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THE EXAMPLE

Data Assimilation - Weather Forecast

Met Office seasonal and climate models !
The Office Hadl devel J
confgratons ofthe uned moetwhich are LA D (O 4 |

ble fo |, decadal and 1! '
N
dh tod ther forecasti v ‘;' 1; S E@EE
day to day weatherforocasing and include ocean and sea- EE

inorder

to represent the full coupled climate system. Additional T
vomive [

luded n "Earth System”
only (due to computational cost).

Seasonal and climate configurations of the Unified Modelling
system

of the Unified Model are indicated in
K i

o .
the table below, with higher d vertical

Grundel, grundel@mpi-magdeb


mailto:grundel@mpi-magdeburg.mpg.de

Y Motivation

"In 2010, Google CEO Eric
Schmidt observed that we now
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m Data Driven Methods

Potential

Data-Driven Methods for Reduced-Order Modeling
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Review Classical MOR

Input-Output-System _

x =f(x, u) f, h known xr =fr(Xr, )

y =h(x, u) 1;:u.n;tions Yr =h(Xr, u)
u(t) € RT f,l,nh,.such that ) @ 1
y(t) €RP ly = v, || small yr(t) € R
x(t) e R" for a given u x(t) € R
m,p << n r<n

1. IRKA,BT and Versions [BEATTIE, BENNER, BREITEN, DAMM, STYKEL,...]
2. POD, RB, ... [FEuRr, HAASDONK, HIMPE, URBAN,...]

3. Lowner [ANTOULAS, LEFTERIU, ...]
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nputy
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D

Overview Black Box Models

Interpolation

Response Surfaces

Kriging

Gradient-Enhanced Kriging (GEK),
Support Vector Machines,

Space Mapping,

Artificial Neural Networks

Dynamic Mode Decomposition (DMD)

N g~
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DMD

Data in Time Series Y =AX
xi€RN i=0,...,n Algorithm
Assume there is an A such that 1. X = UxV*
X1 & AXi 2. Y = AX = AUSV*
A:=U*AU = U*YVE !
X = [XO X1 ... X,,,l] ~
3. AW = WA
Y = [xl co. Xne1 x,,] 4 = YVS-lw
Y = AX x(t) = Alxg

Want the eigendecomposition of A to
compute time series solution fast and

study behaviour
x(t +1) ~ A%(t) = ®A'z
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DMD-Variants

m Optimized DMD [K.K. Cuen, J.H. Tu, AxD C.W. RowLEy,] 2012

m Optimal Mode Decomposition [A. WynN, D. S. PEARSON, B.
GANAPATHISUBRAMANI AND P. J. Gourarrt,] 2013

m Exact DMD: [Tu, RowLEY, LUCHTENBURG, BRUNTON, AND KuTz] 2014

Sparsity Promoting DMD: [M.R. Jovanovic, P.J. SCHMID, AND J.W.
Nicuots] 2014

Multi-Resolution DMD: [J.N. Kutz, X. Fu, anp S.L. BrunTON] 2015
Extended DMD: [M.O. WiLLiams , 1.G. KevrRekipis, C.W. RowLey,] 2015
DMD with Control [J.L. ProcTOR, S.L. BRUNTON, AND J.N. Kurz] 2014:

Total Least Squares DMD: [M.S. Hemati, C.W. RowLEY, E.A. DEEM, AND
L.N. Carraresta] 2015
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DMD Discussion

m Time Series Data
m Efficient and Easy
m No assumption on the model

m Linear (local)

m No error evaluation
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Data Assimilation

Given

Guess of Initial State: Xg
Observation: yo,...,¥n

Model Xi+1 = M(X,')

State to Observation map y; = H(x;)

Trying to find a minimum of
J(x) = Ilxo = %ol + D _ llyi = H(x;)|| + others

such that x;11 = M(x;) + others.

Find best starting vector and possibly update model to make the best
possible forecast.
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Toy Data Assimilation

m Assumption: model is accurate
m Data: noisy measurements yi, ..., yx (covariance R)
m startvalue distribution xg ~ N(x?, Bp).

