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Motivation

We have a validated mathematical model for physical process (here a pde
system)

We intend to use this model to tailor and/or optimize the physical process.

This might be computationally very expensive!
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Motivation: oo-dimensional optimization problem with pde constraints

i J
@i,y 70
s.t.
By . *
E+Ay+g(y) = BuinZ
y(0) = yinH.

Central tasks:
@ Develop solution strategies which obey the rule
Effort of optimization = K X Effort of simulation
with K small,
@ Propose surrogate models for the pde and quantify their errors,

@ Present a complete (numerical) analysis.
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Examples of pde systems

Findy € W(0,T) = {v € L2(0, T; V), y: € L%(0, T; V*)} which solves

W LAy +Gl) = BuinZ(= 170, T:V)
y(0) = yoinH.
@ Heat equation: A := —A.

@ Burgers: A:= —A, G(y) :=yy’,

© lIgnition (Bratu): A := —A, G(y) := —de¥, § >0,

© Navier-Stokes: A := —PA, G(y) := P[(yV)y], P Leray projector,
@ Boussinesq Approximation:

a=[ 708 e =owar= P ].

@ Cahn-Hilliard and Cahn-Hilliard/Navier-Stokes systems.
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DOF diagram
Spatial DOF for full
Discretization optimization

DOF for Moving
Horizon Approach

DOF for Moving Horizon combined DOF for Model
with Model Reduction Reduction Approach
o
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Motivation: parametrized PDEs

Consider for p = (p1, p2) > 0

—div (A(x; p)Vy) =finQ, y =0 o0n 0992,
with

. _ mi1, x €R,
A(x,p,)_{ 2, x € Q\R.

Aim: find a surrogate model
—div (AVy) =finQ, y=0o0n 8%,
which represents the parameter dependent problem sufficiently well over the

parameter domain.

— question will be touched in lecture I11.
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The POD principle

————> (-) large scale systems (N) ———— (+) low dimensional systems (£ < N)

I (-) computationally expensive > (+) cheap computations

(-) ROM? accuracy is limited by the

L——» (-) large storage needs L . -
snapshot information

IProper Orthogonal Decomposition [L. Sirovich '87]
2Reduced Order Model
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The POD principle

Dynamical system

y(t) = f(t,y(t)), te€(0,7)
y(0) = yo
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The POD principle

POD Galerkin ansatz
V]

Dynamical syste
y(6) ~ y4 () = 3 mi(e)s

y(t) = f(t,y(t)), te(0,T) i—1
y(0) = yo

— compute modes {;}£_, from
system information
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The POD principle

POD Galerkin ansatz
Dynamical system £
n y(8) = y5(t) = > mi(t)¢i
y((t)) =f(t,y(t)), t€(0,7) i-1
y(0) =0 — compute modes {;}£_, from
system information

1) Let’s take snapshots:

<
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The POD principle

POD Galerkin ansatz
Dynamical system £
n y(8) = y5(t) = > mi(t)¢i
y((t)) =f(t,y(t)), t€(0,7) i-1
y(0) =0 — compute modes {;}£_, from
system information

1) Let’s take snapshots:

i ||
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The POD principle

POD Galerkin ansatz
V]

YO = () = > (e

y(&) =f(t,y(t)), te(0,T) i=1

0) =
y(0) =y — compute modes {;}£_, from

system information

1) Let’s take snapshots:
yry?y3...

e |
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The POD principle

2) Compute SVD (singular value decomposition):

Y=[_y1_y2_y3]= v >

NXn nXn
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The POD principle

2) Compute SVD (singular value decomposition):

y y? y

e

X n NXn nXn

3) Truncate: W% = [v1,...,90], £ K N
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The POD principle

2) Compute SVD (singular value decomposition)'

y y? y

L iy

X n NXn nXn

3) Truncate: W% = [v1,...,90], £ K N

4) Set up ROM: y(t) = y*(t) = Wen(t)

Full order system Reduced order model

y(e) = F(t,y(r)), t€(0,T) = a(e) = f(t,m(t), te(0,T)
y(0) = yo n(0) = no
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The beginning of snapshot POD with Sirovich '87: POD in flow control

Navier-Stokes equations
Oy

E+(y~V)y—VAy+Vp=f in @Q=(0,T) xQ,
—divy =20 in Q,
y(t,)=g on X=(0,7) x 89,
y(0,))=y in Q.

Aim: Reduced description of the Navier-Stokes equations

&+ Aa+n(a)=r in (0,7)
a(0) = ap



POD
Michael Hinze
13/88

1. Construction and validation of the reduced model
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System reduction: Expansions w.r.t. base flows

Let y denote a base flow and ®/, i = 1,...,n Modes.
Ansatz for the flow:

n
y=y+> o

i=1

Possibilities:

@ y stationary solution of Navier-Stokes system, ®' eigenfunctions of the
Navier-Stokes system linearized at y.

o ¥ mean value of instationary Navier-Stokes solution, ®' eigenfunctions of
the Navier-Stokes system linearized at y.

@ y mean value of instationary Navier-Stokes solution, ® normalized Modes
obtained from snapshot form of Proper Orthogonal Decomposition.
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Let’s take snapshots
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POD with Snapshots

Let y,...,y" denote an ensemble of snapshots (of the flow or the dynamical
system). Build mean y and modes ®; as follows:

@ Compute mean y = % Syt

© Build correlation matrix K = k;;, kj = =7,y —§)

© Compute eigenvalues \p, ..., A\, and eigenvectors v1,...,v" of K

, noo
© Define modes ¢’ := > vi(y/ — 7)
=

© Normalize modes ¢’ = ﬁ
Properties:

@ The modes are pairwise orthogonal w.r.t. inner product (e, e)

@ No other basis can contain more information in fewer elements (Information
w.r.t. the norm induced by (e, e)).
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Galerkin projection

Ansatz for the flow

n
Y=Y+Zai¢i

i=1
Galerkin method with basis @1, ..., ®, yields reduced system

a+ Aa+n(a) =r o) = ag.
Here, (o, o) denotes the L? inner product.

A= (a,-,j),f'=1 , ajj= u/ Vo;Vo;dx, n(a)= /(yVy)tb,- dx
Q Qc

n n
r=—v (/ VyVo; + fo; dx> and ag = (/ yo®; dx)
Q i=1.

i=1 Q

i=1,

Note that ®4,...,®, are solenoidal.
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Long-time behaviour of the POD model

Amplitudes of the first mode in [34,44] when using N modes in the POD model

4.0 T T T T

amplitude

-4.0 L 1 L
34.0 36.0 38.0 40.0 42.0 44.0
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Cylinder flow at Re = 100, reduced versus full model, 50 snapshots

Amplitudes of the first four modes
(DS12 with 50 equidistant snapshots on [0,6,8])

projections
— — predictions

amplitude
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What did Sirovich propose?

@ Take snapshots y(t1),...,y(ta),

o perform a singular value decomposition with
Y = [y(tl)9 oo 7y(tn)] = ¢):Vt,
where X = diag (/).

o perform a Galerkin method with those modes ®1, ..., ®, as basis elements
which carry as much information as required (say 99%, say).
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Todays point of view

Find a basis ®;,...,®; € V such that
T 1
{®1,..., 0/} = arg min/ ly(2) = > (y(2), ®;)®;||} de.
o i=1
On the discrete level we solve instead (y(t;) are N—vectors, so are ®;)

n 1
¢1min¢: > Bi |y (g) = D (y(t), i) o;
Tl j=0 i=1
st (9;,9;) =9; forl <i,j <,

2

T
where 3; are nonnegative quadrature weights for [ -dt.

0
The projection error then satisfies

> 6

j=o

2 n
= > A

i=l+1

1
y(g) =D (y(), ®:);

i=1
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Some remarks

@ The choice of the snapshots is very important.

@ Generation of snapshots with time-adaptivity.

@ Snapshots should comply with physical properties of the underlying
dynamical system, like periodicity of the flow, say.

@ The Galerkin basis depends on the input (initial state yp, rhs Bu).
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Error estimate (Kunisch and Volkwein (Numer. Math. 2001, SINUM 2002))

The error analysis for POD reduced systems is now along the lines of error
analysis for Galerkin approximations of time dependent problems;

Let y(t1),-..,y(tn) denote snapshots taken on an equidistant time grid of [0, T]
with gridsize §t. Let A\; > --- > Ay > 0 denote the strictly positive eigenvalues
of the correlation matrix K. For I < d let V) = (®q,..., ®,). Further set

1
Yy = Zai(tk)¢i'
i=1
Then

at> |Yi—y(t)h < C{ > Ko :)v|2+ Z Ai +5t2}

i=1 i=I+1 l—’+1

@ This result also extends to the case of distinguish time and snapshot grids.

@ Improvements of reduced models and error estimate by different weighting
of snapshots (include e.g. derivative information).

@ Related more general analysis by Singler in SINUM 52, 2014, and Chapelle
et. al in M2AN 2012.
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Wave equations (Herkt, H., Pinnau, ETNA 2013)

Consider the linear wave equation

(X(t), &) + D(x(t), oY + a (x(t), P)

(F(t), PYH

forall¢ € V and t € [0, T],
(x(0),v) = (xo,9)n forallep € H,
(%(0),9) = (x0,9¥)n forallep € H,

Then POD based on the Newark scheme delivers an error estimate of the form

m 2
a3 s <
k=1

< G (Hx“ - P‘x(tg)HZ + Hxl - P'x(tl)Hi’ + At Hax0 - P’)'((tg)H:

2 1
+ At Hax1 - Pl)'((tl)HH + A+ (— + At 1) Z Ajj
j=1+1
@ In general only linear decay of modes.

@ Critical dependence on At can be avoided by including derivative
information into the snapshot set.
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Decay of singular values for POD with parabolic equations

Linear heat equation with yg = 0 and inhomogeneous boundary data.
FE-solution {y"(tj)}‘,f';0 computed on equi—distant time grid.
Snapshots:
yh(t_1) for1 <j<m+1,
Vi = .yh(tj—m—l) _yh(tj—m—Z)
At

form+2<;<2m+1.

