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1st Lecture: Basics



Stable linear system (deterministic)

State space
x = Ax+Bu y € [2(Ry — RP)

y = Cx+ Du .

Frequency domain o\/\/\/\MAAAAAA/W
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» x € R" is the state vector, A € R™" with ¢(A) C C_
» L:ury, L2 — L2 is the input-output operator.
» G :C — CP*™ is the transfer function, here n > p,m

Frequency response: e™fug i e“tyq with yo = G(iw)uo
H>-norm: [[L|| = sup [lylls2 = max||G(iw)l2 = [|G][He-
lull 2=1 welk



Stable linear system (stochastic)

ue L2(Ry — R™)

o5 1o 15 20 25 80

Y

State space
dx = Ax dt + Nx dw + Bu dt

y = Cx+ Du

Frequency domain 777

y € [2(R, — RP
w \ I+

Stability: c(A® I+ A+ N® N) C C_

Input-output operator: L : u sy, L2, — [2,.

H>-type norm: [LL]| = sup [lyllzz

Jull 2 =1




Deterministic and stochastic linear systems

Deterministic

x = Ax+ Bu
y =Cx



Deterministic and stochastic linear systems

Deterministic with perturbed parameters

x = (A4 u(t)N)x + Bu
y = Cx



Deterministic and stochastic linear systems

Noisy parameters: p(t) = w = white noise

x=(A+wN)x + Bu
y =Cx



Deterministic and stochastic linear systems

Stochastic

dx = (Ax + Bu) dt + Nx dw
y = Cx

Here
» AN € R™" B e R™™M C e RP*",
» w is a Wiener process

» L2 space of L2-functions x, nonanticipating w.r.t. w and

Ity = [ El(olF de < oo,

where E denotes expectation.



Deterministic and stochastic linear systems

General stochastic

v
dx = (Ax + Bu) dt + Z N;x dw;
j=1
y =Cx
Here
> A N; € R™1 B € R™*m C € RPX.

» w; independent Wiener processes

» 12 space of L2-functions x, nonanticipating w.r.t. wi, ...

and

o
IxI2, —/O Ellx(8)[2dt < oo



Wiener process

Independent normally distributed increments w(ty) — w(ty),

E((w(t2) - W(tl))2> =th—t

Note: E.g. w(2t) is anticipating w.r.t. w(t).



Example: Car-steering (modified from Ackermann 1993)
Single-track model of a vehicle, by lumping front and rear wheels:

B sideslip angle
ér,0, steering angles
,,,,, N

w; r =) yaw rate
Zo

\—

State-space model:

Bl_| —nomt pSEE -1 T8 -
A T Pt e s ] ]

Jv

= A, =B,
Adhesion coefficient 0.15 < p < 1 (icy/wet/dry road)
Assumed to be stochastic around p = 0.5:

A/L = Aogs+ whNy
B, Bos + whNg



Example: Stochastic heat equation

X = Uuy
3
o X110X12 X13 |
3 x
I
I X014 X20 (X23 | - x = Ax
X N
X31 [X32 (X33 + n-Vx=(1/2+w)x, right boundary
X
X = Uu3

Finite difference discretization

o1
Axij ~ — g5 (A% — Xit1j — Xij+1 — Xi—1j — Xi,j—1)

X0j = U1, Xjo=U2, Xaj=U3
xi3 — hu(1/2 + w)x;3

y = hZZX,-j
i

Q

Xi4



Example: An electrical ladder network

n/2 sections
Here L' = L1+ w

> [Gugercin/Antoulas 2004]
> [Ugrinovskii/Petersen 1999]
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Example: SPDEs

Frequently considered: Stochastic heat and wave equation

z(t,x) = Az(t,x) + N(z)w(t)

Z(t,x) = Az(t,x) + N(z, z)w(t)



Stochastic linear control systems, early references

» Wonham. Optimal stationary control of a linear system with
state-dependent noise. SICON, 1967.

» Kleinman. On the stability of linear stochastic systems. |IEEE TAC,
1969.

> Sagirow. Stochastic Methods in the Dynamics of Satellites. 1970.

» Haussmann. Optimal stationary control with state and control
dependent noise. SICON 1971

> Willems & Willems. Feedback stabilizability for stochastic systems
with state and control depending noise. Automatica, 1976.

» Bernstein & Hyland. Optimal projection equations for reduced-
order modeling, estimation and control of linear systems with
multiplicative noise. JOTA 1988.

» Hinrichsen & Pritchard. Stochastic H,,. SICON, 1998.
» TD. Rational Matrix Equations in Stochastic Control, 2004



Some theory on linear SDEs



Fundamental solution

Homogenous equation:
dx = Axdt + Nxdw , x(7)=x0
Fundamental solution: ®(t,7) for t > 7: x(t) = ®(t, 7)xo.
Inhomogenous equation:
dx = (Ax + Bu) dt + Nxdw , x(7) = xo

Variation of constants:

t

x(t) = O(t, 7)o + / (¢, 5)Bu(s) ds

T



Mean square stability

The system
dx = Axdt + Nxdw , x(0)=xp
is called (asymp). mean square stable, if Vxp € R
E(Ix()[?) "= o.
Equivalently

E(x(t)x(t)T) "= 0.



[té's rule and Lyapunov condition

Set P(t) = E(x(t)x(t)"). Then
dP = E((X +dx)(x +dx)T — XXT>
= E(X-dXT+dX~XT+dX-dXT)
- E(XXT(AT dt + NT dw) + (Adt + Ndw)xxT)
+ E((A dt + N dw)xxT (AT dt + NT dw))
Note:E(dt) = dt, E(dw) =0, E(dw - dw) = dt 1. Hence

P =PAT + AP + NPNT

|
~o(ARI+1®A+N®N)CC_.

'because E(w(t + At) — w(t))* = At



Lyapunov equation and stability

X La(X)=ATX + XA

Theorem: The following are equivalent

(a) The linear system x = Ax is asymptotically stable.
(b) o(A) c C_

() Y >0:3IX>0:ATX + XA=-Y

(d) VY >0:3X>0:ATX+XA=-Y

Here: X > 0 means that X is symmetric positive definite.



Lyapunov equation and stability

X = La(X)=ATX + XA
X = Ny(X)= NTXN

Theorem: The following are equivalent ([Khasminskii, 1980])

(a) dx = Ax dt + Nx dw is asymptotically mean square stable.
(b) c(ARI+I1®A+N®N)CC_

(b") o(La+TMy)CC_

(b") o(La) C C_ and p(ﬁ;lﬂ/\/) <1

() Y >0:3X>0:ATX+ XA+ NTXN =-Y

(d) VY >0:3X>0: ATX+ XA +NTXN =-Y

C

Here: X > 0 means that X is symmetric positive definite.



Interpretation of Lyapunov conditions

(La+Tp)(X)=-Y, X>0,Y<O0.

(i) X defines norm ||x||x = v x*Xx

L Elx(B)% = ~E(x(t)" ¥x(8)) < 0




Interpretation of Lyapunov conditions

(La+T)(X)=-Y, X>0,Y<0.

