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Overview Part 1-3

= Introduction

= Motivation of model reduction, basic idea and notions
= Model Problem

« Thermal block, solution structure
= Abstract Problem

= Uniform coercivity, continuity, parameter separability

= Full problem, solution manifold, examples, regularity
= RB Problem

“Primal” formulation, error bounds, effectivities
Experiments
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Overview Part 1-3

= Offline/Online Decomposition
= RB-Problem, error estimators

= Min-theta procedure
= Basis Generation
= Lagrangian basis
= Greedy, convergence rates
= Orthonormalization
= Adaptivity
= Primal-Dual RB Approach
« Output correction
= Improved error estimation

= Nonlinear RB Approach
=_Quadratically nonlinear problems
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Overview Part 1-3

» RB Methods for Instationary Problems

= Projection, error estimation, basis generation
= RB Methods for Nonlinear Problems

= Empirical Operator Interpolation
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= Applications: Burgers equation, 2PF in porous media
» Offline Adaptivity

= Adaptive training set refinement

= Adaptive parameter domain partitioning

= Adaptive time domain partitioning
= Online Adaptivity

=« Online N adaptation and online greedy

= Summary and Conclusion
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Motivation of Model Reduction

= Today: High resolution simulation schemes
= Multitude of applications ‘ ‘
= High dimensional models (PDEs, ODESs)

= Development of accurate schemes

Adaptive grids, higher order schemes
Parallelization and HPC

= High runtime- and hardware requirements
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Visualizaton Paraview

= Goal: Reduced models
= Smaller model dimension, reduced requirements
= Similar precision, error control
= Automatic reduction, not ,manual®
= Realization of complex simulation scenarios
= Multi-query, real-time, ,,Cool"-computing platforms
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Motivation of Model Reduction

= ,Real Time" Scenarios

= Real-time control of processes < Rmmi e

= Graphical user interfaces o o
= Man-machine-interaction e ——
= Interactive design zn om )

= Parameter exploration

,Cool" Computing Platforms
= Simple industrial controllers
« Web-applications / Applets
= Ubiquitous Computing:

Mobile phone, smart devices
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Motivation of Model Reduction

»Multi-Query", High-Level Simulation Scenarios

= Parameter studies, statistical investigations

= Design, Parameter optimization, inverse problems

= Multiscale Settings: Reduced Models as Microsolvers
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| Homogenized Problem |

| Homogenized Problem |
) e | e | e | e | e | g

) e | e | e s | e e
cp||cp||cp|fcp|fce|lcr| cp [RP ][RP [[RP || RP ][RP |[ RP [[RP |

= Stochastic PDEs: Monte Carlo with Reduced Models

SPDE  u(z,w)

ﬂn(x):%(-l—-ﬁ- .. +[R®])

) = Jq u(@,w)p(w)
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Motivation of Model Reduction

= Offline/Online Computational Procedure

= Accept computationally intensive ,offline phase" (reduced
model generation, etc.)

= Amortization of runtime cost in view of multiple online
phases i.e. simulations with reduced model
Multi-query with high dimensional model:

u(p1) w(pe)  u(us) time

Multi-query with reduced model:
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offline phase online phase

— .
time

un (k)
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Motivation of RB-Methods

= Parametric problems:
« Parameter domain P c R? , parameter vector p € P
solution u(x) € X, Hilbert space (HS)
Manifold of solutions M ,parametrized" by ueP
Low-dimensional subspace Xy c X (,RB-Space")
Approximation uy(u) € Xy and error bound A, (1)
X
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Motivation of RB-Methods

= Simple Example: p€P=[0,1]
= Find u(n) € C%([0,1]) (not a HS) satisfying
(14 pu”=1in(0,1), u(0)=u(l)=1
»Snapshots™: wg :=u(u=0)= 12—z +1

I S E——
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up=u(p=1)=122 -1z +1
Xn = span{ug, u1 }

Reduced Solution wuy (i) = ao(p)uo + a1 (p)ur

ao(p) =27 -1, ai(p)=2-35
m w

Exact approximation: un (i) = u(p) for p € P

M is contained in 2-dimensional subspace
(more precisely: M is convex hull of wug,u; )
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Motivation of RB-Methods

= Questions that need to be addressed:

A\

How to construct good spaces Xx? Can such ,procedures
be provably good?

How to obtain approximation ux(u) € Xx? Can we do
better than interpolation?

Efficiency: How can uy () be computed rapidly?
Stability with growing N?

Can we bound the error? Are bounds ,rigorous", i.e.
provable upper bounds?

= Are error bounds largely overestimating the error or can
the , effectivity" be bounded?

= For which problem classes is low dimensional
approximation expected to be successful?
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Motivation of RB-Methods

General References on the Topic

= Electronical Book (PR07)
A.T. Patera and G. Rozza: “Reduced Basis Approximation and A
Posteriori Error Estimation for Parametrized Partial Differential
Equations, V 1.0, Copyright MIT 2007, to appear in (tentative
rubric) MIT Pappalardo Graduate Monographs in Mechanical
Engineering.

= RB-Tutorial (Ha14)
B. Haasdonk: Reduced Basis Methods for Parametrized PDEs —
A Tutorial Introduction for Stationary and Instationary Problems.
Chapter in P. Benner, A. Cohen, M. Ohlberger and K. Willcox
(eds.): “Model Reduction and Approximation: Theory and
Algorithms”, SIAM, Philadelphia, 2017.