Correlation matrix S
(kij)i,';':l ) kij = (yi’ .yj)V
Expected decay of its eigenvalues:
A= Ae =D fori > 1.

Experimental order of decay:

2 £
”ye — y” A . 1 max
Q) =In —— LOTX - EoD := = 0k~ a
Ily - }’||1_2(o,'r;x) max g=1
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10 . . : . : 10 . : . .
. — LZ(HI(Q)) error
¢ -~ L21L3(Q)) error
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® ®
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D
o« T =
« 10
10 o 1
°
10°
o A\ = b N
w0l L A e mit 2o mH @) 1 107 —_—
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.
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Decay of the eigenvalues and estimated rates
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Decay of the norms

5 7 9
Number of POD basis functions
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POD for wave equation - decay of modes and error

Decay of eigenvalues; without damping (left), and with damping (right)

eigonvalues of correlation matrix, a,=1 +rand, &t = 1e-3 gemalues o comelaon mat, atz1e3

w
‘ ey J e
— o
w“ .
0
4
0 —
)
10
4
'
“ 10
!
o 5 10 s = CR I R T B R Y R

Errors: H-modes (left) and V-modes (right), compared to Fourier analysis.

W 0
POD sel ) PoD et 1)

—— POD se . . o) ——— POD s e,
< Eigermacdes o Eigermdes

3

eiive ota encr. Vo
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Shortcomings of POD - non-smooth systems

The Cahn-Hilliard system
Orp—mAp+v-Vo=0
3 ; s (CH)
—oelp + oe L F (p) = p.

weak form:
(Brp, ®) + (v - Ve, ®) + m(Vpu, Vo) =0

—(1, W) + 02(Vip, VW) + T(F (), W) = 0

=:(F(¢,u),(®,V))

relaxed Double Obstacle Energy:

F@) =3 (1 ¢2) + 5 (max (o —1,0) + [ min (¢ + LO) D k€N
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Decay of modes depends on the smoothness of the potential

1010

10 -15
500 1000 1500 0 500 1000 1500

Figure: Singular values: ¢ (left), p (right)



UH
ifi
n

POD
Michael Hinze
31/88

Nonlinearities - DEIM by Chaturantabut and Sorensen (SISC 2010)

POD projects the nonlinearity G(y) in the PDE as follows:
Gia(t)) = @F G(Pa(t)).
N ————
£XN NX1

150

—6&— POD
—&— DEIM t
—*— unreduced

simulation time [sec]

0 500 1000 1500 2000 2500
number of finite elements
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Nonlinearities - DEIM by Chaturantabut and Sorensen (SISC 2010)

POD projects the nonlinearity G(y) in the PDE as follows:
Gia(t)) = @F G(Pa(t)).
N ————
£XN NX1

Here, ® is N X £, with N the dimension of the finite element space, G has N
components, and in the evaluation of every of its components may touch every
component of its N—dimensional argument. This evaluation thus has complexity
O(LN).

150

—6&— POD
—&— DEIM t
—*— unreduced

simulation time [sec]

0 500 1000 1500 2000 2500
number of finite elements
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Nonlinearities - DEIM by Chaturantabut and Sorensen (SISC 2010)

POD projects the nonlinearity G(y) in the PDE as follows:
Gia(t)) = @F G(Pa(t)).
N ————
£XN NX1

Here, ® is N X £, with N the dimension of the finite element space, G has N
components, and in the evaluation of every of its components may touch every
component of its N—dimensional argument. This evaluation thus has complexity
O(LN).

150

—6&— POD
—&— DEIM t
—*— unreduced

simulation time [sec]

0 500 1000 1500 2000 2500
number of finite elements

POD versus POD-DEIM in MOR for semiconductors governed by the
Drift-Diffusion model
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DEIM-idea

Approximate the nonlinear function G(®«(t)) by projecting it onto a subspace
that approximates the space generated by the nonlinear function and that is
spanned by a basis of dimension m << N.
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DEIM-idea

Approximate the nonlinear function G(®«(t)) by projecting it onto a subspace
that approximates the space generated by the nonlinear function and that is
spanned by a basis of dimension m << N.

Here: perform a SVD with Y := [G(y(t1)), ..., G(¥(ta))] and use the first m
modes U := [u1, ..., um] to interpolate

G(Pa(t)) = Uc(t).

This system is overdetermined.
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DEIM-idea

Approximate the nonlinear function G(®«(t)) by projecting it onto a subspace
that approximates the space generated by the nonlinear function and that is
spanned by a basis of dimension m << N.
Here: perform a SVD with Y := [G(y(t1)), ..., G(¥(ta))] and use the first m
modes U := [u1, ..., um] to interpolate

G(Pa(t)) = Uc(t).

This system is overdetermined.
Now DEIM selects m rows p, ..., pm from this system by a greedy procedure;

Pig(da(t)) =~ (PtU)c(t), where P :=[epy,-..,ep,] € RVXM,

with PtU invertible, so that c(t) is uniquely determined.
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DEIM-idea

Approximate the nonlinear function G(®«(t)) by projecting it onto a subspace
that approximates the space generated by the nonlinear function and that is
spanned by a basis of dimension m << N.

Here: perform a SVD with Y := [G(y(t1)), ..., G(¥(ta))] and use the first m
modes U := [u1, ..., um] to interpolate

G(Pa(t)) = Uc(t).

This system is overdetermined.
Now DEIM selects m rows p, ..., pm from this system by a greedy procedure;

Pig(da(t)) =~ (PtU)c(t), where P :=[epy,-..,ep,] € RVXM,

with PtU invertible, so that c(t) is uniquely determined.
This gives

G (a(t)) = ' U(PU) ™" PG (da(t)) = G4(c(t))
—_— N N —

£Xm mevals pNxe
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DEIM-idea

Approximate the nonlinear function G(®«(t)) by projecting it onto a subspace
that approximates the space generated by the nonlinear function and that is
spanned by a basis of dimension m << N.

Here: perform a SVD with Y := [G(y(t1)), ..., G(¥(ta))] and use the first m
modes U := [u1, ..., um] to interpolate

G(Pa(t)) = Uc(t).

This system is overdetermined.
Now DEIM selects m rows p, ..., pm from this system by a greedy procedure;

Pig(da(t)) =~ (PtU)c(t), where P :=[epy,-..,ep,] € RVXM,

with PtU invertible, so that c(t) is uniquely determined.
This gives

G (a(t)) = @' U(P'U)™! P'G (®a(t)) =: G4(a(t))
N——— e M e —
£xm mevals Nx¢

with the error bound
164 — Gll2 < I(PLU)Y21l(1 — UU)GHJ2.
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DEIM-idea

Approximate the nonlinear function G(®«(t)) by projecting it onto a subspace
that approximates the space generated by the nonlinear function and that is
spanned by a basis of dimension m << N.

Here: perform a SVD with Y := [G(y(t1)), ..., G(¥(ta))] and use the first m
modes U := [u1, ..., um] to interpolate

G(Pa(t)) = Uc(t).

This system is overdetermined.
Now DEIM selects m rows p, ..., pm from this system by a greedy procedure;

Pig(da(t)) =~ (PtU)c(t), where P :=[epy,-..,ep,] € RVXM,

with PtU invertible, so that c(t) is uniquely determined.
This gives

G (a(t)) = @' U(P'U)™! P'G (®a(t)) =: G4(a(t))
N——— e M e —
£xm mevals Nx¢

with the error bound
164 — Gll2 < I(PLU)Y21l(1 — UU)GHJ2.

Ask Serkan (now Chris?) for everything related to QDEIM.
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POD-MOR and adaptive concepts

@ Spatial adaptivity [GraRle, H., 2017]

Problem: Snapshots are vec-
tors of different lenghts! Dis-
cussion now!
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POD-MOR and adaptive concepts

@ Spatial adaptivity [GraRle, H., 2017]

Problem: Snapshots are vec-
tors of different lenghts! Dis-
cussion now!

@ Time adaptivity (snapshot location) [alla, Grale, H., 2016]

What are suitable time instances for the snap-
shots?
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POD-MOR and adaptive concepts

@ Spatial adaptivity [GraRle, H., 2017]

.. Problem: Snapshots are vec-
. tors of different lenghts! Dis-
| cussion now!

@ Time adaptivity (snapshot location) [alla, Grale, H., 2016]

' What are suitable time instances for the snap-
Bl shots?

oo

@ POD basis updates for optimal control problems [Gritle, Gubisch, Metzdorf, Rogg.
Volkwein, 2016; Alla, GréRle, H., 2016]

How to choose a suitable input |
control for snapshot generation? -
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Objectives: Simulation based optimization & MOR

O:(pv) + div(v ® pv) — div(2n(p)e(v)) + Vm

+div(v ® —pz+plm(cp)Vp.) —uVe = u control
dvv = 0
Ot + vV —div(im(e)Vu) = 0 non-smoothness
—Dp+V(p)—p = 0 enters through
viae = Onp|aa = Onpjpa = 0 Cahn-Hilliard
(v, ‘P)It:ﬂ = (va,pa
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Objectives: Simulation based optimization & MOR

O:(pv) + div(v ® pv) — div(2n(p)e(v)) + Vm

+div(v ® —pz+plm(cp)Vp,) —uVe = u control
dvv = 0
Ot + vV —div(im(e)Vu) = 0 non-smoothness
—Dp+V(p)—p = 0 enters through
viae = Onp|aa = Onpjpa = 0 Cahn-Hilliard
(v, ‘P)|t=0 = (va,pa

Aim: Develop a fully integrated POD-MOR based optimization tool
for multiphase flows with variable densities governed by non-smooth
Cahn-Hilliard /Navier-Stokes systems
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Objectives: Simulation based optimization & MOR

O:(pv) + div(v ® pv) — div(2n(p)e(v)) + Vm

+div(v ® —pz+plm(cp)Vp,) —uVe = u control
dvv = 0
Ot + vV —div(im(e)Vu) = 0 non-smoothness
—Dp+V(p)—p = 0 enters through
viae = Onp|aa = Onpjpa = 0 Cahn-Hilliard
(v, ‘P)|t=0 = (va,pa