(ii) P(t) = E(x(t)x(t)T) > 0 satisfies P = (L7 + My7)(P) .
L7 + Nyt generates stable positive (semi)group

%(X, PY = (X, (La + M) (P)) = (—Y,P) <0




Gramians



Lyapunov equation and Gramians

ATQ+QA=-CTC
(observability Gramian)

AP + PAT = —BBT
(controllability Gramian)

1857-1918

Recall energy functionals

E — : 2 — TP*l
clo) = min e = 0 P
Eo(x0) = ly( )l = X Qo



Lyapunov equation and Gramians
ATQ+QA=-C'C
(observability Gramian)

AP + PAT = —BBT
(controllability Gramian)

1857-1918 1850-1916
Recall energy functionals
E.(x) = min ull?, = xJ P~ 1x
C( 0) x(—00)=0,x(0)=xo H ||L2 0 0
Eo(x0) = ly(-x0)ll2 = X3 Qu

Note:

AP+ PAT = BBT <« ATPlypltA=_plBBTpP!



Gramians for stochastic system
Observability:
ATQ+QA=-C'C
~ ATQ+QA+NTQN=-CTC

Controllability:
> Type |
AP + PAT = —BBT
~ AP+ PAT + NPNT = —BBT
> Type ll
ATptypla=_pipTpP!
~ AP PALNTPIN=-PIBBT P!



LMI formulation

Type [: [

Type Il [

PAT + AP + BBT
PNT

PAT + AP + BBT
NP



Balancing and truncation

Let Gramians Q and P (type | or ) be given.

Factorize P = LLT (e.g. Cholesky) and
LTQL= UX?UT (spectral decomposition)

and consider a state-space transformation with 7 = LUY~1/2,

Equivalent system

A:T—lAT:[A” *],N:T‘lNT:[NH *],
* * * *
. . B, .
B=T B:[ },C:CT:[Q «]

*

with Gramians P=Q =¥ = [ ! ] — {21 22}



Balanced Truncation: Deterministic and Stochastic

x = Ax+Bu - dx = Axdt+ Nxdw + Budt
y = y =
(La+Ty)(Q) = —-C'C
LaQ = -C'C (Lar +Nyr)(P) = —BBT
La(P) = —B8T | | R
(La+My)(PY) = —P1BBTP1
. . o o Zl A11 *
Balancmg.P—Q_[ 22],A—{ . *]etc
dX,— = Alerdt+N11erW+Bludt Lr:u’_)yr
Yr = Clxr




Motivation for Type | Gramian



Type | Gramian: Bilinear systems

Consider bilinear system

x = Ax + Nxu + Bu
y = Cx

Then

ATQ+QA+NTQN=-CTC
AP + PAT + NQNT = —BBT

define (bilinear) reachability and controllability Gramian.
[Ruberti/lsidori/d’ Alessandro, 1972], [AlBayat/Bettayeb 1993]

In particular: Ker @ is unobservable, Ker P is unreachable.
But: Energy interpretation not so obvious. [Benner, D. 2011]



Type | Gramian: Integral expressions

Consider fundamental solution ®(t,0) of
dx = Axdt + Nx dw .
If the system is mean-square stable, then
Q= E/OOO ®(t,0)TCT CO(t,0) dt
P E/OOO o(t,0)BBT (¢, 0)7 dt

solve

ATQ+ QA+ NTQN=-C"C, AP+ PAT + NPNT = —BBT



Type | Gramian: Snapshots and empirical Gramian

Write ®(t,0) = ¢,,(t,0) = ®,(t), for w € Q probability space.

Then
// w(t)BBT &, (t)T dt dw

Let u(t) = d(t)! (Dirac) such that x,(t) = ®,(t)B.
Consider snapshot matrix

S = [d)wl(tl)B, RN q)wl(tk)Ba Ce (Dwg(tl)Ba RN qug(tk)B]

Then P =~ ¢SST, c € R (empirical Gramian).



Type | Gramian: Energy functionals

Consider
dx = Axdt + Nxdw + Budt, y= Cx
with the Gramians
ATQ+ QA+ NTQN=—-C"C, AP+ PAT + NPNT = —BBT

Energy functionals

Eo(x0) = HY(HXO)H%/ = XoTQXO
Eclxo) = mn  fulZ = TP
uelg,(—o0,0) w

x(—o00,u)=0,E(x(0,u))=xq



Type | Gramian: More on the control energy

Consider the input-to-state mapping u +— x with

x(t) = /O " o(t, 5)Bu(s) ds

Now allow for u € L?, possibly anticipating to Wiener process.
Let P > 0 of type |. Then

Eolo) 2 EuGo) = _min | Elul =2 P
x(—00,1)=0, E(x(0,u))=xq

Minimizing control is anticipating:

u(t) = BTo(0,t)P~1xg, t <0



Type | Gramian: A Hankel-operator interpretation
Given this xg and u_ € L?(] — o0, 0]) define y; € L2([0, oo[) via
0
Vo (£) = O(t,0)x :/ o(t,5)Bu_(s)ds, t>0.

—00

Hankel operator
M L2(] - 00, 0]) > L2([0,00]) s u- vy

Assume Q = P = diag(o1,...,0n).
For j = 1,..., n define orthonormal L?-functions via

ui(s) = o}?BT(0,5) T le;, s<0

yi(s) = aj_l/zCCD(s, 0)ej, s>0.

Then we have the SVD: | H : u_ +— Zajyj<uj~, u_).|f
j=1




Why type Il 777

~ We want an H*-error bound...
~> See also Martin Redmann’s talkl!



2nd Lecture: Analysis



Recap: Gramians for stochastic system

dx = (Ax+ Bu)dt + Nxdw, y=Cx.

Observability: ATQ+ QA+ NTQN =—-C'C
Controllability

» Type I: AP+ PAT + NPNT = —BBT

» Type ll: ATPL - PLA4L NTPIN =P 1BBT P!

Our original naming
» Type I: 'energy Gramian’
» Type II: "H*°-Gramian'

But energy interpretation not entirely consistent.



Recap: Gramians for stochastic system

dx = (Ax+ Bu)dt + Nxdw, y=Cx.

Observability: ATQ+ QA+ NTQN =—-C'C
Controllability

» Type I: AP+ PAT + NPNT < — BBT

» Type ll: ATP7L - P LA NTPIN < - P 1BBTP!

Our original naming
» Type I: 'energy Gramian’
» Type II: "H*°-Gramian’

But energy interpretation not entirely consistent.



Recap: LMI formulation

Tvoe | PAT + AP + BBT
ype [ PNT

S PAT + AP + BBT
ype T NP



Deterministic case: Properties of balanced truncation

» The reduced system is asymptotically stable.