= Recent RB Books (Rozza&al 2016, Manzoni&al 2016)
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Motivation of RB-Methods

= Websites:
= augustine.mit.edu: MIT-website
= WWW.morepas.org: german RB activities
=« www.modelreduction.org: german MOR Wiki
« www.eu-mor.net: COST EU-MORNET network
= Software:
« rbMIT: http://augustine.mit.edu
»« RBmatlab, Dune-rb: www.morepas.org
= pYMOR: http://pymor.org
= Course Material:
www.haasdonk.de/data/durham2017

I L]
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Software

= RBmatlab
= MATLAB discretization and RB-library
= 2d-Grids, adaptive n-D grids
= Linear, Nonlinear Evolution Problems
= FV, FEM, LDG Discretizations, RB Algorithms
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Download & Documentation:
WWW.morepas.org

N

NS

= DUNE-RB
= Detailed Parametrized Models, C++ Template lib.
= Extension of Dune-FEM (www.dune-project.org)
= Discrete Function Lists, Parametrized Operators
= Interface to RBmatlab S

o August, 2017 B. Haasdonk 15/123



Model Problem: Thermal Block




University of Stuttgart lans-;
Germany N.:’“ and Numerical Simulation

Model Problem

Insmute of Applied Analysis SImTECh

I S E——
Cluster of Excellence

= Thermal Block
= Slight modification of [PR06]
= Heat conduction in solid block
=« Computational domain Q = (0,1)?
« Partition in B; horiz., Bs vert. subblocks
Q=U, p:=DB1-B

= Parameters: heat conductivity coefficients
= (i)—1 € [Hmin, Bmaz)Ps  Hmin = MT:M
= Governing PDE
V- k(pu)Vu=0 inQ k(s p) =32, i
u=0 onIp
E(u)Vu-n=i¢ onTp; i=0,1

€(0,1)
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Model Problem

= Weak Form:
= Solution space

X = H},(©) = {ve H'Q)| vlr, =0}
« Weak form: find u(u) € X such that
/ k(p)Vu(p) - Vo = / v, veX
Q 'y

a(u(p),v;m) f(vsp)
= Possible output of interest: average bottom temperature

s(p) ==/F u(z; p)d = L(u(p); 1)

o u
University of Stuttgart 1ans % Institute of Applied Analysis SI mTECh
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= Compactly written by means of bilinear form a(-,-; 1) and
linear forms f(;p),l(;p) € X'
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Model Problem

= Solution Variety:

= Simple solution structure:
if By =1 (or B; >1andall x; ineach
row identical) the solution exhibits
horizontal symmetry, is piecewise
linear, can be exactly represented in a
finite dimensional space, although the
full problem is infinite dimensional.

Exercise 1: Find and prove an explicit solution
representation in a Bs -dimensional linear space
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Model Problem

= Solution Variety:

= Complex solution structure: |
if B, >1 the solution isin |
general nonsymmetric,
complexity increasing
with Bi1, B>

» Parameter redundancy: manifold is invariant with respect
to scaling of the parameter vector:
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Lr=cp€P,c>0 = u(l)=2u(p).

Important insight: More/many parameters do not
necessarily imply complex manifold structure

Exercise 2: Provide a different parametrization of k(x; ) in the thermal block,
such that the model has arbitrary large number p > B; - By of parameters, but
only 1-dimensional solution manifold.
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= Notation
= X Hilbert space (real, separable), scalar product ("),
norm
o] == V/(v,0), veX
« Dual space x’ with norm
glv
llgllx == sup Q, ge X'
veX\{0} [[v]|

For all g€ X' denote Riesz-Representer by v, € X :
g(v) = (vg,v), ve€ X (Representer property)

llgll 5 = llvgll (Isometry of Riesz-map)

Parameter domain P c R?
bilinear form and linear forms

a(5p): X x X - R feip) i) €X', peP
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Abstract Problem

= (Al): Uniform Boundedness and Coercivity of a(-,; x)
= a(-,-;p) is assumed to be coercive, i.e.

a(v, v; )
veX\{0} ||u||2
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ap) =

and the coercivity is uniform wrt. » , i.e. there exists @ with
alp)>a>0, peP.
= a(-,-;p) is assumed to be bounded (continuous), i.e.
a(u,v; @)

yu) == sup g <00
W)= S Tl ol

and boundedness is uniform wrt. », i.e. there exists a 7 s.th.
Y(p) <y <oo, peP.
= Remark: a(-,-;1) may possibly be nonsymmetric
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Abstract Problem

= (A2): Uniform Boundedness of f(;u),i(;; 1)
= f(:;p),1(-; ) a@re assumed to be uniformly bounded wrt. 1 :

IfGllx < Gl <5, pEP.
for suitable constants 7, ¥¢
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= Remark: Possible Discontinuity wrt.
« Example: X =R, P :=0,2]
lx;p) = X[1,2] (1)
I(-;1) is linear and bounded, hence a continuous linear

functional with respect to x, but it is discontinuous with
respect to ¢
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Abstract Problem

= (A3): Parameter Separability
=« We assume the forms a, f,l to be parameter separable:

I S —
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a(u,v; ) 29“ wag(u,v), w,veX,peP

for suitable b|||near contlnuous components a, : X x X - R
coefficient functions 05 : P - R,q=1,...,Q,, and similar
expansions for f,! with linear functionals f¢,!s and
coefficient functions ¢f,6, and expansion sizes Qy, Qi

= Remark:

= Q.,Qf,Q; should be preferably small, as they will enter
the online computational complexity.