Aim: Develop a fully integrated POD-MOR based optimization tool
for multiphase flows with variable densities governed by non-smooth
Cahn-Hilliard /Navier-Stokes systems

First step POD-Model Order Reduction of the Cahn-Hilliard system (Oke Alff)
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POD model order reduction [L. Sirovich '87]
‘ Original problem ‘ Proper
1 Orthogonal

Decomposition

‘ POD surrogate model ‘
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POD model order reduction [L. Sirovich '87]
‘ Original problem ‘ Proper
1 Orthogonal

Decomposition

‘ POD surrogate model ‘

Procedure (discrete formulation):

e
Galerkin ansatz y* = 3 n;;

i=1
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POD model order reduction [L. Sirovich '87]
‘ Original problem ‘ Proper
1 Orthogonal

Decomposition

‘ POD surrogate model ‘

Procedure (discrete formulation):
e Choose suitable snapshots, e.g. Y := [yl | .- |y"] € RNVXn

e Compute POD basis {11, ..., %¢} C RN of rank £: svd Y = Uo7
£

o Set up the Galerkin ansatz y¢ = 3" n;4; , non local basis
i=1

e Surrogate model — low dimension
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POD model order reduction [L. Sirovich '87]
‘ Original problem ‘ Proper
1 Orthogonal

Decomposition

‘ POD surrogate model ‘

Procedure (discrete formulation):
e Choose suitable snapshots, e.g. Y := [yl | .- |y"] € RNVXn

e Compute POD basis {11, ..., %¢} C RN of rank £: svd Y = Uo7
£

o Set up the Galerkin ansatz y¢ = 3" n;4; , non local basis
i=1

e Surrogate model — low dimension
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POD model order reduction [L. Sirovich '87]
‘ Original problem ‘ Proper
1 Orthogonal

Decomposition

‘ POD surrogate model ‘

Procedure (discrete formulation):
e Choose suitable snapshots, e.g. Y := [yl | .- |y"] € RNVXn

e Compute POD basis {11, ..., %¢} C RN of rank £: svd Y = Uo7
£

o Set up the Galerkin ansatz y¢ = 3" n;4; , non local basis
i=1

e Surrogate model — low dimension

Require: adaptivity in spatial discretization:
Snapshots are vectors of different lengths!
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POD model order reduction [L. Sirovich '87]
| Original problem | Proper
¢ Orthogonal

Decomposition

| POD surrogate model |

Procedure (continuous formulation):
e Choose suitable snapshots, yl € V1,...,y" c V", V1 ..., v" C X

e Compute POD basis {1, ...,%¢} C X of rank £

£
Set up the Galerkin ansatz y* = 3" m;1; , non local basis

1=

e Surrogate model — low dimension

O ERRERREES Require: adaptivity in spatial discretization:
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e F. Fang et al. Reduced-order modelling of an adaptive mesh ocean model,
2009

o O. Lass. Reduced order modeling and parameter identification for coupled
nonlinear PDE systems, 2014

o M. Ali, K. Steih, K. Urban. Reduced basis methods based upon adaptive
snapshot computations, 2014

o M. Yano. A minimum-residual mixed reduced basis method: exact residual
certification and simultaneous finite-element reduced-basis refinement, 2016

e S. Ullmann, M. Rotkvic, J. Lang. POD-Galerkin reduced-order modeling
with adaptive finite element snapshots, 2016

e C. GrdBle, M. Hinze. POD reduced order modeling for evolution equations
utilizing arbitrary finite element discretizations, 2017
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POD: oo-dimensional perspective

Given: Snapshots yl € V1,...,y" € V", ,eg. y/ = y()ji=1,...,n
V1,..., V" C V C X arbitrary finite element spaces (X = V or H)
Aim: Determine POD basis {41, ..., 9.} of rank £ solving

n 2

* min @
( ) P1,..,Pe €X Z m

m=0

£
Y= T i) X

i=1

s.t. (i, ¥j)x = Jj

X
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POD: oo-dimensional perspective

Given: Snapshots yl € V1,...,y" € V", ,eg. y/ = y()ji=1,...,n
V1,..., V" C V C X arbitrary finite element spaces (X = V or H)
Aim: Determine POD basis {41, ..., 9.} of rank £ solving

n 2

* min @
( ) 'l/’lv"'v"l’lexz m Y

m=0

£
- Z(ym’ Vi) xPi

i=1

s.t. (i, ¥j)x = Jj

X

Introduce: Y : R” — X, V¢ = Z VOmpmy™ for ¢ € R".

=1

V5 X o B, YA = (o /By ) xs o s (s y/nyadx) T for 3 € X
A solution to (x) is given by the first £ eigenvectors of R = YY* : X — X, with
n
Ry = 3 am(p,y)xy™ fory € X.
m=1
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POD: oo-dimensional perspective

Given: Snapshots yl € V1,...,y" € V", ,eg. y/ = y()ji=1,...,n
V1,..., V" C V C X arbitrary finite element spaces (X = V or H)
Aim: Determine POD basis {41, ..., 9.} of rank £ solving

n 2

* min @
( ) ’¢*1»---»¢£€XZ m Y

m=0

£
- Z(ym’ Vi) xPi

i=1

st (Wi bi)x = 5

X

Introduce: Y : R” — X, V¢ = Z VOmpmy™ for ¢ € R".

=1

V5 X o B, YA = (o /By ) xs o s (s y/nyadx) T for 3 € X
A solution to (x) is given by the first £ eigenvectors of R = YY* : X — X, with
n
Ry = 3 am(p,y)xy™ fory € X.
m=1

K=Y*Y:R" = R" with Ij; = (\/Taj(y",yj)x) has the same eigenvalues as R
(except for possibly zero). IC;; = \/Ta,zl’(v’ﬂ Z:V_il y;'(y{(v,‘;, v{)x
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POD: oo-dimensional perspective

K=Y*Y:R" — R" with ; = (1/a,-aj(y",yj)x) has the same eigenvalues as R
(except for possibly zero). KC; = \/Tajz,’(v;l Z:‘Zl y;;y{(v,‘;, vi)x
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POD: oo-dimensional perspective

K=Y*Y:R" — R" with ; = (\/Taj(y",yj)x) has the same eigenvalues as R
(except for possibly zero). KC; = \/Tajz,’(v;l Z:‘Zl y;'(y{(v,‘;, vi)x

For building iC we only need to be able to compute the entries
N; N;

K = /@705 3D iy (vios v x

k=1 I=1

Then we obtain the modes ; according to

1

with (}\;j, ¢;) the eigensystem of KC.
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POD reduced order modeling for evolution equations

(F(t), v)vr,v,
(0, V) H,

{ S @), v+ aly(2),v) + N (¥ (8), v)vi,v
¥(0), v)n

£ £
POD Galerkin ansatz: y*(t) = > m;i(t)sh; = Zn,-(t)iyqs,- vt € [0, T].
i=1 i=1 \/A_'
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POD reduced order modeling for evolution equations

(F(t), vIv,v,

{ 2 (y(8), v)n + aly(t), v) + (N (y(£), v)vr v
(Yo, V) H,

¥(0), v)n

£ £
POD Galerkin ansatz: y*(t) = > m;i(t)sh; = Zn,-(t)iyqs,- vt € [0, T].
i=1 i=1 \/A_'

Choose X¢ = span{+1,--- ,19p} C X as the test space.

DOTICOD 7(t) + DOTY* AYSD n(t) + DN(n(t))
Do TICOD 1(0)

DF(t),

ROM: _
{ Djqo.
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Error estimate

Theorem. Let N be Lipschitz continuous, At := max;_1,....n At; suffi-
ciently small and j(t) be bounded on [0, T]. We choose y(f = Ply,.
Then, there exists a constant C > 0 such that

n d n
ST ajlly(5)—yflIh < €A +ei+ D N+ D o5l P (L) —9(8)113),
j=1 i=0+1 j=1

where £, denotes the maximum of the spatial discretization errors.
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Discussion of the nonlinear term - DEIM or Lagrange interpolation

Given: Snapshots for the nonlinearity: Nyl e (VIY,...,.N(y") € (V).
Introduce: YV:R" = X,V = E, 1\/_¢,.N’(yf)
P* o X! s R, Preh =
(P, varN (v* ))x' ---,(t/) MN(.V"))X’)T
=Y*Y, R:=YY*.

Step 1: Compute eigenvectors {J),-}f;l of K corresponding to snapshots
for the nonlinearity and set ; = ﬁj}&, )
Step 2: Galerkin ansatz for the nonlinearity: N (y%(t)) =~ le Bi(t)Pp;

with {f},(t)},_1 continuous and piecewise linear.
Step 3: Postulate interpolation property w.r.t. time and projection

onto X4 Sf_, Bi()(Pi, ¥y xr x = N (W), ¥)xr x Vo € XL
Approximation: DN(n(t)) ~ D®TN®DB(t), N; = \/Taj@i\/(y‘.),yi)xf,x.
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Numerical test results: Cahn-Hilliard equation

pure A-phase
tp+ v Ve —divim(e)Vu) = 0 clfuse ntecface
—oelAp+ ZOVW(p) —p = 0
Onploa = Onpripa = 0
Plt=0 = Pa
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Numerical test results: Cahn-Hilliard equation

Op+v- -V —dv(m(e)Vu) = 0
—oelAp+ ZOVW(p) —p = 0
Onplpa = Onptjpa = 0

Plt=0 = Pa

Free energy functions:

e polynomial: W,(p) = %(1 — p?)?
* double obstacle;
L —¢?), ifpe[-1,1]
—J2 ( $°)y P s

Veo(¥) +o0, else
o relaxed double obstacle (Moreau-Yosida,

[Hintermiiller, Hinze, Ther, 2011]):

Wei(p) =

L(1—¢?)+ £ (max(o — 1, 0)+ | min(s + 1, 0) )*

POD
Michael Hinze
43/88

pure A-phase
c 1
diffuse interface

pure B-phase
c +1
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Singular value decay for max-power relaxation (numerics Oke ALff)

Computations on a uniform grid.

