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| Motivation

ODEs
DAEs
Physical /7 \ Reduced-order
systems \ TT models
PDEs

Model reduction ( = dimension reduction, order reduction)
— reduction of the state space dimension
= reduction of computational complexity and storage

requirements |
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| Applications

® Circuit simulation and electromagnetics
(electrical networks, semiconductor devices, power systems, ... )

® Structures, vibrations and acoustics
(bridges, buildings, machine tools, brake squeal, MEMS, ... )

® Weather prediction and data assimilation
(North Sea level forecast, Pacific storm tracking, air pollution prediction, ... )

® Biological systems and chemical engineering
(neural networks, molecular systems, chemical reactions, ... )
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TR o [McCaffrey'13]
[Mehrmann/Schrdder’15] [AItaf/VerIaan/Heemink’1 2]
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| Outline

Part |
® Model order reduction problem

® Balanced truncation model reduction
#® Balancing-related model reduction techniques

Part Il
® Balanced truncation for differential-algebraic equations

® Balanced truncation for second-order systems

Part Il
#® Balanced truncation for parametric systems

® Related topics and open problems

|
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| Model reduction problem

Given a large-scale control system

U

where « € R™ — input, =z € R" — state, y € RP — output,
fR"XR?"XR—=>R", h:R"xR"™xR—>RP,

find a reduced-order model

where v e R™, e R ygeRP, (<n. |
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| Model reduction problem: linear systems

Given a large-scale linear control system

U

where A e R™", B e R»™m (¢ RPX* D e RPX™

find a reduced-order model

where A c R, BcR™>m (O cRrX!, DecRPX™ (< . |
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| Model reduction problem: linear systems

Laplace transform: w(t) — u(s) :/ e () dt,
0

z(t) = x(s), y(t) — y(s)

— x(s) = (sI — A)"1Bu(s) + (sI — A)~1z(0)

y(s) = (C(sI — A)™'B+ D) u(s) + C(sI — A)~txz(0)

with the transfer function G(s) = C(sI — A)"'B+ D

Given G(s)=C(sI —A)"'B+D with A R™",
find G(s)=C(sI —A)"'B+D with AeR> (<n,

such that |G — G| is small. |
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| Model reduction: goals

® Preserve system properties
s stability ()\;(4) eC™)
» passivity (= system does not generate energy )
» contractivity ([[y[lz, < |lullz, )

® Satisfy desired error tolerance

IG—G| <tol or |§—uy| <tol-|u|| forall veiu
— need for computable error bounds

® Automatic generation of reduced-order models

® Use numerically stable and efficient methods

|
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| Approximation error

Fourier transform: u(t) — u(iw) = / e Wlu(t)dt, y(t) — y(iw)

— 00

— yY(iw) = (C’(iwl — A)_lB + D) u(iw) = G(iw)u(iw)

o 2, = / lu(®)|Pdt = ), = — / (i)

oo 2T

Gul|r .
o |Gl = sup 1G¥L _ i@ i)
u#0 HUH£2 wER

Approximation error: [|y —yllz, = |y — yllz, < [|G— Gllulullc,

|
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| Approximation by Rrojection

Let T e R™ and W e Rt suchthat WIT = I,.

® Approximate the state z(t) ~ T z(t) with z(¢) € R
< Tz(t) = ATZ(t) + Bu(t) + p(t)

~

y(t) = CTz(t)+ Dul(t)

® Project the state equation (Petrov-Galerkin projection)

WITZ(t) = WEATZ(t) + W Bu(t)
J(t) = CTZ(t) + Du(t)

® Reduced-order model

~

Z(t) = g Z(t) + Bul(t)

~

7(t) = CF(t) + Du(t)

with A=WTAT, B=WTB, C=CT, D=D |
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| Outline

® Balanced truncation model reduction

# singular value decomposition

» controllability and observability Gramians
# Hankel singular values

# numerical methods for Lyapunov equations

® o o o @

|
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| SVD-based approximation

Given X € R™™ with rank X = r, find X € R"*™ such that
rank X =/ <r and || X — X|2 — min.

Singular value decomposition:
o

X:UZVT:[ul,...,uT] [Ul,...,?}f,«]

Or

T

_ T T T T
= 01U V] T ... T OpUUy + 0y Uy, Uy e T O UV,

where o; = \/\;(X7X) > 0 are the singular values of X.

~

~ X = (oyu)vl + ..+ (ou)vl with || X — X2 = o4

—~

Storage: X ~» 4nm Bytes, X ~» 4(n+ m){ Bytes |
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| Example: image compression with SVD

50

100

150
200 s, I‘l‘ o ; b "' s | . 'E! ﬂi‘ II rl |

'&%”!:u“"%ﬁ

250

300

Image = n x k pixels = k columns with n entries (RGB color values)
k) ockokockokockok ko
— n x k x 3tensor or mnmx3kmatrix X =\, . ii:

— storage: X ~» 12nk Bytes (2.11 MB)
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| Example: image compression with SVD

Singular values, r = 322

sk KK AT

399 x 572 ~»2.11 MB : N

(=50 ~ 0.39 MB

L —
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| InEut and output energy

(t) = Ax(t) + Bu(t), y(t)=Cx(t)

Input energy: Output energy:
0 00
Eua) = _pin - [uolar Byw) = [ ool
T 0

| \/ |
u(t), te(—o0,0) = z(0)=x9 = y(t), t€|0, co0) |
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| Gramians

Lyapunov equations: ( \;(A4) € C7)
AX +XAT=-BBY ~» X — controllability Gramian
AY + Y A= -CIC ~s» Y — observability Gramian

—  E,(rg) = af Xz, E,(xg) = 23 Y,

® (A B, C,D) isbalancedif X =Y = diag(&,...,&)