» H*®-Norm 0,41 < ||G — G/||g= <2(0r41+ ...+ 0n)



Stochastic case: Questions

Recall
La: X ATX + XA RAXN _y RAXN
My: X— NTXN symmetric — symmetric

Stability

o(La+Ty) CC_ = o(Lay + Mpyy) C C

Error bound

?
IL—L,|| < 2(0ys1+...+05)



Stochastic H*®



Stochastic bounded real lemma

Theorem: Consider the mean square stable system

dx = Ax dt + Nx dw + Bu dt
y = Cx

Then for all u € L2, also y =: Lu € L2,

The induced norm ||L|| is the infimum over all v so that 3X < 0:
1

Ry(X):=ATX + XA+ NTXN - CTC— S XBB"X >0
Y

[Hinrichsen/Pritchard, 1998]



Example (for H>-norm)

(A,N,B,C):<[_01 _22][(1) 8][3][0 1]>,a>1

X1 X2

BRL: For given v > 0 find X = [ ] < 0 such that

X2 X3

1
0<ATX+XA+NTXN-C"C— XBB"X
g

_ 2 +x3—772¢ —(+ 1) -7 %
—(@®+ 1) —7 2%  —2a%x3—7 23 -1

~ w.log x =0



Example (for H>-norm)

(A,N,B,C):<[_Ol _032][(1) 8][(1)][0 1]>,a>1

X1 0

BRL: For given v > 0 find X = [ 0 x

] < 0 such that

1
0<ATX+XA+NTXN—CTC— S XBBTX
Y

[ 2+ x3 =72 0
N 0 —2a%x3 — 1



Example (for H>-norm)

(A,N,B,C):<[_01 _22][(1) 8][3][0 1]>,a>1

X1 0

BRL: For given v > 0 find X = [ 0 x

] < 0 such that

1
0<A"X+XA+NTXN - CTC—5XBB"X
g

—2x1 + x3 — 7’2x12 0
0 —2a’x3 — 1

x3 < —ﬁ and
0>>7 + 2% — v = (1 +9°)* = 2(7* + x3)
> (a+7°)? =20 - 52) -

o 2 _ 1
= ||I[4\|_|nf{’y>0{’y >232} fa



A counter-example (error bound)

. ] . 22 0 1/4
Balancing transformation: x = 5S¢ with S = [ 0 1/2 }

Then P=Q = diag(Ul,O'g) with o1 = ﬁ, oy = ﬁ
Reduction to order 1 yields A3 = —1 (asymp. stable) but C; = 0. Thus
IL — Li|| = |IL|| = 2a02 > 202

[IL—Lal
o2

Even worse: can be arbitrarily large!



Stochastic case: Questions

, Ran N Ran

La: X—ATX+ XA
Set -
My: X+— NTXN

Stability

o(La+Ty) CC_ = o(Lay + Myy,) € C

No H*-error bound

in general

IL-L,| % c(or41+...+0p) forany ceR



Preservation of stability



Preservation of stability

Theorem 1: Let A, N € R™" with o(La + MNy) C C_,

s— | 2 O | S 0with o(51) N o(E2) = 0, so that
0

AL +YAT + NEINT <0
ATS 4 SA+NTEN <O

| Nuii Npo

Al A _
' Nop  Nop |

Partition A = [ Aot Ao

Then

o(Lay, +MNpy,) C Co

Sketch of proof later. [Benner/D/Redmann/Rodriguez-Cruz (2014)]



Theory of generalized Lyapunov operators



Matrix spaces

Let
» S"={XeR™" | X=XT} symmetric matrices
» ST ={XeS8"|X>0} PSD-cone

Then S" is an ordered real vector space with cone S

Scalar products:
R™M: (X, Y) = trace(X T Y) = trace( Y X).
S": in particular (X, Y) = trace(XY) = trace( YX)

Adjoint operators L = L7, M}, = My7
» If X, Y €87, then (X,Y)>0and (X,Y)=0 < XY =0.

> (X, (La+ My)(X)) = (vecX)T(A® I+1®A+N® /\/) vec X



Resolvent positive operators on §”
Definition: T : 8" — S", linear, is called
» positive (T >0) <= T(S])cC ST
» resolvent positive <= VYa > 0: (al —T)™1>0

— Vt>0:e't>0



Resolvent positive operators on §”

Definition: T : 8" — S", linear, is called
» positive (T >0) <= T(S])cC ST
» resolvent positive <= Ya>>0: (al —T)"1>0
= Vt>0:e't>0
Facts:
(i) If M is positive, then L4 + I is resolvent positive.
(i) T and —T are resolvent positive <= JA: T = L4

Remark: L4 generates positive group, i.e. reversible behaviour
LA+ My models irreversible behaviour



Aside: Exotic resolvent positive operators

The mapping T : S3 — S3 given by

X22 — X11 —2x12 —2x13
T(X) = —2x1  4(x33 — x22) —10x03
—2x31 —10x32 4(x11 — x33)

but cannot be written in the form L4 + I
[Kuzma, Omladic, Sivic, Teichmann, 2015]



Other names

For linear T : S" — S" the following are equivalent:

(i) T is resolvent positive.

(ii) exp(tT) > 0 for all t > 0 exponentially positive

(iii) VX € 987 :3V € 0S] : (X, V) =0& (T(X),V) >0

quasimonotonic

(iv) X €0S] :VeoaS] ,(X,V)=0= (T(X),V) >0 cross positive
(v) Tec{To—al| To>0,a € R} essentially positive
[Schneider/Vidyasagar 1970, Elsner 1974 Arendt 1987,
Berman/Neumann/Stern 1989]



Spectral properties

Theorem [Perron-Frobenius / Krein-Rutman]

Let T:S8" — 8", p(T) =max|o(T)|, «(T) = maxReo(T)

» T positive = 3V € ST: T(V)=p(T)V
» T res. pos. = IV eSl: T(V)=a(T)V




Spectral properties

Theorem [Perron-Frobenius / Krein-Rutman]

Let T:S8" — 8", p(T) =max|o(T)|, «(T) = maxReo(T)
» T positive = 3V € ST: T(V)=p(T)V
» T res. pos. = IV eSl: T(V)=a(T)V

Examples:
>Av:(a—|—ﬁi)v,V:vv*+\7\7*eSi !
= La(V) =22V o - .

» A,N=randn(3) ~ see figure

Generically, rk V = n, but all ranks possible.



A General Lyapunov Theorem

Theorem [Hans Schneider, 1965]
If T is resolvent positive, the following are equivalent:

» IX >0: T(X)<0
» o(T)Cc C_
» —T1>0
> If T=La+MNwith>0
then o(La) C C_ and p(L£,'M) < 1.




Proof: Preservation of stability



Preservation of stability

Theorem 1: Let A, N € R™" with o(La + My) C C_,

- = [ Z01 zo ] > 0 with 0(X1) No(T2) = 0, so that
2

AY +YAT + NINT <0
ATYS +TA+NTEN <O

| Nix N

Partition A = [ = [ Noy  Nap ]

Then

Ain A
A Ax |’

U(ﬁAu + |_|N11) cC_




Proof: Stability of the reduced system

Al A Nii Npo 1 0
Let A= ., N = L= >0,
€ [ A Ax ] [ Noi  Nop } [ }

O’(,CA + I'IN) c C_ and 0'(21)00'(22) =0

AY + TAT + NENT = —BBT, ATS +TA+NTEN=-CTC




Proof: Stability of the reduced system

Al A Nii Npo 1 0
Let A= ., N = L= >0,
€ [ A Ax ] [ Noi  Nop } [ }

O’(,CA + I'IN) c C_ and 0'(21)00'(22) =0

AL +YAT + NINT = —BBT | ATY + YA+ NTEIN=-CTC

In particular:
ATy + DAl + Nt TN = —B1B] — N1 o NG




Proof: Stability of the reduced system

A A Nip o Nio >, 0
Let A= , N = X = >0,
€ [ An Ax ] [ Nor  Nop } [ 0 X }
o(La+Ty)CC_and o(E1)No(X2) =10
AL +YAT + NINT = —BBT | ATY + YA+ NTEIN=-CTC
In particular:
ATy + DAl + Nt TN = —B1B] — N1 o NG (*)