10° 10°g
o DOE2 o DOE2
& X DOE3 8 X DOE3
+ DOE4 2 + DOE4
0 o DOE6 0 o DOE6
10 Qg © DOE8 ° §§ ¢ DOE8
@ > pDWE > pDWE
8 832000 et
. P, " s 3 nggggooooooooo
10 B3 10 s o0
> 5o fe0 D 5588300 MASASaA e SRR
. 0833338838838 883038
Dp %5@55 +Q%<%<)x 2299900 D|>
10 %) X% 10
10 > 65@@ +++++++ 10 P
> Soﬁgguugmn >y
>|> L e
0 15 DDDDDDDDDDDDDDWDDDDDDDD 1045
0 50 100 150 200 0 50 100 150 200
(a) ¢ (b) p

@ Behaviour similar to Fourier analysis.

@ Relaxation of max according to Hintermiiller/Kopacka (2011) gives better
results.
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Simulation and adaptive grids
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® ©
10° 10°
10°
10 -10
-10
v, 10
-15
10 1020
0%
0 200 400 600 800 1000 0 200 400 600 800 1000
index i index i
10° 10°

form FE mesh

10710
wrel

1045

0%

0 200 400 600 800 1000

10710

102

adaptive FE mesh
uniform FE mesh

200

400 600 800 1000
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Relative L2-errors and computation times

adaptive FE mesh
miform FE mesh

adaptive FE mesh
niform FE mesh

v, adaptive FE mesh | uniform FE mesh | speedup factor
FE simulation 1499 sec 8279 sec 55

POD offline 352 sec 550 sec 1.5

POD simulation 183 sec 271 sec 1.5
speedup factor 8 30.5
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Lecture 2: Optimization with POD surrogate models

The beginnings of POD-based flow control

Motivation: PDE constrained optimization

Mathematical setting

Construction of the POD spaces

Basic approach in PDE constrained optimization

Numerical analysis of POD in PDE constrained optimization
Snapshot choice in optimal control

Further aspects of POD in applications



UH
i
n

POD
Michael Hinze
49/88

Optimization with the reduced model - the beginnings

Model optimization problem:

. 1
min J(y,u) := E/ ly — z|? dxdt + %||u||%,

(y,u)ewWxu
Qo
s.t.
Oy .
5+(yvV)y—uAy+Vp = Buin Q=(0,T) x Q,
—divy = 0in Q,
y(t,) = 0on XT=(0,T) x 89,
y(0,)) = yin Q.

Here, B : U — L%(0, T; H—1(R)?) denotes the control operator. It is also
possible to consider the initial values as control.

Typical control operator is extension
B: L%(0, T; L2(R:)?) — L2(0, T; H-1(R)9). Observation cylinder is given by
Qo :=(0,T) X Q.
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POD model as pde surrogate in the optimization problem

Ansatz for state (and the desired state)
n n
y=y+Y aid, z=j+) aio;.
i=1 i=1
Optimization problem with POD surrogate model
H 1 T z\t z 2l 2
min J(y,u) = J(o,u) = 5 [ (@ — ) My(a — a®) dt + 2l
(y,u) 2 Jo 2

s.t.
a+Aa+n(a) = r+ Bu,
04(0) = ap.
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Validity of surrogate model

Fact:
Control changes system dynamics.

Consequence:
Mean and modes should be suitably modified during the optimization process.

Idea:
Adaptively modify the surrogate model and thus, the reduced optimization
problems.
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Adaptive POD control — Afanasiev, Hinze 1999

© Snapshots y,.o,i =1,..., Ny given, u® given control, § € [0, 1] required
relative information content, j=0.

© Compute M = argmin {I(M) = kil e/ kil ks (M) > 6}.

© Compute POD modes and solve
min J(a, u)
(ROM) { s.t.
&+ Aa + n(a) = Bu, o(0) = ap.
for ui.

@ Compute yi correspondmg to Bu/ and new snapshots
y4+1,i =N;+1,. N;1 to the snapshot set y’,f =1,..., N

© While ||w/t! — ui||y is large, j = j+1 and goto 2.
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Numerical comparison

Flow around a circular cylinder at Re=100. Control gain: Tracking of Stokes flow
(or mean flow) y in an observation volume Q,,; behind the cylinder by applying
a volume force in the control volume €.

Cost functional:

T T
1
J(y,u)=%//|u|2dxdt+§// ly — 712 dxdt
09 0 9,

c

CPU time needed to compute the suboptimal controls =~ 40 times smaller than
that needed to compute the optimal open loop control. But the quality of the
controls is very similar.

Runtime(Optimization Problem) = 6 — 8 X Runtime(PDE)



UH
i : POD
Michael Hinze
54/88

Uncontrolled flow, target flow = mean flow, controlled flow at t = 3.4.
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Numerical results cont.

Control cost, 2, = Q = Q, tracking of mean flow

2

10

-3

10

Phase 1

- — - 1 Iteration (ISO)
2 iteration (1SO)
3 Iteration (1SO)
4 Iteration (ISO)
——— 5 Iteration (ISO)
6 Iteration (1SO)
7 Iteration (1SO)
optimale Kontrolle (NM)

Phase 2

Zeit
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Motivation: optimization problem with pde constraints

min J(y, u) s.t.
(y,u)EW X U,yq (y, )
o P
8—{+Ay+g(y) = BuinZ
y(0) = yinH.
Approach: Solve this problem by using a POD surrogate model;
min J(y', u') s.t.
haremixu,, * 0"
) 1
87{* +Aly' + ¢'(y") = Bu'in(2')*
y'(0) = yinH.

Tasks:

@ Error estimation,

@ adaption of the POD surrogate model during the optimization loop.
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Mathematical setting, state equation

@ V, H separable Hilbert spaces, (V, H = H*, V*) Gelfand triple.

@ a:V X V — R bounded, coercive and symmetric. Set

(o,0)y := a(e,e).

@ U Hilbert space, B : U — £2(U, L?(V*)) linear control operator, yo € H.

@ State equation

% (y(2), v)y + aly(t), v)
(y(o)v V)H

<(Bu)(t)9 V)V,V*’ tec [03 T]s v E V,
(.V(h V)H ) vev.

@ For every u € U the solution y = y(u) € W := {w € L2(V), w; € L2(V*)}
is unique.
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Optimization problem

@ Cost functional

1 «
Iy, u) = Slly — Z||iz(,.,) + §||U||%1-

@ Admissibility: u € U,q C U closed, convex, y = y(u) unique solution of
state equation associated to u, i.e.

% (y(), v)y + a(y(t), v)
(¥(0),v)y

<(BU)(t), V)V,V"" t e [03 T], v E V,
(yﬂa V)H 9 vev.

@ Minimization problem:

(P) J(y, u) s.t. Admissibility.

min
(y,u)EW(0,T)X Uaqg

@ (P) admits a unique solution (y,u) € W X Uy.
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Optimality conditions

@ With the reduced cost functional J(u) := J(y(u), u) there holds
(f'(u), v — u) >0 forall v € Uyg.

@ Here .
J'(u) = au + B*p(y(u)).

@ The function p solves the adjoint equation

_% (p(t), v)y + a(v, p(t)) (y—2zv)y, tel0, TLveyv,
(p(T)’V)H 0, vev.

@ Variational inequality equivalent to nonsmooth operator equation

w =Py, (~28°0))

with Py_. denoting the orthogonal projection onto U,g.
ad g g
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Discrete concept for the state equation

@ For I € N choose a POD subspace V! := (x1,...,x;) of V with the
property

] oo
ly(®) = > () xi)v xkllwo, ) ~ D Ak

k=1 k=I1+1

@ Galerkin semi-discretization y' of state y using subspace V':

% (yl(t)a V)H + a(y'(t), v) ((Bu)(t), viv,v=, t€0,T]ve vl
(), v)y = o,y vevh

@ If needed, define similarly a Galerkin semi-discretization p' of p;

—4 (p!(t),v),, +a(v,p'(t)) = (v —zv),, tel0,TlveV,
(p‘(T),v)H = 0, vev.
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Optimization problem with POD surrogate model

@ Discrete minimization problem:

(P)  min J'(u) = J(y'(u), ).

(P') admits a unique solution u' € U,q.

Optimality condition:
(J‘"(u), v— u’) >0 for all v € Usg.
@ Here »
3" (u) = au + B*p!(y' (u).
The function p' solves the adjoint equation

—% (P'(2), v), + a(v, p'(t)) (y! — 2, v)y, t€[0,T],ve v/,
(p‘(T), V)H = 0, v eV,

@ Variational inequality equivalent to nonsmooth operator equation

ol = Pu, (~ 2B @)
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Error estimate

Theorem: Let u, u' denote the unique solutions of (P) and (P'), respectively.
Then

la = 1y < { (B*(ply() — Py (@), o' — u) +

;
+/ (y'(U’) —y'(u), y(u) — y'(U))H dt}
0

Using the analysis of Kunisch and Volkwein for POD approximations one gets

oo
lu—d'llu ~llyo— Plyolln + | D Xt
k=I+1

+ llye = Plyell 20,17y + llP(y (@) — P'(p(y (@) llwo, T
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Conclusions from the analysis

o Get rid of ||(y — ’Ply)t”iz(o,-,-:vl) — include derivative information into
your snapshot set.

o Get rid of ||p — P*p||}y .7y — include adjoint information into your
snapshot set.

Recipe:
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Conclusions from the analysis

o Get rid of ||(y — ’Ply)t”iz(o,-,-:vl) — include derivative information into
your snapshot set.

® Get rid of [|p — P*plljy (g 1) — include adjoint information into your
snapshot set.