« This property also is referred to as ,affine" parameter
dependence (which is slightly misleading)

ot August, 2017 B. Haasdonk
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Abstract Problem

= Sufficient Criteria for (A1), (A2)
Assume that we have parameter separability (A3) then
= If coefficient functions 62,67, 6. are bounded, then the
forms q, f,1 are uniformly bounded with respect to 1 :

05w <C = f Gl < SH Ol =7

= If coefficient functions are strictly positive, 05(u) >0 >0, Vu,q
components a, are positive semidefinite, a,(v,v) >0, Yov,q
and a(-, ;1) is coercive for at least one iz € P, then « is
uniformly coercive wrt. u

I Exercise 3: Prove sufficient criteria for uniform coercivity I
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Abstract Problem

= Definition: Full Problem (P)
« For peP find a solution u(u) € X and output s(u) € R
such that

I S E——
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a(u(p),v;p) = f(vsp), YveX
s(p) = Wu(p); )

= Well-posedness: Existence, Uniqueness & Boundedness

= Assuming (A1),(A2) then a unique solution of (P) exists
and is uniformly bounded

2l

WGl
lulll = =20y <

» Proof: Lax Milgram & uniform boundedness/coercivity

gligl
L sl < Gl el < 225

o
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Abstract Problem

= (P) Can both represent
= analytical problem, infinite dimensional (interesting from
approximation theoretic viewpoint, manifold properties)
» discretized problem, high dimensional (important for
practical application of RB-methods), also denoted
»detailed problem™ and ,detailed solution™

= Examples of Instantiations of (P):
= Thermal Block

Exercise 4: Prove, that the bilinear and linear forms of the thermal block model
are separable parametric, uniformly bounded and uniformly coercive. In
particular, provide the corresponding constants, coefficients, components.

o August, 2017 B. Haasdonk 28/123



University of Stuttgart 1ans-; Insmute of Applied Analysis Sl mTECh

Germany [ * and Numerical Simulation

Abstract Problem

= Examples of Instantiations of (P)
= Parametric Matrix-Equation:
For 1 € P find a solution u(u) € R¥ of
A(pu(p) =bp), A(p) € R b(u) e RY
Corresponds to (P) by choosing
X =R a(u,v;p) =u Ay, fv)=bk)"v, uveR”
= Forms by given manifold:
Choose X and arbitrary complicated (discontinuous,
nonsmooth)u : P — X. Then u(u) is the solution of (P) by
a(v,v'sp) i=(v,v')  f(v) = (u(p),v) v, €X
= Note:
= (Al1)-(A3) are not addressed here, output is ignored

= (P) can be used for MOR of finite dimensional matrix
equations, (P) may have arbitrary complex solutions

o August, 2017 B. Haasdonk 29/123
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Abstract Problem

I L]
Cluster of Excellence

= Solution Manifold
M= {u(p), lu(p) solves (P) ,u € P} C X

s Finite dimensional manifold for Q. =1

Exercise 5: If a consists of a single component, @, =1 show, that M is
contained in an (at most) @ -dimensional linear space.

= Boundedness of Manifold
M C Bx; (0)

= Is consequence of the well-posedness-result.
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Abstract Problem

= Lipschitz-Continuity (extension of [EPR10])

= Assume that (A1),(A2),(A3) hold and additionally the

coefficient functions are Lipschitz-continuous,
105 (1) = 05 (1)] < Ll — o' etc.

= Then the forms q, f,1 are Lipschitz-continuous wrt.
la(u, v; 1) — alu,v; )| < La [lull [0l lu = w'l, La= L3>, Ya,

= and the solutions u and s are Lipschitz-continuous with
respect to i

I S E——
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=L
lu(p) — u()| < Lullp— o', Lu= %2 + 15
L
Is(u) = s(u)| < L llp— p'll,  Ls = 2L + 3Ly
| Exercise 6: Prove the Lipschitz-constants for u and s. |
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Abstract Problem

= Differentiability (cf. [PR06])
= Assume that (A1),(A2),(A3) hold and additionally the
coefficient functions are differentiable wrt. .

« Then the solution «:P — X is differentiable with
respect to 1 and the partial derivatives 9,,u(u) € X are
the solution of

(*) a(amu(:u')av;:u') = ﬁ(v;u(ﬂ)aﬂ)’ velX
with u-dependent right hand side
Qr Qa
FiCsu(u) ) = (000 (1) fa() =D (0005 (1)) ag(u(p), s 1) € X',

= Proof (sketch): Solution of (*) uniquely exists with Lax
Milgram, and satisfies conditions for being derivative of u.
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Abstract Problem

= Remarks

= The partial derivatives are also denoted ,sensitivity
derivatives" and the variational problem (*) the
»sensitivity PDE".

= Similar statements are possible for higher order
derivatives: right hand side of sensitivity PDE depending
on lower order derivatives.

= Sensitivity derivatives are useful for Parameter
Optimization: RB model for sensitivity PDEs yields gradient
information [DH13,DH13b].