® & =./)N(XY) are Hankel singular values

o X = RRT, Y =LLT — fj — O'j(LTR)

|
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| Balanced truncation: idea

e Balance the dynamical system

(A, B, C, D) = (T7'AT, T7'B, CT, D)

_ A1r Are By
— ([A21 A22]7 [32]7 [01702]7 D)

— TXT ' =T"YT = diag(&1, - &by Sty -5 &n)

e T[runcate the states corresponding to small Hankel singular
values

~ o~~~

— (Av B) C) D) — (Alla Bl) Cla D)

[Mullis/Roberts’76, Moore’'81]

|
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| Balanced truncation algorithm

1. Compute X =RR! and Y =LL".

2. Compute the SVD LR = [U7, Ug]lzl S ][V1, ',
2

with %) = diag(é1,...,&), o = diag(Errr, .-+, &),

3. Compute the reduced-order model

~ o~ A~ A~

(A, B, C, D)= (W'AT, W!'B, CT, D)

with W = LU, S, "2 e Rnx¢, T = RV, %, Y/? e Rex¢,
Properties
o (AV, B, C. 15) IS asymptotically stable [Pernebo/Silvermann’s2]

® errorbound: ||G — Gl < 2(&s1+ ...+ &) [Enns'84, Gloversd]

#® need to solve large-scale Lyapunov equations |
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| Numerical methods for Lyapunov equations

AX + XAT = —BBT ~ X = RRY
ATY + YA =-C'C ~ Y =LL"
® Hammarling method [Hammarling’86, PenzI'98]
( small, dense)
® Sign function method [ Roberts'71, Byers’87, Larin/Aliev’93,
( medium, dense ) Benner/Quintana-Orti’99 ]
® 7-matrices based methods [ Grasedyck/Hackbush/Khoromskij 03,
( large, dense+structure / sparse ) Benner/Baur'04 ]
® Krylov subspace methods [ Saad’90, Jaimoukha/Kasenally’94,
( large, sparse ) Simoncini’06 ]

® Alternating direction implicit (ADI) method [Wachspress’88, PenzI'99,
(large, sparse ) Li/White’02, Benner/Kirschner/Saak'14 ] |
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| ADI method

® Jm X=X with X-X,=A4XA;, where

k— 00

Ap=(A+nD) Y A-nI)-...-(A+ 7)Y (A - 1), 75€C"

® optimal shift parameters: [Wachspress’88]
{r,...,7x} = argmin max E—m)-...- (=7l
e e [(CFT) ()]
® suboptimal shift parameters [PenzI'99]
t — oL (t—
{T1,..., 7} = argmin max ( ) ( Tk>|,
e teR UUR) [t 7)o ()]

where R, and R_ are the sets of Ritz values of A and A~!
® X, is symmetric, positive semidefinite — X, = Z, 2} |
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| Low-rank aEEroximations

Lyapunov equation: AX 4+ XA! = -BB'

Eigenvalues of the Gramian, n=5177

}: (X ﬁjv = RR!, ReR™"
]:

b N X)=0, j=r+1,...,n

20 ‘ ‘ ‘
0 50 100 150 200

z J(X)vol' = RRT, ReRM
j:

10"

— compute a low-rank approximation to X |
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| Low-rank ADI method

Vo = B, Zo =1, k=1,
while |V2,V,_,||r > tol | B' B||r
Fy = (A+70) Wy,
Vi = Vi1 — 2Re(71) Fy,

Zi, = Zk—1, /—2Re(s) Fy ],
k+— k+1

® low-rank approximation X ~ Z, ZI' with Z; € R"xkm

® solve linear systems (A+ 7l)z=wv

® low-rank residuals AZ, Z} + z, Z] A + BB" =V, V;l' with
Vi, € R™*F < fast stopping criterion

® adaptive ADI shift computation
[Benner/Kirschner/Saak’14]
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| Example: optimal steel cooling

~« ® FEM model
4 TZ Eb, = A6,+Bu, 6,cR"
7 a y = C0
3 i with n =1357 /20209 / 79841 / . ..
_,
: ; [Oberwolfach Benchmark Collection] |
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| Example: optimal steel cooling

Hankel singular values

n = 20209, m=7, p=2©6

9

® X~ RRT, ReRM™37
® Y ~LLT [ cRn*26
9

Reduced system: / = 52

0 50 100 150 200 250
j

Frequency responses Frequency response error

10 ‘ ‘ [ R —— —
— Full order
Ll N T Reduced order
10 ¢ 1
() ()
© _4 ©
210 | =
= £
(@) (@)
(4] (48]
= 407 =
8 — Error system
10 ¢ - = =Error bound
‘ ‘ ‘ ‘ ‘ 107° ‘ ‘ ‘ ‘ ‘
10° 10" 10° 10° 10° 10* 10° 10° 10" 10° 10° 10° 10° 10°

Frequency
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| Outline

® Balancing-related model reduction techniques
# positive real balanced truncation
# bounded real balanced truncation
# numerical methods for Riccati equations

® o o o

|
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| Positive real balanced truncation

® System is passive <= G(s) is positive real
i.e., G(s)+G*(s) >0 foralls € C*

® Positive real Gramians Xpr and Ypgr are stabilizing
solutions of the algebraic Riccati equations

AX + XA +(xct - B)(D +DH Y Xxct - B) =0,
AlY + YA+ (BTY - )Y (D + DN Y(B'Y - C) =0.

® " =./)\;(XprYpr) are positive real characteristic values

— error bound: ||G—Gu. < c (&7, +...+ &)

with ¢ =2[(D+DT) Y2 |G+DT || |G+D" 3.

— passivity is preserved [Green’88, Ober'91] |
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| Bounded real balanced truncation

® System is contractive <= G(s) is bounded real
i.e., I — G*(s)G(s) >0 forall seC™

® Bounded real Gramians Xgr and Yggr are stabilizing solutions
of the algebraic Riccati equations

AX + XAT +(XCT + BDT)(I — DD~ (XCT + BDT)T =0,

AY + YA+ (BTY + DTCY' (1 - D'D)y"Y(BTY + DIC) = 0.