Assume: o(La,, +Mpy,) ¢ Co
Then Ja; > 0,Vy > 0: A, Vi + ViA + N VINg = a1 Vi



Proof: Stability of the reduced system

A A Nip o Nio >, 0
Let A= , N = X = >0,
€ [ An Ax ] [ Nor  Nop } [ 0 X }
o(La+Ty)CC_and o(E1)No(X2) =10
AL +YAT + NINT = —BBT | ATY + YA+ NTEIN=-CTC
In particular:
ATy + DAl + Nt TN = —B1B] — N1 o NG (*)

Assume: o(La,, + Mpy,) ¢ C-

Then Ja; > 0,Vy > 0: A, Vi + ViA + N VINg = a1 Vi

0> <(*), V1> = o1 <Zl, V1> >0= a; =0, BlT\/l =0, /V12V1 =0
——

>0



Proof: Stability of the reduced system

A A Nip o Nio >, 0
Let A= , N = X = >0,
€ [ An Ax ] [ Nor  Nop } [ 0 X }
o(La+Ty)CC_and o(E1)No(X2) =10
AL +YAT + NINT = —BBT | ATY + YA+ NTEIN=-CTC
In particular:
ATy + DAl + Nt TN = —B1B] — N1 o NG (*)

Assume: o(La,, + Mpy,) ¢ C-

Then Ja; > 0,Vy > 0: A, Vi + ViA + N VINg = a1 Vi

0> <(*), V1> = o1 <Zl, V1> >0= a; =0, BlT\/l =0, /V12V1 =0
——

First observations: >0

» Reduced system almost stable.
» Further proof would be easier, if V4 >0



Orthogonal Transformation

Az—l Vi + ViA1 + ng ViNi1 = 0 with V; > 0 of max. rank
Let V4 = [V].l) V]_2] diag(Dl,O)[Vll, V12]T, [V117 V]_2] orthogonal

Easy observation: Im Vi1 = Im V4 is invariant under AlT1 and NlTl.



Orthogonal Transformation

Az—l Vi + ViA;L + Nﬂ ViNi1 = 0 with V; > 0 of max. rank
Let Vy = [Vi1, Vio] diag(Ds, 0)[ Vi1, Vio]T, [Va1, Vi2] orthogonal
Easy observation: Im Vi1 = Im V4 is invariant under AL and N17i.
Proof: If Viz =0, then
Z*NJiViNy z = 2T (A[ Vi 4+ ViAL + NJ VNG )z = 0

= ViNy1z=0... = V4A;1z=0
= Ker V; is A11- and Nyi-invariant
= Im V; is Af;- and N} -invariant



Orthogonal Transformation
Az-l Vi+ ViA + N171 ViNi; = 0 with V4 > 0 of max. rank

Let V1 = [V].].) V12] diag(Dl,O)[Vll, V12]T, [Vlla V]_2] orthogonal

Easy observation: Im Vi1 = Im V4 is invariant under AlT1 and NlTl.

Transformation with [

Al A
Axi Axm
N1z Nio
Noi  Nop

21 0
0 X

[Vi1, Vi2] | O

al

/‘511
Az
Asy

Ni1

Noy

N3y

gll

Y01
0

0
Azz

Az
0

Noo

N

§12

Y2
0

Az

As3
0

Nos3

N33

0
0
Y33

0
) [ g; :| — %2
Bs
C" T
T g
5 |: %T :| — €2T
2 C3T

‘ Let us omit the tilde




A technical computation

YAT + AY + NINT = —BBT (1)
ATY + YA+ NTEIN = -CTC (2)
Selected block components:

0=%1A] +AuXi + Nt TN
0=YnAl + NuZ1i N} + Apr X113 + Noo¥or Nyy + Aoy

—C G =AY+ T A+ N TN+ T10A0 + Aj o
+ Ny T Nag 4 N T 10 Noy + Ny Too Nog + Nyy ¥ 33Nz,



A technical computation

YAT + AY + NINT = —BBT (1)
AT + YA+ NTEIN=-CTC (2)
Selected block components:

0=Y1AL + AT + N XN
0= YAl + N Z1i N} + Ap1 Ta1 + Noo¥or Nij + AxnToy

—C G =AY YA N TNy Ti0An + AL T
+ NJy Zo1 Nig + N E 10 Noy + Ny Yoo Nog + Nyj X33N3;

(G Ci+ Ny TooNoy + N3y T33N31, T11) = 2(¥o1, — Ao X117 — Ny T11NTp)



A technical computation

YAT + AY + NINT = —BBT (1)
AT + YA+ NTEIN=-CTC (2)
Selected block components:

0="Y11A] + AT + N XN
0= Yo Af; + Noy Z1i N + As1 Tq1 + Noo¥or Nij + AxToy

—C G =AY + X1 An + N TNy + T10A0 + AL To
+ NJy Zo1 Nig + N E 10 Noy + Ny Yoo Nog + Nyj X33N3;

(C Ci+ N TooNoy + N3y T33N31, Ta1) = 2(¥o1, — Ao T11 — Noy 11 NT)



A technical computation

YAT + AY + NINT = —BBT (1)
ATY + YA+ NTEIN = -CTC (2)
Selected block components:

0=YuAf + AT + N XN
0= Y01 A} + Not Zii Ny + At T11 + Noo oy Niy + Ago¥ o

—C1TC1 = Alleu + XA+ Nﬂzu Nii + X12A01 + A2T1>:21
+ N To1 Nag 4 N T 10 Noy + Ny Too Nog + Ny X33 N3,

<C1TC1 + NQEZ22N21 + /V3T1233N31, Yi11) = 2(X01, —AniXq1 — /V21211/V1T1>

0 < (X1, Zo1Af] + NooZo1 N} + Axa¥ 1) =: (To1, To1(T21))



Field of values

SetAl_{All 0 }Nl_{Nll 0 ]zl_{zll 212]

Arxr A Nog N Yo1 Yo
By construction ((EA1 +Mpy) + (La, + ﬂNl)*>(Zl) <0
=T

whence o(T1) C | — 00,0]
= field of values of T7 in ] — 00, 0]



Field of values

SetAlz{All 0 :|,N1:{N11 0 ]21:{211 Z12]

A Ax Noyp  Nop Yo1 XIx
By construction ((EA1 +Mpy) + (La, + ﬂNl)*>(Zl) <0
=T

whence ¢(T1) C ]| — o0, 0]
= field of values of T7 in ] — 00,0]

Can show

0 < (T, Tor(Ta1)) = (T1([ 2, §1). [ 0]) <0



Field of values

SetA1_|:A11 0 :|VN1_|:N11 0 }Zl_[zn Z12]

A21 A22 N21 N22 Z2]. z22
By construction <(£A1 +My,) +(La, + I'INI)*>(21) <0
=T

whence (T1) C ]| — o0, 0]
= field of values of T7 in ] — o0, 0]