= The more smooth the coefficient functions, the more
smooth the solution manifold

« With increasing smoothness of the manifold, we may hope
and expect better approximability by an RB-approach.

S E—
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RB Method

= Reduced Basis / RB-Space
= Let parameter samples be given
Sy ={uM, ...,y cp
= Define ,Lagrangian® RB-Space and Basis

Xy = span{u(u)}Y, =spandy, @y :={p1,...,on}
= Remarks:
= RB may be identical to snapshots, or orthogonalized.

= Other MOR-Techniques: A RB-space may also be chosen
completely different/arbitrary, as long as it is a N-dimensional
subspace: Proper Orthogonal Decomposition (POD) [Vo13],
Balanced Truncation, Krylov-Supspaces, etc. [An05]

= For now: Simple choice of samples: Random or equidistant
samples, assuming linear independence of snapshots.

= Later: More clever choice: a-priori analysis / greedy

ot August, 2017 B. Haasdonk
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RB Method

= Definition: Reduced Problem (Py)
=« For p€P find a solution uy (1) € Xy and output sy(p) € R
such that

a(un(p),vsp) = flosp), Vv € Xn
sy () = Uun (1) 1)

= Remarks:

= The above is called ,Galerkin® projection, as Ansatz and test
space are identical (in contrast to ,Petrov-Galerkin® required
for non-coercive problems)

= Improved output estimation is possible by primal-dual
technique: see later section.

= ,Galerkin Orthogonality": Error is a-orthogonal to RB-space:
a(u—un,v) = a(u,v) —aluy,v) = f(v) — f(v) =0, veXn

o August, 2017 B. Haasdonk 36/123
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RB Method

= Well-posedness: Existence, Uniqueness & Boundedness
« Identical statement as for (P), even with same constants:

= Assuming (A1),(A2), then a unique solution of (P,) exists,
and is uniformly bounded

ol < PE0se < 2 o)) < s o) < 222
= Proof: Lax-Milgram is applicable, as continuity and
coercivity is inherited to subspaces:

awwp) o e G

€ X\0} Jlul® T wex\o) u®
a(u, v; alu, v;
sup alu, v p) < sup alu,vip) _ ~(1)
wwexx\{o} el vl wvexioy llull (vl

then same argumentation as for (P) applies.

I S —
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RB Method

= Discrete Form of RB Problem
= For given <€ P and basis &y = {¢;}Y, define

An(p) = (alpss pis w)hjoy € RN
() = (Flei )y, Inv(p) = (pis )y € RY
= Solve the following linear system for wy (1) = (un;)}-, € RY
An(wun () = fn (k)
= Then the solution of (Py) is obtained by
p = i“NﬂPa‘a sn (k) = Up) "un (u)

= Proof: This represe_ntation of un(u) fulfills (Py) by linearity

I S E——
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RB Method

= Algebraic Stability by Using Orthonormal Basis

w If a(-, ;) is symmetric and @ is orthonormal, then the
condition number of Ax(u) is bounded (independent of N)

con = |lAN N e
2 (Ax() = | An ()l An(e) | < 28

= Proof: symmetry = conda(AN) = Mnaz/Amin
Let w = (u;)N, be EV for Ames and set w:=>N, wip; € X
Orthonormality yields

lull® = (s wipi, g wies ) = S iy o3} = ¥y = Il
Definition of Ax and continuity yields
Ao [ull” = u Ayu = a (5, s, 3, 505 ) = alu, w) < 5(a)

Hence Mo <~() , similar Apin > ap)

I S E——
Cluster of Excellence
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RB Method

= Remark: Difference FEM/RB

= Let A(u) denote the FEM (or Finite Volume, Discontinuous
Galerkin) matrix

« The RB matrix Ay (x) € RV*¥ is small but typically dense
in contrast to the typically sparse but large matrix
A(p) € RFTXA

« The condition of Ax(x) does not deteriorate with N (if
using orthonormal basis, e.g. by Gram Schmidt), while the
condition number of A(u) typically grows polynomial in H.
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RB Method

= Relation to Best-Approximation (Lemma of Cea)
= For all u € P holds

[u(p) —un(p)l < (

» Proof: For all v € X continuity and coercivity result in

I S E——
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o) —ol

allu— uN||2 <a(u—un,u—uy)

=a(u—un,u—v)+a(u—un,v—uy)

=0
= a(u—un,u—v) <ylu—un|[lv—uy|

Where a(u —un,v—uyn) =0 follows from Galerkin
orthogonality as v —uny € Xn

ot August, 2017 B. Haasdonk 41/123
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= Remarks:

= ,Quasi-optimality": RB-scheme is as good as best-approximation
up to a constant.

= Implication: Approximation scheme and space are decoupled:
Find a good approximating space (without RB-scheme) you are
sure, that the RB-scheme performs well.

= Similar best-approximation bounds are known for interpolation
techniques (via ,Lebesgue"-constant). But for interpolation
techniques (e.g. polynomial) these constants diverge to infinity
for growing dimension of the approximation space.