® 7 =./);(XBrYsR) are bounded real characteristic values

— error bound: |G — Gl <2 (€%, +...+€37)

< contractivity is preserved
[Opdenacker/Jonckheere’88, Ober'91] |
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| Numerical methods for Riccati equations

Riccati equation: BBT + AX + XAT + XCTCX =0 ~ X ~ RRT

® Newton’s method [Kleinman’68, ..., Benner/Kiirschner/Saak’16]
Sign function method  [Roberts’80, Byers'87, Benner/Quintana-Orti’99]
H-matrices based methods [ Grasedyck/Hackbush/Khoromskij'03]
Structured doubling algorithm [Li/Chu/Lin/Weng'13]

Structured invariant subspace methods [Paige/Van Loan’81,
Benner/Mehrmann/Xu’98, Kressner’05, ...]

© o 0o @

°

ADI-type methods [Wong/Balakrishnan’05,
Benner/Bujanovi¢/Klirschner/Saak’17]

® L[ow-rank subspace iteration method [Amodei and Buchot’10,
Lin/Simoncini’15, Massoudi/Opmeer/Reis’16]

® Krylov subspace methods [Jaimoukha/Kasenally’94,

Heyouni/Jbilou’08, Simoncini’16] |
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| Conclusions

® Balanced truncation for continuous-time systems
# energy interpretation
# system-theoretic properties are preserved
# global computable error bounds
9

using modern numerical linear algebra algorithms for
solving large-scale Lyapunov and Riccati equations

® Balanced truncation for discrete-time systems
Expi1 = Az 4+ Bug
yr = C'op + D uy [Al-Saggaf’86]
o (Gramians satisfy the discrete-time Lyapunov equations
AXAT — X = —-BBT, ATYA-Y = -C'C,
which can be solved by the squared Smith method [Smith’68]

» error bound: ||G — G|y <2 (&pyq +...+ &) [Hinrichsen/Pritchard’90] |
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| Conclusions

® Other balancing-related model reduction techniques

# linear-quadratic Gaussian truncation [Jonckeere/Silverman’83]
o stochastic balanced truncation [Desai/Pal’88, Green’88]
» frequency weighted balanced truncation [Enns’84, Zhou'95]
# fractional balanced truncation [Ober/McFarlane’88, Meyer’'90]
o Cross-Gramian balanced truncation [Fernando/Nicholson’84]

® Balanced truncation for systems with many inputs or outputs
[Benner/Schneider’10]

|
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| Outline

Part |
® Model order reduction problem

#® Balanced truncation model reduction
® Balancing-related model reduction techniques

Part Il
® Balanced truncation for differential-algebraic equations

® Balanced truncation for second-order systems

Part Il
#® Balanced truncation for parametric systems

® Related topics and open problems

|
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| Balanced truncation

Idea: Balance the system (A, B,C, D) and truncate the states
corresponding to small Hankel singular values

Algorithm:
1. Solve the Lyapunov equations
AX +XAT'=-BB', ATY +Y A=-C'C
for X ~RRT and Y ~LL".

21

2. Compute the SVD LR = [ U7, U2][ 5
2

][Vh V],

with %) = diag(é1,...,&), o = diag(Errr, .-+, &n).

~ o~ A~ A~

3. (A, B,C,D)=(W!AT, W!B, CT, D) with

W =LU,S; Y2 e R, T =RV, 2/ e RPxC, |
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| Outline

o
o
o
o

Balanced truncation for differential-algebraic equations
» properties of DAEs

» proper and improper Gramians

o proper and improper Hankel singular values

# numerical methods for projected Lyapunov equations

’ |
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| Linear DAE control systems

Time domain representation

where FE, Ac R"" BegcRW™m (CecRP™ D¢ RpPX™,
AE — A is reqular (det(AE —A) £0).

Frequency domain representation

Laplace transform: u(t) — w(s),  y(t) — y(s)
— y(s) = (C’(SE — A7 B+ D)u(s) + C(sE — A)"1Ez(0)

with the transfer function G(s) = C(sE — A)"'B + D |
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| Applications

® Multibody systems with constraints

® Semidiscretized Stokes equation
Eyp Of|v| [Ann A || Vv ]|, |B1 ) '/f
. - u =
0 0 P A21 0 Y B2 - ' 1
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| DAEs are not ODEs! [petzola’s2]

® DAEs may have no solutions or solution may be nonunique

® |Initial conditions x(0) = x¢ should be consistent
~»  distributional solutions

® Control u(t) should be sufficiently smooth
~» distributional solutions

® Drift off effects may occur in the numerical solution

® Index concepts:

differentiation index, geometric index, perturbation index,
strangeness index, structural index, tractability index,

unsolvability index, ...
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| Model reduction problem

Given a large-scale DAE control system

U

Where E,A E ]R’I’LX’I’L, B E RnXm, C 6 Ran, D E RpXm,

find a reduced-order model

where E. A c R™>!, BeR>m (CecRPX!, DeRPX™ (< p. |
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| Decoupling of DAEs

Weierstral3 canonical form:

E=T
0 N

I
O}Tm A=T

J 0 T

]

where J —Jordan block ( A;(J) are finite eigenvalues of A\AE—A ),
N —nilpotent ( N*=!1 40, NV =0 ~ wvisindex of \E—A).