Can show
0 < (To1, To1(Ta1)) = (Ta([ 2, 0]): [, 3]) <0

= T21(221) =0, N21 =0, N31 =0, C1 =0



Field of values

SetAlz{All 0 :|,N1:{N11 0 ]21:{211 Z12]

A Ax Noyp  Nop Yo1 XIx
By construction ((EA1 +Mpy) + (La, + ﬂNl)*>(Zl) <0
=T

whence ¢(T1) C ]| — 00,0]
= field of values of T7 in ] — 00, 0]

Can show
0 < (To1, Tor(Za1)) = (Ta([ 2, 0]): [, 3]) <0
= T21(221) =0, N21 =0, N31 =0, C1 =0

Moreover A>1211 + 220421 =0 = A1 =0



Complete decoupling

Now we know: A; = { ASI AO } Ny = { /\81 /\? }
22 2o

Necessarily

U(A11®I+/®A11+N11®N11)CE
U(A22®I+/®A22+N22®N22)CC_

(Otherwise the eigenvector V; could have been chosen of larger rank)

Can show: To1 : X = A X + XA[] + Nap XNy is nonsingular.

T(X21)=0 = 21:[211 O}

0 2o



Some more zeros

A
A= 0
As1
211 0
s—| 0 T
0 0

A

o

Noo
N3

cT =




Some more zeros

A 0 Ags Niyp 0 0 ]
A= 0 Ax Axs |, N 0 Ny Nos

Az Az Ass 0 Nz Nz |

Yu 0 0 0 0 ]
Y=| 0 X¥» 0 |, B=|B |, CT=]|
0 0 X3 Bs cl

The south-west blocks of

AY +YAT + NINT = —BBT
ATY 4 YA+ NINT = —CTC

simplify to 0="333A5+A3x11, 0=ALY1 + 3343



Some more zeros

The south-west blocks of

AY +YAT + NINT = —BBT
AT 4 YA+ NINT = —CTC

simplify to 0= Z33Air3 + Az31211, 0= A173211 + ¥ 33A31

{ —Y33AnT = XHAL = ALYE
—Y33ALY1 = AnXd = T53A5



Some more zeros

The south-west blocks of

AY +YAT + NINT = —BBT
AT 4 YA+ NINT = —CTC

simplify to 0= Z33Air3 + Az31211, 0= A173211 + ¥ 33A31

{ “TpAnTn =ThAL=ALTH { Az =0
—Y33ALT 11 = AnY? =YL A5 A3 =0



Final step

Consider
[ Aip 0 0 Niq 0 0 0
A= 0 Ax Ax |, N= 0 Nxo Nz |, B=| B
| 0 Az Ass 0 N3y Ni Bs
[ ¥ 0 0 11 0 O
> = 0 222 0 s Zo = 0 0 0
0 0 Y 0 00
From
AY + YAT + NENT = —BBT
we get

AY o + ToAT + NIgNT =0

contradicting
o(La+TMy)cCC_



A Cauchy-Schwarz-type inequality (needed in the proof)

p(T) = maxyeo(m) [Al, @(T) = maxyeo(m) ReA

Proposition 1 Let

NuX) =Y LX . Nu(Y) =Y MYM, Nwm(Z)=>_ LzM]
Jj=1 j=1 j=1

Then p(Mem)? < p(Ne)p(Mu).

Proposition 2 Let

Ti(X) = Ki X 4+ XK, + Ny(X)

. oY) =KoY + YK +My(Y),
Ti2(2) = KiZ + ZK) +Nyw(2) .

Then a( T12) S %(O&( Tl) + CY( Tg))




Message so far

AP + PAT + NPNT = —BBT

Stochastic BT based on ATQ+ QA+ NTQN = —CTC

© Preservation of asymptotic stability
® H-error bound



Message so far

Stochastic BT based on

AP + PAT + NPNT
ATQ+ QA+ NTQN

-BBT
-CTcC

© Preservation of asymptotic stability

® H%-error bound

Other observations:

© H2-error bound (Benner/Redmann)

©® Good numerical results




Type Il Gramian



Stability and H*-error bound: Type II-Gramian

Theorem 2: Keep Q but replace P by solution of
PA+ATP L NTPIN< —PIBBTPL.  (3)

Balance and truncate as before s.t. @ = P = diag(o1,...,0n).
Then reduced system is asymptotically mean-square stable and

IL-L/| <2(6r41+ ...+ 0n)

Remark:
® In general no solution for (3) with equality and P > 0.

T T T
© Can replace (3) by LMI { PA +/;4\//;+ BB P_NP <0,

which is feasible under given stability assumption.

© Gives correct error bound in our example.

® Need to solve LMI.



Continuation of Example

v

—1
p { 1+\{)m 2] > 0 satisfies type Il LMI if 0 < p < 1

0
> Q—[ 422 ] and L; =0 = ||L — ;|| = & as before
0 ﬁ V2a
> of = mino(PQ) = 432(1+1\/1; Dl g = 7L —La|?

v

|IL —Ly|| = 205 for p — 0



Existence of Type Il Gramian

Lemma: Assume that dx = Ax dt + Nx dw is asymptotically
mean-square-stable. Then inequality

PlA+ATP L NTP IN< —P1BBTP T,

is solvable with P > 0.
Proof: By generalized Lyapunov Theorem:

VY <0:3P>0:ATP P+ P LA+ NP IN=Y.
Then P = 1P, for sufficiently small € > 0, satisfies

ATPL 4 PLA+NTPIN=cY < —e2P71BB"P 1 = —P~'BBTP!.



Sketch of the proof for the error bound

Consider
dx = Axdt+ Nxdw + Budt.

In partitioned form we have

dxi = (A + Ax) dt + (Ni1xg + Nioxo) dw + Byu dt
dX2 = (A21X1 + A22X2) dt + (N21X1 -+ N22X2) dw + BQU dt
y = Gxi+ Gx

The reduced system obtained by truncation is

dx, = Aux+ Niix, dw + Biudt
yr = Gx



Sketch of the proof for the error bound

Assuming x(0) = 0 and x,(0) = 0, show for all T >0

T T
/ E(ly —yel?) dt < 2/ g (X2T22(A21xr+ BgU)) dt
0 0

T
+ 2/ £ ((N21Xr)T22(2N21X1 + 2N22X2)) dt
0
and
T T

4/ E(lul?) dt > 2/ 5<X2T251(A21X,+Bgu)> dt

0 0

T
+ 2/ & ((Nglx,)TZEI(QNzlxl + 2N22X2)> dt .
0

2

If X2 = omin/, then multiplication of second equation with o7

gives the estimate. Thus proceed step by step.