= In contrast: the bounding constant in RB-approximation does
not grow to infinity with growing dimension. This is a
conceptional advantage of Galerkin projection over interpolation
techniques.
Exercise 7: Assuming symmetric a, the Lemma of Cea can be sharpened

by a squareroot in the constants. (Hint: Energy norm, introduced soon)
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= Error-Residual Relation

= The error satisfies a variational problem with residual as
right hand side:

= For u € P we define the residual r(-;p) € X’ via

I S E——
Cluster of Excellence

r(vsp) = f(vip) — a(un (), vip), veX
Then the error e(u) := u(u) —un(u) satisfies
ale(p),v;p) =r(v;p), veX
= Proof:
ale,v) = a(u,v) — alun,v) = f(v) — alun,v) =r(v), veX
= Remark: Residual vanishes on the RB-space:

ve Xy =rw):=fv) —alun,v) = alun,v) — alun,v) =0
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= Reproduction of Solutions
o If w(p) € Xy forsome peP then uy(u) = u(u)
= Proof: e(u) = u(u) — un (1) € Xn hence
allel’ < ale,e) =r(e) =0
= Remark:

= Reproduction of solutions is a basic consistency property.
Holds trivially, if error-bounds are available, but for some
more complex RB-schemes this may be all you can get
and a good initial consistency check.

» Validation of Program Code: Choose Basis by snapshots
i =u(u®),i=1,...,N
Then we expect un(u?) =e; € RN to be a unit vector
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= Uniform Convergence of RB-approximation
= Assume Lipschitz-continuity of coefficient functions, then

u(p) and ux(u) are Lipschitz-continuous with L,
independent of N.

« Assume {Sn}wen to be sample sets getting dense in P ,

I S E——
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Jfill distance™ hy := sup dist(p, Sy), lim hy =0
HEP N—oc0

= Then for all x and ,closest" p* :=argming,cg, || — 1/
Ju(p) —un ()l < llup) = u(p)| + llu(e”) = un (@) + v (@) = un (@)l
< Lyllp =gl +0+ Lyl — p|| < 2hnLy
= Therefore, we obtain  lim sup |ju(p) — un(u)| =0
N—oo,cp

= Note: Convergence rate linear in hx is of no practical use
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= Coercivity Constant Lower Bound

= We assume to have available a rapidly computable lower
bound for the coercivity constant

0<arp(p) <olp), peP
= We assume this to be large, w.l.o.g. a < ars(p)
(otherwise simply set ars(u):=a )
= Continuity Constant Upper Bound

= We assume to have available a rapidly computable upper
bound for the continuity constant

yos(p) =¥, HEP
« We assume this to be small, w.l.0.g. 5 > vu5(p)
(otherwise simply set vup(p) =75 )
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= A-posteriori Error Bounds
« Forall P holds

lu() —un ()| < Au(p) = G )l xe

OéLB(M)
Is(r) = sn ()] < As(p) == (|10 )l o Aulr)
» Proof: testing the error-residual egn. with e yields
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2
arp(p) llel” < ale,e) =r(e) < [Irfx. lle]

division then yields the bound for u.
Bound for output error follows with continuity

s — sl = [l(w) — Wun)| = [l(u = un)| < 1G5 )l xr Aulp)

= Note: Output bound is coarse, can be improved (see later)
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= Remark:

General pattern: Derive error-residual relation, then apply
stability statement to obtain an error bound.

If u is the continous solution in infinite X, then the bound
is ,a-priori*, as the residual norm is not computable.

In case of RB methods: If u is the FEM solution in finite-
dimensional X, the residual norm is computable, hence the
error bound turns into a computable quantity.

It is ,a-posteriori™: reduced solution must be available.
»Rigorosity": As the bound is a provable upper bound on
the error, the bound is denoted ,rigorous" in RB methods
(corresponding to ,reliable®™ error estimators in FEM
literature)

RB method with a-posteriori error control is denoted a
Jcertified* RB method

oth August, 2017
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= Vanishing Error Bound / Zero Error Prediction
= If u(p) =un(p) then A,(u)=As(n) =0
= Proof:
e=0=0=ale,v)=r() = ||y, =0=> A, =0= A, =0
= Remark:

=« Initial desired property of an error bound: Bound is zero if
the error is zero. This may give hope, that the error bound
is not too conservative, i.e. not too large overestimating
the error.

= The statement is trivial in case of ,effective" error bounds
as seen soon. But if no ,effective™ error bounds are
available for a more complex RB scheme, this may be as
much as you can get, or a useful initial property of an
error estimator.

« This property is again useful for validating program code
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= (Uniform) Effectivity Bound

= The ,effectivity" n.(n) of A,(w) is defined and bounded by

(&) yus(®)
(1) = gy S 2y <L, MeEP

= Proof: Test error egn. with Riesz-repr. v, € X of residual:

2
[or]]” = (vr, vr) = r(vr) = ale, vr) <yus(W) lle]l |lor|

Therefore Lzl < yyp(s) and
Au(p) _ el s 7
1K) = TGl = aralolel < ars(n) = a
= Remark

= Upper bound on the effectivity can be evaluated rapidly
= Related notion ,efficiency" in FEM literature.
= ,Rigorosity" of error bound implies 7.(u) > 1

ot August, 2017

B. Haasdonk 50/123



University of Stuttgart Ians Insmute of Applied Analysis Sl mTeCh

Germany ** and Numerical Simulation

RB Method

= Relative Error Bound and Effectivity (cf. [PR06])
« Forall xeP holds

() ~un (] _ gty g Pl

1
[~ arp(p)  [un(pl

rel Art(p) us(p)
) = e TGl =2 s ()

under the condition that A7¢!(u) <1
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<3