Slow subsystem Fast subsystem
#1(t) = J 21(t) + Bru(t) Niy(t) = 22(t) + Bou(?)
y1(t) = Cra1(t) y2(t) = Coma(t) + Du(t)

¢ v—1
= xl(t)zejtflfl(())—l-/ /B u(r)dr | = ma(t) = =) N*Byul (1)
0 k=0

Idea: define the controllability and observability Gramains for
each subsystem and reduce the subsystems separately. |
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| Proper and improper Gramians

Consider the projectors

PT_Tl{I 0

T

T

r Pl:,‘rl

0 0 0 Q =1-P.

I O T:I_PT7
}Tll, Q

® The proper controllability and observability Gramians
solve the projected continuous-time Lyapunov equations

EGpAl + AGp B! = _PZBBTPlTv Gpe = P,Gpc P
ETG,, A+ ATG,,E=—-PICctCP., G, = PGP,

® The improper controllability and observability Gramians
solve the projected discrete-time Lyapunov equations

AGi. AT — EG.ET = Q,BBTQT,  Gi. = Q,GiQY,

A'Gi, A —ETGi,E= Q;CTCQ,, Gio=0Q]GiQ, |
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| Balanced truncation for DAEs

® G-=(F, A B,C, D) isbalanced, if the Gramians satisfy

gpc:gpo:[Z O]a gz’c:gz’o:[o @]

with Z:diag(gl,...,fnf) and @:diag(ﬁl,...,ﬁnoo).

® & =./)(G,ETG,F) are the proper Hankel singular values

0; = \/)\j(gicATgioA) are the improper Hankel singular values

Idea: balance the system and truncate the states corresponding
to small proper and zero improper Hankel singular values.

|
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Ni(t) = x(t) + Bu(t 01 10
0 Q u(t) with N={0 0 1|, B=|0.1
y(t) = Cx(t) 00 0 0

Y

(0.04 |
CT=1 30
1

Improper Hankel singular values 0; = 3.4, 05 =4.7-107%, 63 =0

u(t)=sin(t)

® Reduced-order system: /=2

—_—— =

3
2

12 12]. 105 0 ) A
5 (1) = F(4) & Bu(t

[—1.2 —1.2]”7”(> 0 103]5“>+ u(t)

g(t> — é 53(75) o

® Reduced-order system: /=1

Z(t) = 850 &(t) + 1567u(t)
J(t) = 1.9%(t)

0
0

0.002 0.004 0.006 0.608 0.01
Time t
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| Balanced truncation for DAEs

1. Solve the projected Lyapunov equations for
gpc:R RT, gpo:L LT gzc:RRT gzo:LLT

P p—p? (4 17 171 )
2. Compute the SVD
LTER, =[Uy, U >1 W, Vo]t
D D _ 1 2] 5 [ 1, 2] ’
3. Compute the SVD
LTAR, = [Us, U] | © | Vs, ViIT:

~ ~

4. (E, A, B,C,D)=(WTET, WF'AT, WT'B, CT, D) with

W=[L,U5 %, LU0, T =[RV,57 % RV,0712]. |
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| Balanced truncation: Rroperties

® Asymptotic stability is preserved

#® Error bound:
® G(s)=C(sE—A)"'B+ D =Gg(s) + P(s),
where Gy, (s) = C1(sI — J)~'By s strictly proper,
v—1
P(s) =Co(sN—I)"'By + D =~ CoN*Bys*+D
k=0

~ ~ ~

» G(s)=C(sE—A)'B+ D = Gg(s) + P(s)

=  ||G — Gl < 26, + ...+ &)

~ o~

® Index(F,A) <Index(F, A) |
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| Computing the Gramians

Eigenvalues of the proper Gramians, n=1159

* )‘j (gp0>
—— 2(Gpo)|

® Instead of the proper Gramians compute
their low-rank approximations

Gpe = R,)RT and  Gpo~ L, LT
with ﬁp e R™"*"pe, f}p € R" "o 1y mpo K 1
— use the generalized ADI method [St’08]

eps |

0 30 60 90 120 150 180

® Since r;. =rank(G;.) <vm and r;, =rank(G;,) < vq, compute
the full-rank factors of the improper Gramians

e = RiRsz R, c R and G, = LiL?, L, € R"xTio
— use the generalized Smith method [St’08]

® Projectors P, and P, are required

— exploit the structure of the matrices £ and A |
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| Computing the projectors

[v'] semi-explicit systems (index 1) [St’08]
B E11 E12 . All A12
E_[ 0 0 ] A_[A21 A22]
V'] Stokes-like systems (index 2)
| B 0 | A A
E_lo 0]’ A_[Azl 0]
[v'] mechanical systems (index 3)
7 0 0 0 I 0 |
E=|0 M 0|, A=|D K -GT
0 0 0] G 0 0
[v'| electrical circuits (index 1 and 2) [Reis/St)10,11]

Remark: For some problems, the explicit computation of the projectors can
be avoided [ Heinkenschloss/Sorensen/Sun’08, Freitas/Rommes/Martins’08 ]
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| Example: One-phase transformer

® Mathematical model

0A .
c— +V X (yyVxA) =0 in Qyx(0,7T)

ot
VX WeeVXA) =wi In Q.UQ,x(0,T)
/wTéAdz—l—Ri =u In (0,7)
Q

||||||||

= ot
Axn=0 on 00 x(0,T)
A:AO N i
® FEM model
My 0 0 a1 | Ky Ko X1 |ai] 0|
0 0 0|%lay| = |-Kf —Kyp Xol |ag| + |0 | u
X! X530 i 0 0 —R| | I
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| Example: One-phase transformer

Transform the DAE into the ODE form [ Kerler-Back/St’17]
Ei =A%+ Bu
Yy = Ci
with

A

M+ X, R1X{ X, RXIZ

R aj

— > 0, — S Rnda
ZTX,RXT  ZTX,R'XTZ ! [ZT as
. K11 K127 K9 —1
A=— Y(YTK»Y) Y| KL, KZ]| <0

ZTKT, ZTKpnZ| | ZT Ky (YT KeY) VH Ky, KZ] <0,

~ | X 1 : . T _ Ty \—1/2

— . R, imY = ker X; , 7 = X5(X35 X,) ;