Sketch of the proof for the error bound

T T
4/ E (lulf?) dt > 2/ & (% X5 (Aux + Bou)) dt
0 0

T (%)
+ 2/ & ((N21X,)T22_1(2N21X1 + 2N22X2)) dt .
0
The inequality
ATy 1oy 1A N INT < —371BBTY L.
implies
AB]'T o —'7[A B . /\/zfl/voT< 001"
I 0 y-1 0 I 0 0 o = |0 I

Multiply from left and right by [Xlggxr] to get (x).

u



Alternative

Stochastic Bounded Real Lemma
|IL|| is the infimum over all v so that 3X < 0:

1
R(X) :=ATX+ XA+ NTXN - CTC— S5 XBBTX >0
g

Apply to dxe = AeXe dt + Nexe dw + Beu dt |
Ye = CeXe =Y —Yr,

where

X1 A1 A2 0
Xe = |:X2:| R Ae: A1 A O ,

Xr 0 0 Anx
Ni1 Ni2 O B

Ne=|NasNoz 0 |, Be=|B]|,
0 0 Nz By

C=[aa-a]l.
~ X ~ diag(X1,2%2,02571) > 0



3rd Lecture: Computations



Summary: Two types of controllability Gramian

Type l:  PAT + AP+ NPNT = —BBT
o PAT + AP +BBT NP <0
o PNT —-P | =
_ PAT + AP+ BBT PNT
Type Il [ NP _p <0
Type H I ]
Def. of P Matrix equation LMI
Stability? Yes, Thm. 1 Yes, Thm. 2
H2-bOU nd? Yes, [Redmann& Benner 2014] Yes, [Redmann 2015]
H%°-bound? No, counter-example Yes, Thm. 2
comput. cost medium high (via LMI)




Numerical examples



Numerical example: Stochastic heat equation

X = Uuy
3
N X711 /X12 [X13 <] H'VX:(1/2—|-W)X, x = Ax
=} x
I
Il X21 (X220 [XD3 | — 1
x s Axij ~ =z (4% — Xit1,j — Xijt1 — Xi-1j — Xij-1)
X31 (X320X33 | + .
; X14%X137hu(1/2+W)X13,

I
—
e
[EE—

X =13 10 x 10 grid, C = 35[1,...,1], u



Numerical example:

X = Uy

X = Uuy

X11

X12

X13

X21

X22

X23

X31

X32

X33

X = Uu3

=XA U

x(m +2/1)

Stochastic heat equation
n-Vx=(1/2+w)x, x=Ax

1
Axj R =g (4% — Xis1j = Xijp1 = Xi—1,j = Xij-1)

x1a & x13 — hu(1/2 + Ww)xas, ...
10 x 10 grid, C = A:[1,...,1], u = E]

Type Il Gramian P via semidefinite programming/LMI-solver




Numerical example: Stochastic heat equation

X = Uy

x = Ax

X = Uuy
X114X12X13 | 4 n-Vx=(1/2+ w)x,
X1 [ X001 X053 | 1
21g=22¢723 S Axj ~ —h% (4xj — Xiy1,j — Xij41 — Xi—1,j — Xij—1)
X31 (X302 1X33 | +
\; X14%X137hu(1/2+W)X13,
=17 10><10grid,C:ﬁ[l,...,l],uz[ﬂ
100 100
2Zj:11 0 | |IL = Lo 2Zj:21 0j | |IL — Lol
| 4.66e — 06 | 9.30e — 06 || 2.00e — 09 | 9.65e — 09
Il || 1.75e — 05 | 4.83e — 06 || 1.72e — 08 | 9.70e — 09




Numerical example: Stochastic heat equation

X = Uuy
o X11 [X121X13 <] HVX:(1/2+W)X7 X:AX
3 x
I
Il X21 (X202 UX03 | —
< S Axj ~ —h% (4xj — Xiy1,j — Xij41 — Xi—1,j — Xij—1)
X314X321X33 | + .
\; X14%X137hu(1/2+W)X13,
=17 10><10grid,C:ﬁ[l,...,l],uz[ﬂ
100 100
2Zj:11 0 | |IL = Lo 2Zj:21 0j | |IL — Lol
| || 4.66e —06 | 9.30e — 06 || 2.00e — 09 | 9.65¢ — 09
Il|| 1.75e — 05 | 4.83e — 06 || 1.72e — 08 | 9.70e — 09
10° Decay of HSV X107 Reduction of 100-dim system, rel. errors
5 O new Gramian
10 ]
107"

0 20 0 60 80 100




Another heat equation by courtesy of Martin Redmann

% = AX(£,) + 1z 32 (Qu(t) +e*\cl—%\—czx(t77c)a/\;£t)7
% =0, t>0,¢eao,n
X(0,6) =0, M(t) = w(t) — (N(t) - t).

102
2 “_'] 22
-. E .
og . 0 0

0 0

Figure : u(t) = 1-e"(t)4 "stabilising part”.

4
Y(t) = - X(t,¢)dC.
=50 /[txw]?\[%,%"lz (rod



Another heat equation by courtesy of Martin Redmann

A semi-discretised and stabilised version of the heat equation:

dx(t) = [Asx(t) + Bu(t)]dt + Nx(t—)dM(t),

y(t) = Cx(t).

The error between y and the output of the ROM yg7t:

sup Ely(t) = 787 ()llpe < €Iz -

te[0,m]

For ui(t) = gw(t) and wy(t) = /2= ", t € [0, 7], we obtain

| Dim. ROM [ Exact Error (1 = u1) | Exact Error (il = up) [ Bound & |
8 3.4778-10°° 2.3816-10°° 3.8071-107°
4 1.0199 - 104 3.7347-107* 7.2362-107*
2 1.3258 - 1073 1.4083-1073 3.8652 - 103
1 3.9404 - 103 0.0103 0.0335




Another heat equation by courtesy of Martin Redmann

Choosing r = 1,2,3 and the control @i(t) = 1-e*(!) yields

T T T
)
S 0.1 A/M /W y
o
3
=
g
£ 5-1072| 8
5
E
Output original system (n=1000)
—— Output reduced system (r=1)
0 | | |
0 1 2 3

Time t



Another heat equation by courtesy of Martin Redmann

Choosing r = 1,2,3 and the control @i(t) = 1-e*(!) yields

T T T
D
£ 01p W Mmoo
3
A
g
3
£ 5-1072 8
5
H
Output original system (n=1000)
—— Output reduced system (r=2)
| | |
00 1 2 3

Time t



Another heat equation by courtesy of Martin Redmann

Choosing r = 1,2,3 and the control @i(t) = 1-e"(t) yields

Temperature Increase

0.1

5-1072

f f/wmw |

Output original system (n=1000)
—— Output reduced system (r=3)
| | |

0 1 2 3

Time t



Numerical example: Electrical ladder network

n/2 sections
Here [T = L7 +w

> [Gugercin/Antoulas 2004]
> [Ugrinovskii/Petersen 1999]

r—1 —1 T
® ¢ 0o o o0 0
1 _—RR —R
T TRFR) L(R¥R) 0 0 0 (1) 7??.‘? —Oﬁ
R —1 —1 R R
O FrA) Trim) < 0 00" "o
A = 0 0 1 —RR __—R 0 vN = 0 0 1 =Rk
L I(rR+R) L(RTR) R
o o0 0 R s 2 5o o
E(R+R) C(R+R) € 0 0 0
Lo o 0 0 T

B=[2&000000]" C=[-%000000].

o o+t

»0O O ©

B

B

l o oo

E
e
o oo oo

= O+
B



Numerical example: Electrical ladder network

» n=20,r=2,4,...,18.
» For both types of Gramians we compare the error ||L, — L||

and the alleged bound 2 2 o

j=r+1
- @ -bound |
10° | - %--error |
—O—bound Il
——error |l
107}




Computational issues



Numerical solution of generalized Lyapunov equations
La(X)+N(X) = AX + XAT + Z NXNT = —v

Lyapunov operator: £a(X) = AX + XAT
Positive operator: T1(X) =" NJ-XNJ-T
Convergent iteration: X1 = —L, TI(Xx) — L3(Y)

= £Zl can be used as preconditioner.