Q|.\Q|

| Exercise 8: Prove this relative error bound and effectivity bound |
= Remark:

= Relative bounds are typically only valid if the bound is
sufficiently small. If these are not small, the RB space
should be improved.
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= Remark: No Effectivity for Output Error Bound

= Without further assumptions, one cannot expect a
bounded effectivity for the output error estimator A;(u)

« Example: Choose Xy and p such that wun(p)# w(p)
Then also e(u), r(u), Au(u), As(1) are nonzero.
Now choose ! such that

l(u—un)=0=s(u) —sn(p) =1l(e) =0

As(p) i i
Hence 7= my is not well defined.
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= (A4) Symmetry:

= For the remainder of this section, we additionally assume,
that a(-, ;1) is symmetric.
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= Energy norm

« For symmetric, coercive, continuous a(-, ;1) we define
the (©-dependent) energy scalar product and norm
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(u,v),, = a(u,v; p) o], == /(vv),, w,veEX
= Norm Equivalence
= We have

Vo) llull < flull, < vy llull, weXpeP

= Proof: Coercivity and Continuity imply

a(p) lul® < alu,u; ) < () [|ul®
——

— 2
=llull;,
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= Energy Norm Error bound and Effectivity [PR06]
= For € P holds

L1} 1]
Cluster of Excellence

(i) = un (), < AT () = w

aLB
AT (p yuB (1) \/7
) = = €
) Tula )_uN ”aLB ™ peP

= As % >1 this is an improvement by a squareroot
| Exercise 9: Prove this energy error bound and effectivity bound |
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= Remark: Possible Improvement by Changing Norm

= By choosing i € P and setting [|ul| := [lu[[, as new norm on
X, we get

I S E——
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a(p) =1=1(n)

= The RB-approximation is not affected
= But the error bound and effectivities are improved:
They are optimal in z : A.(@) = |le(@|, nu(@) =1
and (assuming continuity) almost optimal in the vicinity of z

In the following: return to arbitrarily chosen norm on X
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= Improved Output Error Bound & Effectivity, Compliant Case

= Assume that a(-,-;u) is symmetric and f = (the so called

~compliant" case), then we obtain the improved output error
bound and effectivity
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| 2

0 < s(1) — s () < AL() i= W
vy Ap) YuB(k) _ ¥
M) = S0 () = ans(e) = @

= Remark:

= Proof: Follows later from more general statement
= The bound gives a definite sign on the error: sy (x) < s(u)

= This output error bound A’(u) is better as it is quadratic in |7 x-
while A,(p) is only linear

=« The thermal block is a ,,compliant" problem.
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) Figure 1: detailed simulation

= Thermal Block Fie Edt View Insert Tooks Deskiop Window Hebp —
= rb_tutorial(1):
Full simulation, solution
variety as seen earlier
= rb_tutorial(2):
Demo gui for o
full simulation:
= rb_tutorial(3)
All steps for generation O
of reduced model and : ‘:
timing

-z |
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= Error Estimator and True Error
» rb_tutorial(4): Lagrangian basis for N=5 B, =B, =2

error estlmator by parame!er sweep

Sy =(0.1,0.1,0.1,0.1) 10’
—estlmatorA (u)
(0.5,0.1,0.1,0.1) 10° #  true error Ju-uy |
(0.9,0.1,0.1,0.1) ;
(1.3,0.1,0.1,0.1)
(1.7,0.1,0.1,0.1) oy

error/estimator
3
v

= Parameter sweep for
estimator is cheap

= Estimator and error are

zero for samples ' . :
P * *
= Estimator is upper bound Y ‘ ‘ ‘ ‘
0 05 1 15 2 25 3 35 4
of true error mut

= For small parameters larger error,
hence more samples would be required

ot August, 2017 B. Haasdonk
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» Effectivity and Bounds:
« rb_tutorial(5)

effectmty over parame(er

O‘(N) = mll’l(/j,l) =0.1 * effectlvnyA/\u uyl

35 — upper bound y(u)/ou(t)
V(p) = max(u;) =

%

« Effectivities are good, only =
order of 10 w

= Effectivity upper bound s
is verified , ‘ .

= Effectivity undefined for M
basis samples (division
by zero)

9" August, 2017 B. Haasdonk
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= Error Convergence:
« rb_tutorial(6): B, =B, =3, u=(u,1,1,1...,1)

= N equidistant samples 1 € [0.5,2]
= Gram-Schmidt orth.

= Test-error/estimator:
maximum over
random test set

Stest cP ‘Stest| =100

test error decay for growing sample size

error/estimator
3

= Exponential error/bound
convergence observed
= Upper bound very tight ‘ ‘
= Numerical accuracy limit * camplotbasis Size N
for estimators
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= Error Convergence:
= Gram-Schmidt orthonormalized basis: rb_tutorial(7)

n=1 n=2 n=3 n=4

— Sk

n=5 n=6 n=7 n=8
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= Offline/Online Decomposition

offline phase online phase

— .
time

uN(:ul)a .- 'auN(:uk)

= Offline Phase:
= Possibly computationally intensive, depending on H := dim(X)
= Performed only once
= Computation of snapshots, reduced basis, Riesz-representers
and auxiliary parameter-independent low-dim. quantities
= Online Phase:

= Rapid, i.e. complexity polynomial in N, Qq,Qf,Q;, independent
of H

= Performed multiple times for different parameters

= Assembly and solution of RB-system, computation of error
estimators and effectivity bounds.
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= Required: Discretization of (P)
= Space X = span{t;}Z, , high dimension H := dim(X)
= Inner Product Matrix K := ((3;,9;))F,_; € RExH
= Assume component matrices and vectors
A= (aq(¢ja¢i))£[j:1 € RHxH
fo= (o)L, e RH Iy = (lg(i)L, e RE
= For any i € P evaluate coefficients & assemble full system

A(p) =% 02 (A, f) =220 05 (W) Fg W) =9 6L ()L,

= Solve linear system A(u)u(p) = f(u) for w(p) = (w)E, € R¥
= Obtain solution of (P): w(y) = 7wy, s(u) :=1"u

= Remark:
« Components may be nontrivial for third-party-software!

ot August, 2017 B. Haasdonk 65/123



University of Stuttgart 1ans-; Insmute of Applied Analysis Sl mTECh

“ Germany [ * and Numerical Simulation

Offline/Online Decomposition

I S —
Cluster of Exceller\ce

= Offline/Online Decomposition of (Py)

« Offline: After the computation of a basis ®x = {p;}¥,

construct the parameter-independent component matrices
and vectors
ANy = (aq(‘Pja<Pi))z]‘\,[j:1 e RVXN

Fng = (falo)y € RN Iy g = (g(gs)) Y, € RY

« Online: For given 1 € P evaluate the coefficient functions
and assemble the matrix and vectors

Za 1) AN, g, Ze W ng  In Ze Mg

Th|s exactly gives the dlscrete RB system Ay (u)u N( ) = Fn(w)
stated earlier, that can then be solved and gives un (), sn(p)
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= Remark: Simple Computation of Reduced Components

=« The reduced component matrices/vectors do not require
any space-integration, if the high dimensional components
are available:

= Assume expansion of reduced basis vectors
H
i =D iz1 Pij¥i
With coefficient matrix
@N (801])1] 1 € RHXN

= Reduced components are then simply obtained by
matrix-matrix/matrix-vector multiplications

AN,q = (I)’Z]\—}AQ(PNa fN,q = ‘I)qz\}fqa Ing = ‘I’glq
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= Complexities of (Py)
= Offline: O(NH? + NH(Q; + Q) + N>HQ,)
= Online: O(N3+ N(Qf + Qi) + N2Q,) independent of H
= Runtime Diagram ¢
« Runtime for k& simulations
« With (P): t =k tru
& With (Py):t = fof frime + & - tontin (Pw)
= Intersection

P)

k* = toffline
trull—tonline

k* k
= ACHTUNG: RB Payoff only for ,multiple" requests

= RB model offline time only pays off if sufficiently many & > k*
reduced simulations are expected.
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= Remark: No Distinction between » and ux

= Remember, we did not discriminate in (P) between the
true weak (Sobolev) space solution « and the fine FEM
solution, say u, (we only do this for this slide). This can
be motivated by two arguments:

« 1. In view of the independency of the online phase on H,
we can assume |lu — uy|| arbitrary small, hence H arbitrary
large (just let the offline phase be sufficiently accurate)
without affecting the online runtime.

« 2. In practice, the reduction error will dominate the overall
error, the FEM error is neglegible ¢ := |ju — up| < ||Jun — un|

Then it is sufficient to control ||ur — unl||

up (1)
lun —unll —e < Jlu —unl| < flun —unll +¢ UN (M) gm0

u(p)
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= Requirements for Error and Effectivity Bounds
We require offline/online decompositions of the following
quantities if we want to compute a-posteriori and effectivity
bounds rapidly:
= Dual norm of the residual |[I7(;1)llx. for all error bounds

« Dual norm of output functional [/i(:; )|y, for output error
bound A, (u)

= Norm of RB-solution [[un(x)|| for relative error bound A7 (u)

= Lower coercivity constant bound azs(u) for all error and
effectivy bounds

= Upper bound for continuity constant yuz(r) for
effectivity upper bound
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= Parameter Separability of Residual
» Set Q- := Qs+ NQ, and define r, € X’,q=1,...,Q, via
(ri,--5r@) = (fio- -5 fop a1(p1, ), -y aQ, (w1, ),
5 a1(PNy)s -5 aQ, (PN )

Let un () = YN, unips  be solution of (Py)
= Define 0;(1),q=1,...,Q, via

07, 00,) == (9 O 08 N, 03 u,

..,—0%-uNN,...,—022a -uNN)

» Let v,,v,., € X denote the Riesz-representers of r,r,
=« Then r,v,. are parameter separable via

Q’F Q’V‘
vip) =Y 0y ()rg(v), vep) =) Oh(wvrg, pePveX
q=1 q=1

» Proof: By definition and linearity
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= Computation of Riesz-Representers

» Recall: X =span{y;}, , K := (wi,qﬂj))%:l
=« For g€ X' the coefficient vector v = (v;)2, € R of its
Riesz-representer v, = -7 v;4); € X is obtained by
solving the sparse linear system
Kv=g
with right hand side vector g = (g(v;))Z,
= Proof: For any u=Y"", wy; with coefficient vector u = (u;),
we verify