7T X,

C=(XTX,) ' XL (I - KoY (YT K9Y)" YT KLy, K9oZ]| = -BTELA. |
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| Example: One-phase transformer

A A v .
Goal: solve (A4 7F)z = 1} with
U2
. My + X, R'XT X, RIXIZ
E = 1T 1_1 Tl Tl _12 - 7 7 — X2(XgX2)—1/2
Z- XoRX{ Z'XoR X5 Z
A K Ko/ K _
Y A2 Y (YT KyY) YT K1, Koo Z ]
71 Koy ZF Koo/ 7+t Koo
My — K —Kis X1 [z 0y |
® Solve — Koy — Koo X9 2ol = | Zvg .
] TXlT TXQT —R_ | 23 ] 0 ]

® Compute z = [Z? } Note: Y is not required!
22 |
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| Example: One-phase transformer

Hankel singular values

®» n=17733, nyg=7202, n,=12531, m=2
o X%RRT, RER”XmQG
® Reduced system: r = 29
® ity = 180.74 S€C, t,eq = 0.06 SEC
0 %925 5 75 100 125
8 Absolute error and error bound Absolute error in the output
10
107 |
-10
o 10 °
© °
= 2 410
(@] (@]
© ]
£ 10712 S
—error
---error bound 107"
107" e R
10° 10" 102 10° 10° 10* 10° 0 002 004 0068 008 0.1
frequency time

T. Stykel. Balanced truncation model reduction. - p.48



| Outline

®© o o o o

Balanced truncation for second-order systems
# structure-preserving model reduction

# position and velocity Gramians

# position and velocity Hankel singular values

# second-order balanced truncation
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| Second-order control systems

Time domain representation

U M(t) + Dq(t) + Kq(t) = Bau(t) Y
C24(t) + Cig(t) = y(t)

where M,D,K € R"™", By e R"™™ (,Cy € RP*"™,
u € R™ —Iinput, g € R" —state, y € RP — output.

Frequency domain representation
Laplace transform: w(t) — w(s), y(t) — y(s) (¢(0) =0, ¢(0) =0)
— y(s) = (C1 +350%)(s*M + sD + K) ' Byu(s) = G(s)u(s)

with G(s) = (C1 + sCs)(s*M + sD + K) 1By |
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Applications

® \Vibration and acoustic systems

(automotive industry, rotor dynamics, machine tools,
civil and earthquake engineering, ...)

® C(Control of large flexible structures
® MEMS devices design

i Al o
oy b e o e ey Tl i

anger i
High tensile steel >< — :
main cable 4‘} |
A |
— ¥l |

syarrergr vy

;
]
:
1
E|
i
i
|
|
i
H
|
|
i

e

The Tamar Bridge in England

50-Storey Tower in Kuala Lumpuir,
Malaysia
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| Model reduction problem

Given a second-order system

u Mi(t) + Di(t) + Kq(t) = Bou(t) y
C4(t) + Chrq(t) = y(t)

with M, D, K € R"™*", By, € R™™, (), Cy € RP*™,

find a reduced-order model

Nag!

with M, D, K e R, By, e R&*m (4, Cy € RP* and ¢ < n. |
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| Structure-preserving model reduction
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| Second-order = first-order

4
Ez(t) = Ax(t) + Bu(t)
y(t) = Cx(t)
|10 A 0 I 5|0 C=[C1. Gy
0 M ~K -D By
or
—K B
po| P M A= 0 = |77 C=[Cy, Cs]
M 0 0 M 0

Y Y B Y
—  G(s)=(C1+5C)(s*°M +sD+ K) By =C(sE — A)"'B |

runcation model reduction.



| Model reduction of the first-order system

4
Bi(t) = Ax(t) + Bu(t) Ex(t) = Az(t) + Bu(t)
y(t) = Cu(t) y(t) = Cz(t)
pe|! 0 a=| V1 gV C=[Cy, Cy)
0 M ~K -D B,
} } J J
E =WTET A =WTAT B=WwWTB C =CT



| First-order = second-order
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| First-order = second-order

Is it always possible to rewrite a first-order control system as
a second-order control system ?

Answer: NO!
But ...

Wy Ty
f — f—
or W [ WJ and T [ TJ’ we have

0 Wi,

wirT, 0
~WLIKT, —-WIDT,

. , A=WTAT =
0 WiMT,

Y

E=WTET =

B=wTB=1[0, (WIB)T]", C=CT=[CiTi, CoT]

— G=(W]IMT,, WI' DTy, WI'KT,, WI'B,, CiTy, CyT}) |

T. Stykel. Balanced truncation model reduction. -p.57



| Position and velocity Gramians

AXET + ExXAT — —_BBT ATYE + ETY A = —C1C

4 4

Xp X129
X = , VY —
Xig X,

Y, Yio
Ylg Y,

X, — position controllability Gramian
X, — Vvelocity controllability Gramian
Y, — position observability Gramian

Y, — velocity observability Gramian

[Meyer/Srinivasan’96] |
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| Hankel singular values

First-order system:

¢ = \/)\j(XETYE) — Hankel singular values

Second-order system:

&=/ A(XpY) — position singular values

& =/ N(XuMTY,M) — velocity singular values

& = VA (Xp,MTY,M) — position-velocity singular values

&P = V(X)) — velocity-position singular values

[Reis/St.08] |
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| Balancing

First-order system:
(E, A, B, C') Is balanced, if X =Y =diag(&y, ..., &n).

Second-order system:
(M, K, D, By, C1, Cy) is position balanced, if
Xp =Y, =diag(&], ..., &)
(M, K, D, By, C1, Cy) Is velocity balanced, if
X, =Y, =diag(&f, ..., & )
(M, K, D, By, C1, Cy) Is position-velocity balanced, if
Xp =Y, =diag(&", ..., & ).