Recipe:

For I € N choose a POD subspace V' := (x1,...,Xx;) of V with the property

1 oo
”}’(t) - Z (.V(t)a Xk)v Xk“%/l/([),T) ~ Z ks

k=1 k=141
and if one intends to solve optimization problems, also ensure
1

lp(®) = >~ (), xi)v Xklwo,my ~ D Aes

k=1 k=I+1
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Error between state and and its orthogonal projection

. .
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Error between co-state and its orthogonal projection

. .
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Neumann boundary control of the heat equation

Comparison of the optimal controls Comparison of u-u'®
2| T T T T T T T T

// \v
0.2 P
/ 1
/ .
! 1
. 1
e / !
% ol /’ !
/ RN h '
0 NN PERVENNEEN [
/ (NN L ’ S

/ el K N’

N ,
u-u™ foruf:3
] 02 04 06 0.8 1
t-axis t-axis
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Error in numbers

¢ Nl = for (w)i_, Nl = for (w2Y_, Nl =" for (v);_,
=1 0.5100 0.5437 0.4672
=3 0.3792 0.1200 0.1869
=5 0.3506 0.0588 0.1201
=7 0.3225 0.0584 0.0676
=9 0.3031 0.0585 0.0566
=11 0.2902 0.0585 0.0557
(=13 0.2057 0.0596 0.0555
(=15 0.1530 0.1282 0.0555

Details & more results in H., Volkwein COAP 39(3), 2008.
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POD-MOR and adaptive concepts

@ Spatial adaptivity [GraRle, H., 2017]

. Problem: Snapshots are vec-
. tors of different lenghts!
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POD-MOR and adaptive concepts

@ Spatial adaptivity [GraRle, H., 2017]

Problem: Snapshots are vec-
tors of different lenghts!—
lecture 1.
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POD-MOR and adaptive concepts

@ Spatial adaptivity [GraRle, H., 2017]

Problem: Snapshots are vec-
tors of different lenghts!—
lecture 1.

@ Time adaptivity (snapshot location) [alla, Grale, H., 2016]

What are suitable time instances for the snap-
shots?
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POD-MOR and adaptive concepts

@ Spatial adaptivity [GraRle, H., 2017]

.. Problem: Snapshots are vec-
 tors of different lenghts!—
! lecture 1.

@ Time adaptivity (snapshot location) [alla, Grale, H., 2016]

What are suitable time instances for the snap-
shots? — discussion now!
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POD-MOR and adaptive concepts

@ Spatial adaptivity [GraRle, H., 2017]

.. Problem: Snapshots are vec-
 tors of different lenghts!—
! lecture 1.

@ Time adaptivity (snapshot location) [alla, Grale, H., 2016]

' What are suitable time instances for the snap-
Bl shots? — discussion now!

oo

@ POD basis updates for optimal control problems [GriRle, Gubisch, Metzdorf, Rogg.
Volkwein, 2016; Alla, GraRle, H., 2016]

How to choose a suitable input | b
control for snapshot generation? .

— discussion now!
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Aim: POD model order reduction for optimal control problems

Original problem: min J(u) := J(y(u), u)
uEUyg
POD-Galerkin approximation: rean J(u) == J(y*(u), u)
ucUad

POD reduced order modelling:

e choose suitable snapshots, e.g. V := {y(t) | t € [0, T]} for an input
control u

e compute POD basis {1, ..., Y.} of rank £
e

e set up the Galerkin ansatz y%(x,t) = 3 y;(t);(x), non local basis
i=1

* surrogate model — low dimension
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Motivation

POD basis {t1,...,%¢} <+ snapshots {yV(to),...,yV(ta)}

AIM: Snapshots with good quality: the snapshots should comply with the
physical properties of the underlying system

@ choose suitable time instances for the snapshots — snapshot locations
— generation of snapshots with time-adaptivity

o choose a suitable input control for snapshot generation
— compute an approximation of the optimal control

@ cheap offline-phase for POD
— utilize a coarse spatial grid



UH
™
n

POD
Michael Hinze
71/88

Literature on snapshot location strategies

K. Kunisch, S. Volkwein: Proper Orthogonal Decomposition for optimality
systems, ESAIM: Mathematical Modelling and Numerical Analysis, 42:1-23,
2008

e K. Kunisch, S. Volkwein: Optimal Snapshot Location for computing POD
basis functions, ESAIM: Mathematical Modelling and Numerical Analysis,
44:509-529, 2010

o R.H.W. Hoppe, Z. Liu: Snapshot location by error equilibration in proper
orthogonal decomposition for linear and semilinear parabolic partial
differential equations, Journal of Numerical Mathematics, 22:1-32, 2014

o A. Alla, C. GriRle, M. Hinze: A-posteriori snapshot location for POD in
optimal control of linear parabolic equations, arXiv:1608.08665
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Mother Problem setting

H — 1 2 o 2
() € XUy Jysu) =51y —ya 2, +5 I v il

st ye(x,t) — vAy(x,t) = F(x,t) + (Bu)(x,t) inQr
(SE) y(x,¢) = 0 on X7t
y(x,0) = y(x) in Q
and

U € Uag := {u € L2(0, T;R™) | ua(t) < u(t) < up(t) faat € [0, T]}

where Q C R" open bounded domain with smooth boundary, Q7 = Q X (0, T],

Tr =892 x (0, T], a,v > 0, yg, f € L2(27), yo € HY(Q),

B: L2(0, T;R™) — L%(0, T; H~1(Q)) linear bounded operator,

sy up € L°(0,T),Y = W, T) = {v € L2(0, T; H(Q), v: € L2(0, T; H1(Q))}
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Optimality system and discretization

Optimality system

ye—vAy = f+ Bu —pt—VvAp = y—yg inQr
(SE) y =0 (AE) p =0 onXr
y(0) = p(-,T) = 0 in Q

V1) (au+B*p,v—u)y >0forall v e U,y

Finite element discretization

MyN_VAyN = fN+BNua yN(o) = yé\l’
—MpN — pApN = YN YN pN(T) = 0,
(au+ (B)NpN,v —u)y > 0.
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Reformulation to an elliptic PDE

Optimality system:
{ (SE): ye—vAy=Ff+Bu inQr, y=0onXr, y(0) =y inQ

(AE): —pr—vAp=y—yg nQr, p=0onXs, p(T)=0inQ
V1): (au+B*p,v—u)y >0 forall v € Uy
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Reformulation to an elliptic PDE

Optimality system:

(SE): ye—vAy=Ff+Bu inQr, y=0onXr, y(0) =y inQ
(AE): —pr—vAp=y—yg nQr, p=0onXs, p(T)=0inQ
V) (au+B*p,v —u)y >0 forall v € Uy

Yo € H}(Q), ya € L2(Q7) = p € H21(Q7) = L2(0, T;: H2(Q) N H}()) N H(0, T; L2(2))



UH
™
n

POD
Michael Hinze
74/88

Reformulation to an elliptic PDE

Optimality system:

(SE): ye—vAy=Ff+Bu inQr, y=0onXr, y(0) =y inQ
(AE): —pr—vAp=y—yg nQr, p=0onXs, p(T)=0inQ
V) (au+B*p,v —u)y >0 forall v € Uy

Yo € H}(Q), ya € L2(Q7) = p € H21(Q7) = L2(0, T;: H2(Q) N H}()) N H(0, T; L2(2))

Reformulation: The optimal adjoint state p fulfills: (vg € HZ1(Q7))
—pue +vA%p — BPu,, (—éB*P) = —(ya)e +AQyqs inQr
p = 0 on Xt
(ESp) Ap = yq4 on Xt
(pe +4p)0) = y4(0) — yo in Q
p(T) = 0 in Q
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Temporal residual type a-posteriori error estimates!l]

Time discretization: 0 =to < ... < tn = T,At; = t; — tj_1, l; = [tj_1, tj]
VE = {v € H¥(Qr) : v()ly € Pi(l)}, VE = VEN HPYRr)

[1] following W. Gong, M. Hinze, Z. J. Zhou, Space-time finite pproxi ion of
problems

optimal control
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Temporal residual type a-posteriori error estimates!l]

Time discretization: 0 =t < ... < tn = T,At; = t; — t_, Ll =[t—1, 8]
Vi={ve H2 Q@) vl € Pl(' )}, VE = vEn HP (1)
For p € HIJ and the time-discrete approximation p, € Vtk we have:

(%

~

P = pi 2 0,)< €

where
= %:Atjz J NI =(ya)e + Ayq + (px)ee — BPu,, (—éB*Pk) — A%py ||f_z(ﬂ)

]

+ZI ” Ya — Apk ”iZ(r)

[1] following W. Gong, M. Hinze, Z. J. Zhou, Space-time finite pproxi ion of bolic optimal control
problems
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Temporal residual type a-posteriori error estimates!l]

Time discretization: 0 =t < ... < tn = T,At; = t; — t_, Ll =[t—1, 8]
Vi={ve H2 Q@) vl € Pl(' )}, VE = vEn HP (1)
For p € HIJ and the time-discrete approximation p, € Vtk we have:

(%

~

P = pi 2 0,)< €

where
=2 AL [ || —(ya)e + Bya + (Pk)ee — BPu,, (—éB*Pk) = 8%py I35 q)
J i

+ZI ” Ya — Apk ”iZ(r)

Similarly

(¢

~

Iy =y )< €15 |

[1] following W. Gong, M. Hinze, Z. J. Zhou, Space-time finite pproxi ion of lic optimal control
problems
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Temporal residual type a-posteriori error estimates!l]

Time discretization: 0 =t < ... < tn = T,At; = t; — t_, Ll =[t—1, 8]
Vi={ve H2 Q@) vl € Pl(' )}, VE = vEn HP (1)
For p € HIJ and the time-discrete approximation p, € Vtk we have:

(%

~

P = pi 2 0,)< €

where
=2 AL [ || —(ya)e + Bya + (Pk)ee — BPu,, (—éB*Pk) = 8%py I35 q)
J

g
2
+ 5[ 1l va = B Iy

Similarly

(¢

~

Iy =y )< €15 |

Idea: go for an adaptive time grid utilizing (%), (¢) based on a coarse spatial resolution.
At the same time get an approximation of the optimal control. Use this control for
snapshot generation.

[1] following W. Gong, M. Hinze, Z. J. Zhou, Space-time finite pproxi ion of
problems

optimal control
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A-posteriori snapshot location Strategie

Algorithm 1: Adaptive snapshot location for optimal control problems.

Ax coarse, h spatial grid size.
@ Solve (ES,) and/or (ESy) adaptively w.r.t. time with spatial resolution Ax.
— Obtain time grid 7 + approximation of the optimal adjoint state pay

@ Compute upx = Pu,, (—éB*pr).

