADI (8 Ha-opt. shifts) [1] 60 71 71 2752 7.71 |
GLEK[5] 7 339 57 1053 14 .67 lts. Memory rank(X) Lin. solves| CPU time (s)
EKD(A, [C, u]) 57 208 63 114 3.12 BIlADI (4 Wach. shifts) [1] 34 95 95 2452 13.12
" BilADI (8 H,-opt. shifts) [1] 32 95 95 2268 13.50
@ For problems with low-rank I, the proposed method works well even A TN CG"-EK S| 29 498 138 4965 29.53
removing the assumption p(L£~'M) < 1, while other methods do not! k(A [C, i C. &, en]) 10 120 89 o0 3.08

* slight modification of Example 2 in [3]
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