(M, K, D, By, C1, Cy) Is velocity-position balanced, if

X, =Y, =diag(&”, ..., &' ). |
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| Second-order balanced truncation (SOBTp)

X, Xi2 Y, Yio X, =R RI' X =R RT
1. Compute X = y=|"7 p—hpiops U v
P {Xﬂ XU} YL Y, | Y, =L, L1, Y,=L,LT

M

2. Compute the SVD  R!L, = [Up1, Up [ 2] Vp1, Vi
p

where X, =diag(¢),...,&)) and X =dag(&). ,---,&n);
3. Compute the SVD RI ML, = [U,1, Uy [2’01 5 2] Vo1, Vi ],
where ¥, =diag(¢y,...,&)) and Yo =diag(&) 4, ..., &Y);

3. Compute M =WTMT, D=W'DT, K =WTKT, By, =WT'B,,

C~11 = ClT, 62 — szf W|th V~[/' — LvaZ 1/2 , T RpUplz—l/Q |
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| Properties of the SOBT

® Stability is not necessarily preserved in the reduced model
and, in general, no error bounds

® [For symmetric second-order systems with
M=M">0, D=D">0, K=K!'>0, B=0C!, ¢, =0,
we have
s G(s) =Gl (s)

MM + AD + K is stable

X, =Y,

symmetry and stability are preserved

no error bounds

© o o @

® Position and velocity Graminas can be computed using the

ADI method without explicit forming the double sized matrices |
[Benner/Saak’11]
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Clamped beam model

n ¢ =17 [Oberwolfach Benchmark Collection]
20
Wi *
15} S . ]
* O +
e *
10t + o 1
+ ‘ag{‘+
3 = 5} + &,
=] g *  Full order
g > + BT
& 2 Of| a soBTp
& & o SOBTpv
7} £ 5t " ,
+ N T
—101 - 5 1
15} e ¥ * |
¥
ek ¥
-20 : : :
-2 -15 -1 -0.5 0
Real part
10’ : , ,
——— Error BT
----- Error SOBTp
= = = Error SOBTpv N
100 Ho Error bound BT LAY
(2]
2 5
3 5]
(3]
g 2
<
4 -3
10 L L L 10 L L |
107 10° 10' 10° 10° 107 10° 10' 10° 10°
Frequency Frequency
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| Conclusions

® Balanced truncation for DAEs

» proper and improper Gramians
» algebraic constraints are preserved

» exploiting the structure of system matrices for computing
P, and P, and solving the Lyapunov equations

» other balancing techniques can also be extended to DAEs
[Reis/St./10,11, Mockel/Reis/St’11, Benner/St.17]
® Balanced truncation for second-order systems
» position and velocity Gramians
» second-order structure is preserved
» stability is not always guaranteed
9

no error bounds |
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| Outline

Part |
® Model order reduction problem

#® Balanced truncation model reduction
® Balancing-related model reduction techniques

Part Il
® Balanced truncation for differential-algebraic equations

® Balanced truncation for second-order systems

Part Il
® Balanced truncation for parametric systems

® Related topics and open problems

|
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| Outline

{
X
X
X
X
X

Balanced truncation for parametric systems
# reduced basis method for parametric Lyapunov equations
# parametric balanced truncation

|
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| Model reduction problem

Given a large-scale parametric control system

where E(p),A(p) c Ran, B(p) c Rnxm, C(p) c qun, D(p) c RQXm,
p e P c R? find areduced-order model

~

where E(p), A(p) € R™!, B(p) € R*™ C(p) e RI*¢, D(p) € R&X™,
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| Balanced truncation algorithm

1. Solve the parametric Lyapunov equations
A(p) X (p)E'(p) + E(p)X (p)A'(p) = —B(p)B*(p),
AH(p)Y (p)E(p) + E'(p)Y (p)A(p) = —C"(p)C(p)
for X(p)~ R(p)R’(p) and Y(p)~ L(p)L(p).
2. Compute the SVD

LY(p)E(p)R(p) = [U1(p), Uz(p)]lzl(p)

~ ~

E(p) = WH(p)E(p)T ( ),  Alp) =Wp)Ap)T(p),

~

B(p)
W(p)

3. Compute (E(p), A(p), B(p), C(p), D(p)) with
)

H(p) (
W(p)B(p), C

(p) =
_1 2 = —1/2
LU, ()2 %), T(p) = Ro)Vi(p)S; (). |



| Parametric LXaEunov eguations

® |yapunov equation:
—A(p)X (p)E" (p) — E(p)X (p)A" (p) = B(p)B*(p),

where FE(p), A(p), X(p) € R™*" B(p) € R"*™

® OQOperator equation:
L,(X(p)) = B(p)B'(p),

where L, : Sy — S is a Lyapunov operator

® Linear system:
L(p) z(p) = b(p),

where L(p) = —FE(p) ® A(p) — A(p) ® E(p) € Rnxn,

x(p) = vec(X(p)), b(p) = vec(B(p)B'(p)) € R™ |
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| Reduced basis method: idea

Reduced basis method for £,(X(p)) = B(p)B*(p)

® Snapshots collection:
construct the reduced basis matrix Vi, =[Z%1, ..., Z |, where

X(pj) = Z;Z} solves L, (X(p;)) = B(p;)B(p;)"

® Galerkin projection:
approximate the solution X (p) ~ V, X (p)V,T, where X (p)

~

solves —A(p)X (p)ET(p) — E(p)X (p)AT(p) = B(p)BT(p)
with E(p) = VIE(p)V,, A(p) = VTA(p)V,, B(p) = VI B(p)

Questions
® How to choose the parameters pq,...,pi?