The best unbiased linear estimate for the start value is then given by
minimizing the following cost functional:

1 _
J(x0) = §(X0 - xb)TBO 1(Xo —xb

I\JII—l

N
+ 5> (Hxe—yi) TR (Hx — i)
k=1
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Y2 Reduced Model

We assume that two projection matrices W and V' are given such that we
can reduce the entire system to

Rir1 = M3 (1)
P = Az (2)

where M = WTMV, H = HV and % ~ N(WTx?, WT ByW) and the noisy
measurements stay the same with covariance R.
As before we find the best linear unbiased estimate by mimizing

N
~ 1 Ay 1 ~ ~
J(%0) = 5(90_ WTxP)T Byt (%0 WT><")+5 > (Hs—yi) TR (H%e—yi)
k=1
How to pick V, W Optimal Solution:

N N
(By '+ > (MN)THTRTHM*)xg = (By 'x” + > (M*)THT R yy)
k=1 k=1
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S Comparison

The same would be true for the reduced system and therefore we want to
compare |[xp — VXo||. In order to write things more consice we define H:
H=[HM HM?* ... HMN]

This means

o — Vol = [(Bo P+ HTR™H) By x> + HTR™1y)

—V(By' + HTRYA) Y(By ' WTxP + ATR1y))|
<|(By*+HTRMH) By P — V(B + HTRYA) 1B 1w x|
(B + HTRM)TIHTR Yy — V(B Y + AR TR Yy
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Conditions

To summarize in order to get a good reduced order estimate the reduced
order model needs to satisfy the following conditions:

VW T xP ~ xP (3)
HV ~H (4)
BylVBHT ~HT (5)
One could write this conditions also as

VW T xb ~ xP (6)
HV ~H (7)
VByVT = WTByWVT =~ By (8)

M=WTMV H=HV H=[HM HM? ... HMV]

Sara Grundel, grundel@mpi-magdeburg.mpg.de PMOR or UQ


mailto:grundel@mpi-magdeburg.mpg.de

Linear Models and Notation

Problem type

Linear Input-output system: Data:
x(t) = A(0)x(t) + B(0)u(t) Y1y« s¥n
y(t) = C(0)x(t) O1,...,60n u1,...,up

The world is mostly nonlinear!
Use of linear models

m Local Analysis
m Control

m Optimization
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Data Driven Method

A modified challenge

We assume that the data is given in form of frequencies &1, ...,&y and
frequency response data Hi, ..., Hy.

Let Y and U be the Laplace Transforms of y and u.

Y(§) = H()U(&) = C(&l = A)T'BU(E)

m H; is from measurements (H(&;) # H;)
m Matrices A, B, C, D are given but may have a model error

m Create a reduced linear system /A4, B, (A_', D thatis a good approximation
of the true system

Sara Grundel, grundel@mpi-magdeburg.mpg.de PMOR or UQ
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H> optimal MOR

Error between the true and the reduced output,
ess sup y(£) = 9(0) < 1H = Al lull 2,
t>

where the Ho-norm is defined as

A 1 o0 ~
M= il = 5o [ M) ~ i) e )

Theorem

Given a stable dynamical system. For a reduced order system of order r to
minimize (9), it is necessary that at its mirror poles the reduced system be a
Hermite interpolant of the original system.
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£ IRKA

Ho optimal MOR

Reduction via Projection

A=wTav B=w'B C=cVv

If (o;1 —A)B cim(V), (ol —A)"TCT cim(W), fori=1,...,r the
reduced transfer function interpolates the full transfer function at o1,...,0,

Solution = Iterative Rational Krylov Algorithm (IRKA)

PMOR or UQ
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£ IRKA

Ho optimal MOR

Reduction via Projection

A=wTav B=w'B C=cVv

If (o;1 —A)B cim(V), (ol —A)"TCT cim(W), fori=1,...,r the
reduced transfer function interpolates the full transfer function at o1,...,0,

Solution = Iterative Rational Krylov Algorithm (IRKA)

m given optimal interpolation points we can create the projection matrix
m optimal interpolation points are not known
m fixed point iteration is used

m upon convergence a local minimizer is found
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Loewner

Loewner

Given frequencies together with the value of the transfer function at those
frequencies, a data driven approach to MOR is to create a state space
system which interpolates there. Given interpolation points
(&1,---,¢éN,01,...,0/), and its transfer function values

W = [H(01),...,H(o,)] and VT = [H(&1),. .., H(én)], we can define the
Loewner matrices LL, ol and the symmetric Loewner matrices IL.°, oIL°

Vi— W, iVi— oW,
i i—0j
L = R R LU= L fisj
i H(o;) ifi=j u H(oi) + oiH'(0})  ifi=]
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Yy Data and Model

If N = r the order r reduced state space system that interpolates:
H(s) = W(oL — sL) V. (10)

We will now look at this problem as a rational interpolation problem from
the setup of barycentric interpolation. Here we know that the function

Zr ay Wi

o k=1 s—oy

- =Fr ar ., 1°
Zk:l S_Uk + 1

is a strictly proper rational function that interpolates H at oy for all
ai,...,qk, as long as they are not all zero.

Lemma

The two transfer functions H and G as in (10) and (11) are identical
exactly when Lo+ V = 0.