@ Use this control uax to generate snapshots on the time grid 7 by a full
simulation with spatial resolution h.

@ Compute a POD basis of order £ and build the POD-ROM.

@ Solve the POD-ROM on the time adaptive grid 7.
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A-posteriori snapshot location Strategie

Algorithm 1: Adaptive snapshot location for optimal control problems.

Ax coarse, h spatial grid size.
@ Solve (ES,) and/or (ESy) adaptively w.r.t. time with spatial resolution Ax.

— Obtain time grid 7 + approximation of the optimal adjoint state pa
@ Compute upx = Pu,, (—éB*pr).
@ Use this control uax to generate snapshots on the time grid 7 by a full
simulation with spatial resolution h.
@ Compute a POD basis of order £ and build the POD-ROM.
@ Solve the POD-ROM on the time adaptive grid 7.

@ Embed this strategy (e.g. as initialization step) into POD-MOR algorithms
for optimal control problems, like TRPOD (Fahl & Sachs), APOD (Afansiev
& Hinze), OSPOD (Kunisch & Volkwein).

@ For nonlinear problems use this method for the Newton system.
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Error estimation

For the error in the optimal control we have (k discrete time, / POD parameter)

llu — il + lly = yiell ~ llp(u) = Br()ll + lly () — Fe(w)]l-

Here, 7! (u) denotes the POD approximation to y(u), and jp(u) the POD
approximation to p(u).

Now
lp(e) — B (u)l ~ llp(u) — pe(u)]| + llPk(u) — B (u)l,
~p ~ i A
and
lly(u) — F()]| ~ |ly(u) — ye(u)]| + llyx(u) — Fi(u)]] -
~My ~ it A
Thus

llu — uill + Iy — yill ~ mp +my+ ~ > N
i>1
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Numerical Test Example

P min J(y,u) = 1 — 2 o
(P) e (y, u) 51y —ya IILz(QT) > |l
u liZ, :
s.t.
2
yy—Ay = > wuxi+f inQr 1
(SE) =3 P P
y = 0 on X1 0 T~ s
y(0) = y in Q ‘ oo -
pex = sin(mxjatan(£=08 ) — 1)
u €U = L%(0, T;R™)
- o
oa NIRRT AR AR RA IR R i 1f 04
o W .
W .
NIRRT REAL IR RANRIRR IR
o [l NIRRT AR AR RA IR R i 1f o
il A AALALEERALALALEI I
ol RN RR AR IR i I o
. . B

adaptive space-time grids with dof=21 and Ax = 1/100 (left), Ax = 1/5 (middle), euidistant (right)
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Numerical Test Example

o oz os o8 o8 1
' ' ¢

adjoint state and control (left), POD solution: equidistant grid At = 1/40 (middle), adaptive grid dof=41 (right)
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u p

abs €abs €abs
1/20 | 5.07-10—91 | 7.84.10790 | 3.54. 10701
1/40 | 2.62-10—% | 4.10.10%%0 | 1.85.10101
1/68 | 1.56-10"% | 2.45.10%%° | 1.10.10%0!
1/134 | 7.87-109 | 1.23.10%90 | 5.59.10100
y P
dof €abs Sabs €abs
21 | 4.03-10-92 | 5.40.10-0% | 2.44.10700
41 | 2.22.107% | 5.34.107%3 | 1.31.1072
60 | 9.76-10"9% | 4.57.109 | 4.26.1003
135 | 8.64-10"%% | 4.49.10703 | 2.35.10703

Table: approximation quality: error in POD solution
compared to the analytical solution on the uniform time grid
(top) and the adaptive time grid (bottom), £ =5

POD
Michael Hinze
80/88
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Numerical Test Example

At €lbs abs ehbs | J6%w

1/20 | 5.07-10—91 | 7.84.10790 | 3.54.10707 | 3.12.10705% |

1/40 | 2.62-10791 | 4.10.10%%0 | 1.85.10%0! | 1.56.1005 .
1/68 | 1.56-10"% | 2.45.10t%° | 1.10.10%%! | 9.19.10%%* =~

1/134 | 7.87-1079 | 1.23.10%90 | 5.50.10%90 | 4.66.10104

dof €2bs Sabs Shbs | Iyt u)

21 4.03-10~92 | 5.40.10-9C | 2.44.10790 | 1.95.10V0%
a1 2.22.107% | 5.34.1079 | 1.31.10792 | 1.02.10%%3
69 | 9.76-107% | 4.57.10793 | 4.26.107% | 1.00-10%03 . ;
135 | 8.64-1079% | 4.49.10=9 | 2.35.10=93 | 1.00.10%03 o J

6000 L
1

2000

Table: approximation quality: error in POD solution s
compared to the analytical solution on the uniform time grid ’
(top) and the adaptive time grid (bottom), £ = 5, analytical

Figure: true and
~ .10+03 &
value J =~ 1.0085 - 10 desired state
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Numerical Test Example

At €lbs abs ehbs | J6%w

1/20 | 5.07-10—91 | 7.84.10790 | 3.54.10707 | 3.12.10705% |

1/40 | 2.62-10791 | 4.10.10%%0 | 1.85.10%0! | 1.56.1005 .
1/68 | 1.56-10"% | 2.45.10t%° | 1.10.10%%! | 9.19.10%%* =~

1/134 | 7.87-1079 | 1.23.10%90 | 5.50.10%90 | 4.66.10104

dof €2bs Sabs Shbs | Iyt u)

21 4.03-10~92 | 5.40.10-9C | 2.44.10790 | 1.95.10V0%
a1 2.22.107% | 5.34.1079 | 1.31.10792 | 1.02.10%%3
69 | 9.76-107% | 4.57.10793 | 4.26.107% | 1.00-10%03 . ;
135 | 8.64-1079% | 4.49.10=9 | 2.35.10=93 | 1.00.10%03 o J

6000 L
1

2000

Table: approximation quality: error in POD solution
compared to the analytical solution on the uniform time grid
(top) and the adaptive time grid (bottom), £ = 5, analytical

value J = 1.0085 - 10+03 Figure: true and

desired state

llp(ur) — P ()| < |lp(u) — pi(w)l] + |lpx () — pi(u)|

~mnp€l0.1,1]

n
~ > Aj=10—15
i=£+1
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Numerical Test Example

02 5 02
3
0 AAAﬁ\\\\\ ) n fAAa\\\\\
10
02 5 02
20
04 25 04
o oz o0+ 08 o8 1 02 o+ o5 08 1 o oz o+ 08 o8 1
u (t) t ' ¢
005 005 005
0 o o
005 005 005
01 01 01
015 015 15
02 02 02
025 025 025
0 o0z o4 os 08 1 0 oz o4 05 o8 1 o o0z 04 o5 08
Uz(t) ' ‘ ‘

box constraints: dj () (top left) and @ (t)(bottom left), POD control equidistant (middle), adaptive (right)
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Include control constraints:

At E';hs e:hs aghs
1/20 | 2.86-10~9T | 5.72.10790 | 3.54.10+"!
1/40 | 1.48.107° | 2.99.10%% | 1.85.1010!
1/68 | 8.81-10—°2 | 1.78.10%% | 1.10.101%1
1/134 | 4.45.10-92 | 9.04.10-91 | 5.59.10%00
dOf E:bs E:hs eghs
21 | 2.27-10-92 | 3.95.10- 01 | 2.44.10F00
41 | 2.94.10-% | 4.49.10-° | 1.31.10—92
69 | 2.12.10—° | 3.28.10-° | 4.26.103
135 | 213109 | 3.13.10-03 | 2.34.1003

POD
Michael Hinze
82/88

Table: approximation quality: error in POD solution compared to the analytical
solution on the uniform time grid (top) and the adaptive time grid (bottom), £ =5
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Alternatives

How many snapshots? and where to take them?

i) How many snapshots? — iterative goal oriented procedure.

Goal: Resolve J(y)

Start on coarse equi-distant time grid and compute snapshots

Build POD model and compute y, and adjoint z, of reduced dynamics
Becker and Rannacher: J(y) — J(yn) = n(yn, zn)

1(Yh, zr) > tol: double number of snapshots (re-computation)
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Alternatives

How many snapshots? and where to take them?

i) How many snapshots? — iterative goal oriented procedure.

Goal: Resolve J(y)

Start on coarse equi-distant time grid and compute snapshots

Build POD model and compute y, and adjoint z, of reduced dynamics
Becker and Rannacher: J(y) — J(yn) = n(yn, zn)

1(Yh, zr) > tol: double number of snapshots (re-computation)

ii) Where to take snapshots? —— time-step adaption via sensitivity of POD
model.

o Goal: Optimal time-grid for system dynamics
e Start on coarse (equi-distant) time grid and compute snapshots
o Build POD model and compute y; and adjoint z, of reduced dynamics
o Becker, Johnson, Rannacher: n(yp, zp) = Zp}’-”‘(y,,)w}"(zh)
Ui
o New time-grid: equi-distribute p}’."c(y,,)wl!"‘(zh)
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Conclusion

o snapshot location is important for a good approximation quality of the POD
model

o generation of snapshots with time adaptivity produces improvement in POD
solution and the approximation quality can be controlled by a-posteriori
estimates

® in order to get good approximation results for both state and adjoint state a
post-processing of the adaptive time grid for the snapshots might be
necessary.
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Conclusion

o snapshot location is important for a good approximation quality of the POD
model

o generation of snapshots with time adaptivity produces improvement in POD
solution and the approximation quality can be controlled by a-posteriori
estimates

® in order to get good approximation results for both state and adjoint state a
post-processing of the adaptive time grid for the snapshots might be
necessary.

Next steps
o Include spatial adaptivity in adaptive snapshot sampling.

o Integrate concept into optimization loop for problems with nonlinear PDE
constraints.
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Conclusion

o snapshot location is important for a good approximation quality of the POD
model

o generation of snapshots with time adaptivity produces improvement in POD
solution and the approximation quality can be controlled by a-posteriori
estimates

® in order to get good approximation results for both state and adjoint state a
post-processing of the adaptive time grid for the snapshots might be
necessary.