® How to estimate the error &.(p) = X (p) — V, X (p)V,1?
® How to make the computations efficient? |
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| Error estimation

~

Goal: estimate the error &;(p) = X(p) — V. X (p)VkT

Residual Ry (p) := B(p)BT(p) — L,(V, X (p)ViI) = Ly (Ex(p))

® Error estimate

_ Rl F
a(p)

with a(p) := |1£5 15" = it £,(0)]lr = owia(L(2))

|&W)llF < 1L, [ FIIRE (D) |7

® Effectivity of the error estimator

IRellr _ 1L WF _ [£pllr _ 7(p)

LS aE®Ir - e@E@r - o) o)

with () := [|Lpllr = sup [Lp(X)]|F = Omax (L(D))
| X[ =1 |
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| Error estimation

Goal: estimate the error Ei(p) = X(p) — Vk)? (p)VkT

Residual Ry (p) := B(p)BT(p) — L,(V, X (p)ViI) = Ly (Ex(p))

® Error estimate

IRe(@)lF _ IRe()|F

< —1 — < —
1E:@)llF < 1L, |7l Re()|| F ap) = arn) Ag(p)
with a(p) := [|£, 7' = ||Xi|ﬂ:f:1 1Lp(X)||F = omin(L(p)) > ars(p)
® Effectivity of the error estimator
| < Ar(p) _ _ IRe)llr ) _ 2wBp)
~ &) lFr aBW)E@)|F T aLe(p) T aLs(p)

with ~(p) := ||L,|lF = ”Xs|1|1p:1 1L5(X) || P = omax(L(p)) <uB(p)
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| Construction of the reduced basis

Greedy algorithm

Input: tolerance tol, training set Pi,.;n CIP, initial parameter p; €P

® Solve L,,(X(p1))=B(p1)B'(m) for X(p)~Z,Z{, ZeR™"
® Set k=2, AP =1 and V; =73
® while A > tol

Ri._
pr = arg max Ag_q(p) % Ap_1(p) = [Ri—1(p)|
PEPtrain QLB (p)

AP = Ag_1(px)

solve L, (X (pk))=B(px) B (pi) for X(px) = Z,Z;;, Zy eR™"
Vie=[Vi—1, Zk]

k< k-+1
end
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| Offline-online decomposition

Assumption: affine parameter dependence

nNEg nNA np
E(p) = > 0F(pEi Alp)=> 01 (p)Ai, B(p)= > 07(p)B;
1=1 1=1 1=1
ng A
— Lp(X)=> > 0F(p) 0 (p) Lij(X), Lij(X)=—A,XEl—EXAT,
i=1 j=1
np mnp
=>"> 02(p) 07 (p) BB}
1=1 j7=1
Offline: compute the reduced basis matrix V, = [71,..., Z;] € R™*".

Online: for p € P, compute X (p) ~V, X(p)V;/, where X(p) solves

~ ~ ~ ~ ~

~A(p)X(p)E"(p) — E(p) X (p)A"(p) = B(p) B (p)

~ ng ~ na ~ np
E(p):Z%@]E(p)VkTEij, A(p)zzlef(p)VkTAjvk, B(p)zzaef(p)vaBj. |
J= J= )=
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| Computation of the residual norm

IRk(D)% = |B(p)BT(p) — L,(V, X(0)VT) 1%

= Z Z szfg ) trace ( ( BTBf)(BgTBj))

1,7=1 f,g=1

np Ng nNA

+4) ) D 02EB(p) trace (B (B Vi) X (p) (A Vi) B))

1,7=1 f=1 g=1

+2 Z Z 03, (0) trace ((E; Vi)™ (EiVi) X (p) (A;Vi)" (A4Vi) X (p))
1, f=17,9=1

49 Z Z 9;3?9 trace ((EfVj) (Aij)X/(p)(Ez'Vk>T(Ang)X/(p))
1, f=17,9=1

with 077, (p) = 07 (0)0F (0)0F ()05 (0), 0535, () = 0F (0)07 (0)0F ()0 (p),
0;57,(p) = 07 (0)0(p)07 (0)0 (D). |
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| Error estimation: min-¢ approach

Assumption: E(p) = El(p) >0, A(p)+ Al(p) <0 forall pcP
(e.g., 0¥ (p) >0, E,=E!' >0, Nker(E;) ={0} and
02 (p) >0, A, + AT <0, (Nker(A, + A ={0})

Let p € P and
0F (p)o+(p) : 0% ()6 (p)
0°. (p) = min oy f4 —, 0F (p)= max o “24 _
=L 077(p)07(p) i=beme 07(p)05 (D)

Then a(p) > 6°..(0) Amin(—AD) — AT(H)) Auin (E(D)) =: arp(p),

’Y(p) < er?lax(p) )\max(_A(ﬁ) - AT(ﬁ)) Amax (E(ﬁ>) = 'VUB(p)

for all p € IP. [Son/St.17] |
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| Parametric balanced truncation

Offline phase: compute the reduced basis matrices Vx and Vy
for the controllability and observability Lyapunov equations;
compute all parameter-independent matrices.