Krylov subspace methods

Why Krylov subspace methods?

Xir1 = =L M(Xe) — L3H(Y)

Instead of the iterates Xp, X1, ..., Xk use an ,optimal” linear

combination Xj = Zf:o ajX;.

» If X, converges, then so does Xy

v

A good preconditioner is essential.

v

Inversion of L4 can be too expensive.

v

In the following: Approximation of E;l via ADI.

v

ADI: alternate direction implicit



Idea of ADI-iteration

e.g. Wachspress, Smith, Penzl, Li:

XAT + AX -y
— (A=phX(A-=pNT = (A+pHX(A+pl)T +2pY

yields the fixed point equation

A+pl AT 4+ pl 1 1
+pX +p

A—pl N AT p T 2P Y

x A—pl) (A= pl)T




|dea of ADI-iteration
e.g. Wachspress, Smith, Penzl, Li:

XAT + AX = -Y
— (A-—pDX(A-=pNT = (A+p)X(A+pH" +2pY

yields the fixed point equation

A+ pjl AT + p;l V/2p;
x= H J .ATfpj'/JrHA pil HAT*p/

A—p;l




Idea of ADI-iteration

e.g. Wachspress, Smith, Penzl, Li:

XAT + AX -y
— (A=phX(A-=pNT = (A+pHX(A+pl)T +2pY

yields the fixed point equation

A+ pil AT + pjl
X J J
1_[A p;! ATfpl 1_[A pI 1_[ATfp/
Choice of parameters: For e < 1, find py, ..., pe:

A+Q —P
A D
p<HA pl )\EDH‘)\—FPJ o(A) €

C|a55|ca| problem, solut|on known e.g. for real spectra.




ADI-preconditioner for generalized Lyapunov
Also: AX + XAT +T(X) = ¥ <=

X = (A- pl)_l((A + pDX(A + pl)T + 2p(N(X) — Y)) (A—ph)T
Preconditioned fixed point equation

Iteration: Choose pi, ..., py (e.g. according to Wachspress).

Xi = (A=p)\[(A+piH)Xo(-- )T +2p1(N(X0) = Y)I/(A—=prl)T
Xo = (A=pD)\[A+p)Xu(-- )T +2p2(N(X0) = Y)I/(A—p2!)T
X = (A=pe)\[(A+ pe)Xe1(-- )T +2pe(N(X0) = V)I/(A—pel)T

Xo — Xy: Another preconditioner.
Cheaper than E;l e.g. if A sparse. Usually ¢ ~ 4 suffices.



ADI-preconditioner for generalized Lyapunov
Also: AX + XAT +T(X) = ¥ <=

X = (A- pl)_l((A + pDX(A + pl)T + 2p(N(X) — Y)) (A—ph)T
Preconditioned fixed point equation

Iteration: Choose pi, ..., py (e.g. according to Wachspress).

Xi = (A=p)\[(A+piH)Xo(-- )T +2p1(N(X0) = Y)I/(A—=prl)T

Xo = (A=pD)\[A+p)Xu(--)T +2p2(NX) = Y)I/(A—p2!)T

X = (A=pe)\[(A+pe)Xe1 ()T +2pe(N(Xe1) = V) /(A= pel)T

Xo — Xy: Another preconditioner.
Cheaper than E;l e.g. if A sparse. Usually ¢ ~ 4 suffices.



Convergence histories for Poisson example

o 20x20-mesh, L=1 . 20x20-mesh, L=2 ” 20x20-mesh, L=3
10
grres oognires
*  bicgstab #*  biggstab
o n
...... ISR [
1 %‘*ﬁ;&
T R T T ****
0 50 0 20 40 0 10 20 3
o 20x20-mesh, L=4 ” 20x20-mesh, L=5 wEUxEU—mesh, Lyapunow
10 10 10
o gmres grres o gnires
#  bicgstab #*  bicgstab
o % "
100 R gy
é.*%k
:ﬁ‘*ﬁ*‘*
-l : *ﬁﬁ*ﬁ*
10 fooeeeeeie Fe Dqg b L T g Aﬁ:e




Low rank methods

Recently: Low rank methods for generalized Lyapunov/Sylvester

» Benner/Breiten, Low rank methods for a class of generalized
Lyapunov equations and related issues, 2013

» Shank/Simoncini/Szyld, Efficient low-rank solutions of
generalized Lyapunov equations, 2013

» Kressner/Sirkovi¢, Greedy low-rank methods for solving
general linear matrix equations, 2014.

» Jarlebring/Mele/Palitta/Ringh: Krylov methods for low-rank
commuting generalized Sylvester equations, 2017



Computation of Type Il Gramian

PAT + AP+ BBT PNT
Solve NP _p | =0

So far only via LMlI-solver... ®

Additional optimization criterion:

minimize  trace P



Computation of Type Il Gramian: mincx

PAT + AP+ BBT PNT
Solve NP _p <0

So far only via LMI-solver... ®

e.g. from MATLAB Robust Control Toolbox

1 setlmis([])

2 X=lmivar (1, [n,1])

3 Imiterm([1 1 1 X],A,1,'s")

4 Imiterm([1 1 1 0],B=*B' )

5 Imiterm([1 1 2 X],1,N' ")

6 lmiterm ([l 2 2 X],—l,l)

7 LMISYS = getlmis;

8 g = mat2dec (LMISYS,Q);

9 [~,xopt] = mincx(LMISYS,q, [1le-13,0,0,0,01]);
10 P = dec2mat (LMISYS, xopt,X);




Computation of Type Il Gramian: Sedumi

PAT + AP+ BBT PNT
Solve NP _p <0

So far only via LMI-solver... ®

e.g. using YALMIP (and e.g. Sedumi)

X=sdpvar (n,n);

F=[X>=0, [AxX+X*A"+BxB', X*N';N*X -X]1<=0];

ops = sdpsettings('solver', 'sedumi', ...
'sedumi.eps',tol, 'verbose',0);

optimize (F, trace (X),o0ps);

P=value (X);

o o » W N -

Empirical complexity ~ O(n®).



Some references on LMI-methods

> Boyd/El Ghaoui/Feron/Balakrishnan. Linear Matrix Inequalities in
Systems and Control Theory, SIAM, (1994).

> Nesterov/Nemirovski, Interior Point Polynomial Methods in Convex
Programming: Theory and Applications, SIAM, (1994).

> Nemirovski/Gahinet, The Projective Method for Solving Linear
Matrix Inequalities, Proc. Amer. Contr. Conf., (1994).

> Vandenberghe/Boyd, A primal-dual potential reduction method for
problems involving matrix inequalities, Math.Programming, (1995).