Next steps
o Include spatial adaptivity in adaptive snapshot sampling.

o Integrate concept into optimization loop for problems with nonlinear PDE
constraints.
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Recent developments—TRPOD by Arian, Fahl and Sachs 2000-

Idea: Use a POD surrogate model as model function in the Trust—Region
process. Let R
J(u) = J(y(v),u), J(u) = J@F(u),u),
with y(u) the response of the POD surrogate model.
Pseudo Algorithm:

©Q Given u, compute POD model

© Compute s* = argmin|,_s<a J(u+s)

o
) large: u=u+s*, iIncrease A
= M moderate: u=u+s* decrease A
J(u +s*) — J(u) small: keep u, decrease A

Global convergence under standard TR assumptions plus W

sufficiently small.
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Recent developments—OSPOD by Kunisch and Volkwein 2006

Idea: Include choice of trajectory dependent POD modes as subsidiary condition
into the optimization problem. This reads

ming o4 f(a, ®, u) s.t.
M(®)a + A(P)a + n(P)(a) = B(P)u,
, M(®)a(0) = ao(®),
(Pospop) yt + Ay + G(y) = Bu,
¥(0) = yo,
R(y)®; = N fori=1,...,1,
loilix =1fori=1,...,1.

1
Here & = [®1,...,®/], y' = > «;(t)®, and

T
R(y)(2) == /(y(t), z)xy(t)dt for z € X.
0

A very similar approach is proposed by Ghattas, van Bloemen Waanders and
Willcox 2005.
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Further developments and improvements

o Efficient treatment of nonlinearities — Chaturantabut, Sorensen (2010)
@ MOR for the input—output map — Heiland, Mehrmann

@ A posteriori POD concept — Trbltzsch and Volkwein (2010)

@ Which modes? — DWR concepts (Matthies, Meyer 2003)

@ How many snapshots? — iterative goal oriented DWR procedure

@ Were take snapshots? — time-step adaption via sensitivity of the POD
model

@ POD in the context of space—-mapping — talk Pinnau.

@ Sampling of parameter (= control) space — Greedy sampling by Patera
and Rozza (2007)

@ Use of /inear MOR techniques for nonlinear problems — SQP context,
semi—linear time integration, domain decomposition
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Further developments and improvements

o Efficient treatment of nonlinearities — Chaturantabut, Sorensen (2010)
@ MOR for the input—output map — Heiland, Mehrmann

@ A posteriori POD concept — Trbltzsch and Volkwein (2010)

@ Which modes? — DWR concepts (Matthies, Meyer 2003)

@ How many snapshots? — iterative goal oriented DWR procedure

@ Were take snapshots? — time-step adaption via sensitivity of the POD
model

@ POD in the context of space—-mapping — talk Pinnau.

@ Sampling of parameter (= control) space — Greedy sampling by Patera
and Rozza (2007)

@ Use of /inear MOR techniques for nonlinear problems — SQP context,
semi—linear time integration, domain decomposition

Thank you for your attention
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Towards POD-MOR for nonlinear PDE systems in networks

Lecture 3
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Ouitline
Motivation
PDAE-model

Finite Element Method

Simulation results

Construction of the reduced model
Location dependence of reduced model
Residual based parameter sampling

PABTEC and POD, joint work with A. Steinbrecher & Tatjana Stykel
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Sketch: network with complex and simple components

/ >
network, equatiogs (1-3) =
S E

L: EN (MoreSim4Nano), M: MBS (courtesy BMBF SOFA), R: PSM (BMBF SIMUROM)

Modeling
» PDAE system
Aim
» Accurate reduced order models for complex components in networks
» Validity over relevant parameter range
» Accurate and robust physical reduced order model of the coupled system
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Motivation: Coupled circuit and semiconductor models

Aim
» Accurate reduced order models for semiconductors in networks
» Validity over relevant parameter range

» Accurate physical reduced order model of the coupled system
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Outline

PDAE-model
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Coupled circuit and semiconductor models [M. Ginther ‘01, C. Tischendorf '03]

+12V

Kirchhoff’s’ laws (no semiconductors) read
Ai=0, v=ATe
A: incidence matrix.

Voltage-current relations of components:

do,

. d .
- qC(VC’ t)5 ]R - g(VRa t), VL= df (/L7 t)

Jc =

Modified Nodal Analysis: join all equations to DAE system
d . . .
AcS9e (AC e(t), ) + Arg (A;e(t), t) AL + Avju(t) = —Alis(t),

dt
0L (), 1) — AT e(t) =

Ay e(t) = vs(t).
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Coupled circuit and semiconductor models [M. Giinther '01, C. Tischendor

How can semiconductors be introduced?
» replace semiconductor by a (possibly nonlinear) electrical network,

» stamp semiconductor network into surrounding network,

» apply Modified Nodal Analysis.

» Here: use PDE model for semiconductors — DD equations.
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Coupled circuit and semiconductor models [M. Ginther ‘01, C. Tischendorf '03]

PDE-model (drift-diffusion equations) for semiconductors

div (eVy) = q(n— p - C),
—qdin+ divd, = qR(n,p),
qop + div Jp = —qR(n, p),
Jn = pnq( UrVn— nVi),
Jo = ppq(—UrVp — pVi),

on Q x [0, T] with Q C RY (d = 1,2, 3).
Dirichlet boundary constraints at I'o :

p(t, x) = nextslide, n(t,x) = n(x), p(t,x) =p(x) r
and Neumann boundary constraints at I';:

V(t, x) - v(x) = Jdp - v(X) = Jp(t, x) - v(x) =0

or mixed boundary conditions at Ml contacts (MOSFETS).
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uctor to circuit [M. Ginther '01, C. Tischendorf '03]

\fletwork, equatiens (1)-(3)

Iy
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Couple semiconductor to circuit [M. Gunther '01, C. Tischendorf '03]

Coupling conditions:

Js.k(t) = (Jn + Jp — €0/ VY) - v do,
Fo,k
Y(t, X) = Pui(x) + (As e(t))x
for (t,x) € [0, T] X Toxk,

and add current js to Kirchhoff’s current law:

dqgc

A
°dt

(Az;re, t) + Arg (A;e, t) + AL + Avjv+Asfs = —Ails,
d
OO nt) — ATe =0,
Ale = ve.

Add DD-equations + coupling conditions for each semiconductor.
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Outline

Finite Element Method
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Mixed formulation

The electric field E = — V1 plays dominant role in DD-equations.

Mixed formulation [Brezzi et al. '05]

Provide additional variable g,, and equation

gy = V.

Scaled DD equations then read:

Adivgy =n—p—C,

—On+vndvda= R(n,p),
8[p+'/p div Jp = —R(n,p),
gy = Vi,

dh= Vn-—ngy,
Jp = —=Vp—pgy.
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Finite Element approximation

Finite elements

» piecewise constant ansatz functions for v», n and p.
Basis functions: ¢;, i=1,...,N, N=|T]|.

» Raviart-Thomas elements for gy, J, and Jp.
Basis functions: ¢, i=1,...,M, M= |E| — |En|.

RTy := {y Q- Rd : y|T(X) —=ar+ brx, ar € Rd, br € R,
[Yle - ve = 0, for all inner edges E}.

Galerkin ansatz:

P'(t, x) = Zw )ei(x)s gyt x) = Zgw,,(tqb,(x)

j=1

and analogously for n, p, Js, and Jp.
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Full model

+12V

™
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Ac d;’tc (AT et),1) + Ang (AT e(t). 1)
FALL(t) + Avjv () +Asjs(t) = —Ais(t),
L Gut), ) — AT e(t) = o,

A—\I/—e(t) = VS(t)a

Js(t) = C1n(t) — Cadp(t) — Cagy(t) = 0,

0 P(t)
— M A(t) (1)
Mip(t) p(t) hoh hy_ poaT _
0 + Arem au () +F(n",p", gy,) — b(Ag e(t)) = 0.
0 In(t)

0 Jolt)
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Outline

Simulation results
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vs(t)

current jv(t) [mA]

frequency = 1 MHz

ea(t)

0.2 0.2
0.15 0.15
0.1 E 0.1
€
0.05 - 0.05
=
=
g
0 s 0
o
-0.05 -0.05
-0.1 -0.1
0.5 1
scaled time
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input voltage: vs(t) = 5[V] - sin(2xf - f)
similar results obtained by MECS [Selva Soto]

frequency = 1 GHz

0.5
scaled time

current jv(t) [mA]

0.2

0.15

0.1

frequency = 5 GHz

05 1
scaled time
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Outline

Construction of the reduced model
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Snapshot-POD (Proper Orthogonal Decomposition) [L. Sirovich '87]

Full simulation yields snapshots (here: y = 4, n,p,...)

{y(t/'")}i:1,...,m - Span{¢/}j:1,...,N’ with  y(t, x) = Zy/(t’ wilx

Gather coefficients in matrix
= (F(t), -+ F(tm)) € RV,
POD in Hilbert space X as eigenvalue problem:
KV = ofv®, with Ky = (y(ti-), ¥ (8, -))x -
Note that K = YT MY with M; = (i, ;) x. Write POD in terms of SVD:
UsVT =LTy, with LLT := M.

Then, the s-dimensional POD basis is

geevy

N
(=3 Te0) . U=@ )= L D,
.:1 -
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Model Order Reduction

Simulate the complete network at one or more reference parameters.

v

v

Take snapshots of the state of each semiconductor at time points .

v

Perform POD component wise on 4, n, p, g, Jn and Jp.

v

Use the POD basis functions as (non local) Galerkin ansatz functions:

YOt x) = 3 (1) iy ()

i=1
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Reduced model

Acddif (Age(t), t) + Arg (A?;,—e(t), t)

FALL(E) + Aviv(D)+Asis(t) = —Ais(t),

0L Gt 1) — AT e(t) = 0,

Ay e(t) = vs(1),

Js(t) = C1Uy,vu, (1) — CoUyvy, (1) — CaUgy, gy, () = 0,

0 Ya (1)
—n(t) Fn(t)
Yo(t t
p(t) + Arop o(t) + UT F(nPOP, pPOD, gPOD) _ T (AT e(t)) = 0.
0 'Ygu,(t)
0

Yoo (1)
0 4, (1)
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Computational complexity

Computational complexity of reduced model still depends on ngey:

T POD ,POD _PODy __ T
U F(n™,p",0, )= U F (U v UpYos Ugy gy )-
Npop X NFEM NFEM  neepm X Npop

With matrix-matrix multiplications in Jacobian computation:

T ’
U F(...) U
—~ . , ~—
Npop X Negwm, block-dense Xn sparse  FEM X Npop block-dense
FEM FEM > SP
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Discrete Empirical Interpolation Md. (DEIM) [s. Chaturantabut, D. Sorensen *09]

DEIM

» Do POD on snapshots {F(n(t), p(t), 9 (1))},
obtain basis W € R"E&m*"em (plock diagonal matrix).