Online phase: for given p € P,
® solve the reduced Lyapunov equations

— A (p)X()EL(p) — Ex(p)X (p)AL(p) = B(p)B™(p),

~Al(p)Y 0)Ey (p) — EL(p)Y (p)Ay (p) = CT(p)C (p)

~ ng
with Ex(p) = > 95(}?)V§Ejvxa Ax(p) = 93-4(]9)‘/)?14
i=1
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| Parametric balanced truncation

® Compute the SVD

ZE IV Ep)VyZy(p) = > 07 (p)Z3-(p)Vy E;jVx Zx(p)

J 1 j—l

Z@A YW\ VE AV T Zec OV T(

T(p) = ZX(p)V1(p)21(p)_1/2> W(p) = Zy (p )Ul( )S1(p) 2, |
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| Properties

® Preservation of stability

® Computable error bounds

® Approximation does not rely on solution snapshots and is
iIndependent of the training input

® Other error estimation techniques can be used
(e.g., successive constraints method)

® Reduced basis method for parametric Riccati equations
[Haasdonk/Schmidt’15]

|
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| ExamEle: anemometer

FlowProfile

Mathematical model:

Senl. Heater SenR

boundary / initial conditions

FEM model: E(p)t = A(p)x + Bu
y=Cx
with E(p)=FE1+p1E2, A(p)=A1+p2Az+psAs € R"*", p= |:/ﬁlf:|,
CFU

B,CT e R*, n =29008

[Moosmann’07, MOR Wiki] |
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| Example: anemometer

Pirain = {10000 random points}, 20 Greedy iterations
Piest = {50 random points}

RE Convergence history 1072 ‘ Relative errors
——MaXpe p,,,;, Ak contr. ﬂ
- MaXpep,,,., Ak Observ.
10|
10° | 107}
,\G-‘e\—O"e'-o-owe\’o"'Q'—o-ve‘-0—0—\9"0-(; \me
7
10 * | | 107 | * | ‘
0 5 J0 15 20 19 10 20 30 40 50
Greedy iteration step Parameter index

|
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| Example: anemometer

107° ‘ ‘ ‘ ‘ : 6%

<
tl
155:10—1 27%
3
i .
I | | ‘ ‘
0 0 5 e O P 50 Bl LR-ADI [Par.ind.terms [_|Estimate [lllOthers
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| Outline

Related topics and open problems

Balanced truncation for linear time-varying systems

Balanced truncation for bilinear systems

Balanced truncation for quadratic-bilinear systems

Balanced truncation for nonlinear systems |
Balanced truncation for infinite-dimensional systems

T. Stykel. Balanced truncation model reduction. -p.83
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| BT for linear time-varying systems

® For linear time-varying systems
z(t) = A(t)x(t) + B(t) u(t), t e 0,T],
y(t) = Ct)z(t) + D(t)u(t),

the Gramians satisfy the Lyapunov differential equations

X(t) = A(t) X (t) + X(t)AT(t) + B(t)B™(t), X(0) = 0,

~Y(t) = AT)Y(t) + Y (t) A(t) + CT()C(t), Y(T) =0
[Shokoohi/Silverman/Van Dooren’83, Sandberg’02]

— use the BDF or Rosenbrock method combined with the
LDL*-type ADI or Krylov subspace methods [Lang/Saak/St.16]

» projection matrices are time-dependent

o zero initial and final conditions for the Gramians lead to
zero initial and final reduced state
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| BT for bilinear systems

® For bilinear systems [Benner/Damm’11, Benner/Goyal/Redmann’16]

t(t) = Az(t) + Y Nix(t)ug(t) + Bu(t),
k=1
y(t) = Cw(t) + Dult),
the Gramians satisfy the generalized Lyapunov equations

AX + XAT+ > N XN!'=-BB",

k=1
A'Y + YA+ S N'YN, =-C'C.
k=1
— use the ADI or Krylov subspace methods [Benner/Breiten’12]

— (WrAT, WINT, ..., WIN,, T, WI'B, CT, D)

» energy functionals: E,(zg) > z{ X 'z, E,(z0) < x{Yxzy, x0€B(0)

# computationally expensive < use truncated Gramians
# no error bounds
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| BT for guadratic-bilinear systems

® For quadratic-bilinear systems [Benner/Goyal'17]

i(t) = Ax(t) + H (2(t) @ z(t)) + Y Nya(t)ug(t) + Bu(t)
k=1
y(t) = C'x(t) + D u(t)
the Gramians satisfy the generalized Lyapunov equations

AX+ XA+ H(X®X)H!" + > N XN/! = -BB',
k=1

ATY + YA+ (HNY (X @ Y)H® + S NI'YN, = -C"C.
k=1

— use the fix point iteration combined with the ADI method
— (WIAT, W'H(TeT), WNT,... WIN,, T, WI'B, CT, D)

» energy functionals: E,(zo) > z{ X 'z,, E,(z¢) < x{Yxzy, x0€B(0)

# computationally expensive < use truncated Gramians
# no error bounds
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| BT for nonlinear systems

® For nonlinear systems [Scherpen’94, Fujimoto/Scherpen’10]

#(t) = flz(t)) +g(x(t))ult),
y(t) = h(z(t)),

the input and output energy functionals £, (xp) and E,(zo)

satisfy the partial differential equations

OE. 1 OE, 7, O'E. B
oL,

f(z) + h(z)h! (z) =0, E,(0)=0.

ox

o computationally very expensive

|
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| BT for infinite-dimensional systems

® For infinite-dimensional systems
t(t) = Axz(t) + Bu(t),
y(t) = Cux(t) + Du(t)
with A: D(A)cX - X, B:U—>DA*, C: X =),
D:U—Y, where U, X and ) are Hilbert spaces,
the Gramians satisfy the operator Lyapunov equations

2Re(Xv, A*v)x + ||B'v||lf, = 0 forallv e D(A*),
2Re(Av, Yu)x + ||Cv||3, =0 forallve D(A).
[Glover/Curtain/Partingto’88, Guiver/Opmeer’13, Reis/Selig’14]

— use the finite-rank ADI iteration [Reis/Opmeer/Wollner’13]

s errorbound |G —G|n. <2 3 &
j=0+1
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| Conclusion

® General framework for balanced truncation model reduction

» input and output energy functionals

» controllability and observability Gramians
» (Hankel) singular values

» balanced realization

® Properties
» preservation of physical properties
» computable error bounds
» independence of the control

#® Numerical solution of Lyapunov, Riccati, Lur'e equations

T. Stykel. Balanced truncation model reduction. -p.89
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