G(s) (11)

Sara Grundel, grundel@mpi-magdeburg.mpg.de PMOR or UQ
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Let N > r, the strictly proper rational function interpolating o:

. Vi S50
O T T "

We want to pick o such that G(&;) ~ H(&;). Let LL be the Loewner matrix:

Sierfa _y,_ (la_V), (13)

6(E) — M) = s a5 S 1

Lemma

A state space system that has the transfer function G as in (12) with
L*La +1L*V =0 is given by: (Z denote the first r singular vectors of L)

E=-7L, A=-Z'¢L, C=W, B=27V

PMOR or UQ
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Data and Model

Loewner and IRKA

m Compute o from the inaccurate model by IRKA
m Use &,...,&0, Hi, ..., H, to determine «

m Used reduced rational function as your model
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Yy Data and Model

Offline Phase

m Compute optimal H5 interpolation points o1, ..., 0, from the model
m INPUT: reduced order r, interpolation points o1, ..., 0.,

m Data: &1,...,&n, Hiy. .., Hy

m Define V; = H,-, Compute W; = H(o;),

m Setup Lj= 5 — ,O']L,J &‘Q—UJWJ

m Compute the SVD of L = UX VT

m Z=U(,1:r)

wm A= 7L, E=—-Z'L,B=W, C=2Z*V
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& Numerical Results

UQ example

function [A,B,C,D,E]=UQexample(Q)
n=100;
A=Q*diag(-10*rand(n,1))*Q’"; B=ones(n,1); C=ones(1,n); D=0; E=eye(n);

r N IRKA DataMOR  Hermite Loewner

err # | err # | err # | err # #
8 | 0.01 142 | 0.02 121002 8 |10 (5) 8
16 | 0.01 142 | 0.01 20 1 0.02 8 |0.2 (5) 16
2E-5 134 | bE-5 18 | 2E4 12 | 15 (4) 12
24 | 2E-5 134 | 3E-5 30 | 2E-4 12 | 4E-3 (5) 24
20 | 2E-11 151 | 2E-10 30 | 2E-5 20 | - (0) 20
2E-11 151 | 1E-10 50 | 2E-5 20 | 2E-6 (1) 40

SO B
—
N

=
o O
I
o

Table : Average over 5 runs
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& Numerical Results

Synthetic Model

In benchmark collection http://www.modelreduction.org,

Matlab Code

function [A,B,C,D,E|=ParaModel(p)
n = 100;

Ae = spdiags(aa,0,n,n);

A0 = spdiags([0;bb],1,n,n) + spdiags(-bb,-1,n,n);
B = 2*sparse(mod([1:n],2)).";

C(1:2:n-1) = ¢.’; C(2:2:n) = d.’; C = sparse(C);
A=A0+p*Ae; D=0; E=eye(n);

Take model at p = 1 as the known but inexact model. Take measurements
from different parameter models

Sara Grundel, grundel@mpi-magdeburg.mpg.de PMOR or UQ
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& Numerical Results

Synthetic Model

10 T T T 17T H‘ T T T T TTT I T T T T TT7T
—— Hermite
—— DataMOR

@
E 0
2 _
o _ —
(@}

_]_0 ~

Il Il L 1| H‘ Il m
101 100 10! 102
S

Figure : Bode plot for different values of the parameter

PMOR or UQ
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& Numerical Results

Synthetic Model

10%
o —— DataMOR
=§ —— Optimal
Il 1075 \/\/\
E \/\_\—\
_14 ! \ |
10 0.2 0.4 0.6 0.8 1

p

Figure : Error plot (left)

Iteration Times DataMOR: r + N = 120 large systems.
IRKA directly: 2rIRKAiteration = 2r20 = 800,
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& Bringing it together

What are we solving?

min || H5 (&) — Hil

DMD as model adjustment technique, linear correction technique
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& Bringing it together

What are we solving?

min || H5 (&) — Hil

m Not even that exactly

m Does is make sense to pick the given o7

DMD as model adjustment technique, linear correction technique
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& Bringing it together

What are we solving?

min || H5 (&) — Hil

m Not even that exactly

m Does is make sense to pick the given o7

min |Hy (&) — Hill

DMD as model adjustment technique, linear correction technique
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& Bringing it together

What are we solving?

min || H5 (&) — Hil

m Not even that exactly

m Does is make sense to pick the given o7
min [|H (&) — Hill
a,o
min [|HS (&) — Hi + el + el + 1 — HS [,

DMD as model adjustment technique, linear correction technique
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Questions and Remarks

Thank you for your attention.

m Peter Benner, Sara Grundel. Model Order Reduction for a family of
linear systems with applications in parametric and uncertain systems.
Applied Mathematics Letters,2015
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