» Ansatz
F(Unyn(t), Upvp(t), Ugy, ey, (1)) = We(t)

is overdetermined.
» Select npem “useful” rows:

PTF(...) = PTWc(t).
> If PT W is regular:
F(...) = We(t) = WPT W) "PTF(...)

The regularity of PT W can be guaranteed, see [CS09].
Again we apply the method component-wise.
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Discrete Empirical Interpolation Md. (DEIM) [s. Chaturantabut, D. Sorensen *09]

Reduced model
u’ F(Unvny Upps Ug¢79¢)

with DEIM:
(UT W(PT W)_1) ,PTF,(Un’Yns Up o, Ug¢7g¢)

npop X Npeiy block-dense  MDEIM  npey
Results for 1D-diode:
NFem FEM | neop ROM | npem ROM + DEIM
3003 3.15sec. | 220 3.52 sec. 187 1.93 sec.
15009 23.5sec. | 229 19.9 sec. 198 4.04 sec.
48015 82.3sec. | 229 74.2sec. 199 9.87 sec.
order ~ n8 ~ n2 S
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Discrete Empirical Interpolation Md. (DEIM) [s. Chaturantabut, D. Sorensen *09]

150 10

—e— POD =
'g —&— DEIM i ES

2, =

ﬁ 100 —k— unreduced 2 10
S
= o
2

5 5

E 5o P10
g o
E T

U (i ]
0 500 1000 1500 2000 2500 10° 10" 10"

number of finite elements frequency [Hz]
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Outline

Location dependence of reduced model
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Reduced model depends on position of diode in network

Bridge rectifier with 4 diodes:
Input: vs(t)
Output: eg)(t)—e1 ()

potential [V]

-2t

0 05 1 1.5
time [sec] x107°
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Reduced model depends on position of diode in network

The distance between the spaces U' and U? which are spanned, e.g., by the
POD-functions Uj, of the diode Sy and U7, of the diode S, respectively, is
measured by

d(U',U?) ;== max min |[u—v|2=1/2—2V2,
U vel?
[lulla=11Ivil2=1

where X is the smallest eigenvalue of the positive definite matrix SST with
Sij = (Usp,is U3 )2

A aut, u?) au, U®)

10— 0.61288 5.373.1078
10~° 0.50766 4.712-1078
108 0.45492 2.767 - 107
10~7 0.54834 1.211 .10~

Table: Distances between reduced models in the rectifier network.
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Outline

Residual based parameter sampling
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Problem setting

MOR test problem

Basic circuit with frequency f of the voltage source vs(t) = 5[V] - sin(2xf - t)
as model parameter.

ei(t) Jv(t) ea(t)
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Reduced model at a fixed freque

First test: Compare reduced and unreduced system at a fixed frequency.

reduced simulatio
16 — — — full simulation ]

relative error
>
simulation time [sec]

-8

10
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Reduced model over parameter space

Construction of reduced model requires snapshots from full simulations at
reference parameters.
Is the model valid over a large parameter space?

reference parameter: Py := {f;} := {10"°[Hz]}
parameter space P = [10%,10'3]
error

error 1
P reference frequencies

10" 10
parameter (frequency)
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Reduced model over parameter space - sampling

Find new sampling parameter f,.1 (reference frequency) without simulating
the full, unreduced system. Set Piy1 := Pk U {fii1}-

v

We do not consider the PDE discretization error.
» Rigorous upper bound for the error not available

IE(E PNl = Nly"(f) — y™°(f; POl <2(s)

where yh = (’l/)h5 nh7 Ph, gz;’ JI,77’ JS)T: yPOD = (d"POD, nPOD7 .. ‘)T'
Rigorous RB methods, Greedy algorithm [see e.g. A. Patera, G. Rozza '07]:
a-posteriori error estimates required.

Linear ODEs [see e.g. B. Haasdonk, M. Ohlberger '09]: build difference
between residual and unreduced equation to derive an ODE for the error.

v

v
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Residual based sampling

Define residual R(z"°P(f; Px)): insert z"°P(f; Py) into unreduced equation,

0 $FOP(1)
_ MLhPOD(t) nPOD(t)
M ~POD t POD t
R = LP ( ) + Arem pPOD( ) + T(nPOD, PPOD, Q;Z,OD) - b(ePOD(t))'
0 Gy (1)
0 JFOP (1)
0 JPOD(1)

Residual admits different scales.
Scale with block diagonal matrix-valued function

D(f) = diag( dy (1), ch(F)ls Ab(F)ls o, (F)1, duy(F)y di(F)])
and choose dy(f) according to

heey _ ,POD(£.
d¢(’;) . ”RIIJ(yPOD(fI; Pk))” _ “’lnb ()j) 1’{’ . (’7v Pk)“ , \V/f} c Pk—
1" (5)l
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Residual based sampling

Algorithm: sampling

1. Select fy € P, Pwest C P, tol > 0,and set k :=1, Py := {fi }.

2. Simulate the unreduced model at f; and calculate the reduced model
with POD basis functions Us.

3. Calculate weight functions d(.)(f) > 0 for all f € Px.

4. Calculate the scaled residual || D(f)R(z"P(f, Px))|| for all f € Prest.

5. Check termination conditions, e.g.

> maxrep, [ID(FR(2FP(f, Pe))ll < tol,
> no progress in weighted residual.

6. Calculate fi 1 := argmax,cp, _, [|D(R(27°(f, Px))||-

7. Simulate the unreduced model at fx. 1 and create a new reduced model
with POD basis Uk++ using also the already available information at f;,
.., fy.

8. Set Pyy1 := Px U {fks1}, k := k + 1 and goto 3.
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Numerical example - sampling step 1

Let f; := 10'°[Hz], Py := {10"°[Hz]}, P = [108,10"3].

sampling step 1

™
M Universitat Hamburg

error
o L residual ]
------- reference frequencies

10° 10" 10"

parameter (frequency)

f = argmax,cp_ ||D(f)R(27°(f, P1))|| = 108[Hz]
P, = {10%[Hz], 10"°[Hz]}
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Numerical example - sampling step 2

P> = {108[Hz], 10"°[Hz]}

sampling step 2

2

10 T T
error

1 residual ]
e reference frequencieg
10°
107'F
107t
10°k
1074

8

16“’ 16‘2
parameter (frequency)
f; = argmax,cp__ [|D(f)R(z7°(f, P2))|| = 1.0608 - 10°[Hz]
P; = {108[Hz], 1.0608 - 10°[Hz], 10'°[Hz]}

10
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Numerical example - sampling step 3

P; = {10%[Hz], 1.0608 - 10°[Hz], 10'°[Hz]}

sampling step 3
2

10 T - v .

: : error
0l : : residual ]

: I R reference frequencieg
10° | ]
107} 1
1070 ]
10°} ]
1074

8

10'° 10
parameter (frequency)

10

Terminate with “no progress in residual”.
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PABTEC and POD, joint work with A. Steinbrecher & Tatjana Stykel
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Combination of PABTEC (Reis & Stykel 2010) and POD; joint work with
[A. Steinbrecher, T. Stykel]

subproject 1

Vip)|

subproject 3 +12V subproject 1+3 +12V

Vin| Vin|
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Combination of PABTEC (Reis & Stykel '10) and POD

POD method | PADBDTEC method

% ' ’
=

‘ % =
( Recoupling |

e -
E =t

H., Kunkel, Steinbrecher, Stykel; Int. J. Numer. Model. 25:362-377 (2012)




UH Parametric MOR for PDEs in networks
Michael Hinze, Martin Kunkel, Ulrich Matthes, Morten Vierling, Andreas Steinbrecher, Tatjana Stykel

page 40

™
M Universitat Hamburg

Substitution of nonlinear components for PABTEC and recoupling

A. Steinbrecher, T. Stykel (Int. J. Circuits Theory Appl., 2012):

Nonlinear inductor — current source

Nonlinear capacitor — voltage source

Nonlinear resistor — linear circuit with 2 serial resistors and one voltage
source parallel to one of the resistors

Diode
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Combination of PABTEC and POD; Int. . Numer. Model. 2012

net full / diode full
——net red / diode full
net full / diode red
——net red / diode red
--- input wq(t)

input in 5-10* V / output in A

Il Il Il Il
0 5.107° 1-107* 1.5-107* 2.107* 25-.107*

time
network diode coupled  simul  Jacobian absolute relatrve
(MNA equations) (DD equations)  system  time  evaluations etyor error
e dm e dm dm oy Ll
[

unreduced 1303 unreduced 6006 7310 2337 20

reduced 24 umeduced G006 6031 16.90s 17 2165-107% 73351074
ueduced 1303 reduced 105 1609 13z 16 2052-107% 1000107
reduced 24 peduced 105 130 119 11 2054-107% 1000107
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Next steps

» Include QDD models.
» Include EM effects.

» Apply approach to other equation networks containing simple and
complex components.

SyrelNle

Systemreduktion fur IC Design in der

Nanoelektronik

. MoreSim._4 _Nano
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Next steps

» Include QDD models.
» Include EM effects.

» Apply approach to other equation networks containing simple and
complex components.

Thank you for attending!

SyrelNle

Systemreduktion fur IC Design in der

Nancelektronts The work reported in this talk is
supported by the German Federal
Ministry of Education and Research
(BMBF), grants 03HIPAES5 &
03MS613D.

. MoreSim._4 _Nano
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