» Sturm, Using SeDuMi 1.02, A MATLAB toolbox for optimization
over symmetric cones. Optim.Methods Softw. (1999).

» Lofberg, YALMIP: A toolbox for modeling and optimization in
MATLAB, Proceedings of the CACSD, (2004).



Computation of stochastic H*-norm



Stochastic H*°-norm: Riccati equation and LMI

Problem: Compute stochastic H>°-norm only using Riccati.
R,(X)=ATX + XA+ NTXN - CTC —~72XBB" X

By Bounded Real Lemma:

IL|| = inf{~ > 0 | 3 stabilizing X < 0: R.(X) = 0}



Stochastic H*°-norm: Riccati equation and LMI

Problem: Compute stochastic H>*-norm only using Riccati.
R (X)=ATX+ XA+ NTXN - C"C -+ 2XBB"X

By Bounded Real Lemma:

|L|| = inf{y > 0 | 3 stabilizing X < 0: R(X) = 0}

The case v = ||L]|
Assume that (A, N) is mean-square stable, (A, B) controllable
The following are equivalent

(H>) L] <~

(ARE) 3 (largest) X, <0 with R (Xy) =0

ATX+ XA+ NTXN—-CTC XB
< 0: >
(LMI) 3X < 0: BT x 2 >0



Computation of stochastic H>-norm: mincx

Solve 3IX <O0:

ATX + XA+ NTXN—-CTC
BTX

e.g. using MATLAB Robust Control Toolbox

XB
>
vl =

0

© 0 N o o A W N

11
12

setlmis([])
X = lmivar(l, [n,1]);g = lmivar(l,[1,1]);
Imiterm([1 1 1 X],N',N);

Imiterm([1 1 1 X],A',1,'s");
Imiterm([1 1 1 0],C'xC);
Imiterm([1 1 2 X],1,B,'s");
Imiterm([1 2 2 g],-1,1);

Imisys = getlmis;

c = mat2dec (lmisys, zeros(n),1);
options = [to0l,0,0,0,1];

copt = mincx(lmisys,c,options);

gamma = sqgrt (copt)




Computation of stochastic H>*-norm: Sedumi

ATX+ XA+ NTXN—-CTC XB -0

< .
Solve 3IX <O0: BT x 2|2

e.g. using YALMIP (and e.g. Sedumi)

P=sdpvar (n,n) ; gamma=sdpvar (1) ;
F=[P<=0, [A'*P+P*A+N'*P*N-C'+C,P+xB-C'*D;
B'+«P-D'*C gammax*eye (size(B,2))-D'«xD]>=0];
ops = sdpsettings('solver', 'sedumi’,
'sedumi.eps',tol, 'verbose',0);
optimize (F, gamma, ops) ;
gamma=sqrt (value (gamma) )

N o o b~ W N =




Solution of stochastic Riccati equation

R,(X)=ATX + XA+ NTXN - C"C —~y72XBB" X

Derivative of R, at X: (Ry)x = La_,-2pg7x + My =: La, + My

Theorem: Let v > ||L|| and consider the Newton iteration

Xie1 = X — (Ry)x, (R(Xk))

> If o((R4),) € C—, then X) converges monotonically to X;.

» Vk>1: O—((R”/’)/Xk) cC_, R'y(Xk) <0, X, > Xk+1

» |In particular Xo = 0 is suitable

» |dea: Bisection approach.



Basic algorithm

Algorithm 1 Computation of stochastic H*-norm

1. Choose 7o < ||IL|| < 1, kmax, tol

2: repeat

3: Set’y:’yo—i_T’Yl,Xo:O

4:  repeat

5: a = maxReo((Ry),)

6: if a <0 then

T X = Xe— (R, HR(X)
8: end if

9:  until convergence or k = kpax Of @ > 0
10: if convergence then

11: Y=,

12:  else

13: Yo =7

14:  end if

15: until ;3 — o < tol




Some implementation issues

» Newton step
Stability test

v

v

Choosing 7 and 1
Can we do better than bisection?

v



Some implementation issues

v

Newton step Xyy1 = Xk + H
Solve generalized Lyapunov equation

Ax H + HAx, + NTHN = —R.,(Xx)
= H=—Ly, (Mn(H)+Ry (X))
~ use bicgstab.
Recently e.g. [Benner & Breiten 13], [Shank, Simoncini, Szyld 14]

Stability test
Choosing v and 1

v

v

Can we do better than bisection?

v



Some implementation issues

v

Newton step
Stability test Check if @ = maxRea((R,)Y,) <0

» First check if o(Ax,) C C_
» Then check if p(EAT; My) < 1 by power method:

v

trace( Py Pi+1)

— = A -
Po=1, Piyr=—Ly NMn(Pk), px= trace(PxPy)

v

Choosing v and 1

Can we do better than bisection?

v



Some implementation issues

v

Newton step

Stability test

Choosing v and 71
Fact: ||Lget|| < ||Lstochll

v

v

~ 90 = max | C(sl = A)'Bl|>
1
try 1 =2%>|L|,k=12,...

Can we do better than bisection?

v



Some implementation issues

» Newton step

» Stability test

» Choosing o and 71

» Can we do better than bisection?

Idea: Let X;(7) = Riccati solution for v > ||L||. Then

L
a(y) := max ReU((Rw)/)q(y)) <0 and a7) 7_>—|L I 0

But zero-crossing hard to predict:

0 0
=
1 5
2 -5
3
G -10
54
-5 -5
-6
5
-7 20

0.067 0.068 0.069 0.07 0.071 0 01 7 02 0.3 0.4



LMI vs. Newton: Random data

Table: Averaged computing times (in sec) for random systems.

n 10 20 | 40 | 60 80 100 | 200 | 400 O(n°)
mincx | 0.03 | 0.3 | 10 | 141 | 867 | 3635 - - s~ 6.4
Sedumi | 1.1 | 1.1 | 11 | 107 | 577 | 2550 - - s~5.9
Newton | 1.2 | 24| 5 15 23 50 280 | 1600 || s = 2.7
“ T T 1 171 \‘ 7 T T
103 | /Q/ /,A/
s a
/g -
// YN AA/
10" |- /g”
YNVl
E3 *- ////
- E}/// A Newton
1071}~ - V O mincx
? ) * Sedumi

102



LMI vs. Newton: Heat equation

Table: Computing times (in sec) for discretized heat equation.

n| 16 | 49 | 100 | 144 | 196 | 256 | 400 || O(n°)
mincx | 0.1 | 72 | 8418 - - - - s~ 6.6
Sedumi | 0.9 | 45 | 223 | 2191 | 13219 | - - ~ b5
Newton | 1 |48 | 33 93 285 | 720 | 2699 3.1
T T T T \;j\/@ */*,\ \A \A&A\
- Sx P&
@ , A
/ F4 /AA
/@l ,;éAA’A
[ (’)/ //K/A/ N
//A /ﬁ
5 4 /;é: :#/ 2 Newton
- ////’/ O mincx g
R * Sedumi
(0]} I L L1

102



Final words

Model order reduction for stochastic systems widely open topic

v

Balanced truncation with different types of Gramians

v

Central results can be extended but technically involved

v

v

Need to study generalized Lyapunov operators

Computations should avoid general purpose LMI-solvers

v
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