Zuzg 1/’1 =u’ g= uw' Kv = <Zuz¢zazvﬂ~/}j> Uga
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= Offline/Online Decomposition of Dual Norm of Residual

= Offline: After the offline-phase of (Py) we compute the
Riesz-representers v, , € X of the residual components
r, € X' and define the matrix

G, = (Tq(vr,q’))ggle € ROrxQr

= Online: For given 1 € P and RB-solution ux (1) compute
the residual coefficient vector 6,.(u) := (65 (u), . .., 65 (1)) and

”T(';V’)”X’ = OT(N)TGTBT(M)
» Proof: G is symmetric as r,(v,.q) = (vyq,vr¢), then

IrCs )% = lorlI* = (S0 O (n)vrgs S O ()0 ) = 6, ()T G6r(1)
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= Offline/Online Decomposition for [|i(-;x) x-
« Completely analogous as for dual norm of residual:

» Offline: compute the Riesz-representers v, € X of the
output functional components i, € X’ and define

Gy 1= (lg(vg))gy—y € RO

= Online: For given 1 € P compute the output coefficient
vector 6;(u) := (6 (u),...,05,(1)) and

11G; )l = /0 (1) T Gi6i(1)
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= Offline/Online Decomposition for [lux(w)]|

« Offline: After the basis generation, compute the reduced
inner product matrix

KN = ({pi, 0))N;y € RNV

= Online: For given 1 € P and RB solution uy (1) with
coefficient vector uy (1) € RV we obtain

lun ()]l = vun () TK yun (1)

= Remark
= Simple computation via basis matrix multiplication:

Ky =dLK®y

ot August, 2017 B. Haasdonk 75/123



University of Stuttgart lans-; Insmute of Applied Analysis Sl mTeCh

“ Germany [ * and Numerical Simulation

Offline/Online Decomposition

I S E——
Cluster of Excellence

= ,Min-Theta"™ Approach for Coercivity Lower Bound
= One approach that can be applied in certain cases:
= Assume that the components satisfy aq(u,u) >0,¢g=1,...,Q.
and the coefficients fulfill 2(n) >0,q=1,...,Qa
Let & € P such that a(z) is available.
= Then we have

0<arp(p) <alp), neP

with the lower bound

arp(p) == a(f) - min

= (No symmetry required)
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= Computation of a(x) for (P)

= In offline-phase some evaluations of a(x) may be required,
e.g. for Min-theta or other procedures.

= Let A= (a(y;,vip)f_, and K = ((;,¥;))_, be given.
Define symmetric part A, :=1(A+ AT), then

a(,u) = )‘min(K_lAS)
= Proof: Assume K = LL” , use substitution v = L7« in
o) = a(u,u) o @ A u v LA, LT

ueX Hu”2 T werd uTKu | wverH v

Hence, alpha minimizes Rayleigh-quotient, i.e.
a(p) = )‘min<L_lAsL_T)
KA, and L7 'A,L~T are similar thus have identical A\min :
LYK 'AN)L T =Lt 'A,L " =LA, LT

o August, 2017 B. Haasdonk 77/123




University of Stuttgart 1ans-; Insmute of Applied Analysis Sl mTECh

Germany [ * and Numerical Simulation

Offline/Online Decomposition

I S —
Cluster of Exceller\ce

= Remark: Prevent Inversion of K:

« Inversion of K frequently badly conditioned, fill-in-effect,
etc., hence prevention of inversion is recommended:

« Reformulation as generalized Eigenvalue problem:
K'Au=) u < A,u=)Ku
and determine smallest generalized eigenvalue
= Remark: Computation of Continuity Constant & Bound

= Similar: Computation of continuity constant via largest
singular value of suitable matrix.

= Then one can formulate max-theta approach for a
continuity constant upper bound

Exercise 10: Formulate a Max-Theta approach for a continuity constant upper
bound yu (i), under the assumptions, that a(-,-; 1) is symmetric, all aq(-, -)
are positive semidefinite, 63 () >0 and Y(f) is available for one fi € P
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Offline/Online Decomposition

= Complexities of Error Estimators A, (x), As(u)
(Including Min-theta)
« Offline: O(H? + H?(Qf + Q1+ NQo) + H(Qf + NQ,)? + HQ?)
= Online: O((Qf + NQ.)? + Q7 + Q.) independent of H

« Very clear: Online quadratic dependence on Q.,Q¢,Q:,
this can become prohibitive in case of too large
expansions

= Remark: Successive Constraint Method [HRSPO07]
= Alternative to Min-Theta
= Offline: Computation of many a(u®),i=1,...,M
= Online: solution of a small linear program for computing
coercivity lower bound (or similar continuity upper bound)

2 = I S E—
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Basis Generation

= Recall: ,Lagrangian" Reduced Basis
= Let parameter samples be given Sy = {uV,...,uM}c P
= Define ,Lagrangian™ RB-Space and Basis
Xy = span{u(u) N, = spandy, Pn:={p1,...,0on}
= Remarks:
= Good approximation globally in 7 is possible, subject to
suitably distributed points.
= This is in contrast to local approximation, e.g. first order
Taylor basis as used in early RB literature [FR83]:
v = {u(p?, 8, u(p®, . 0,,u(u®)))}
= Central Questions:
= How to select sample points? How good will the basis be?
For which problems will it work?

‘s ’ I S —
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= Optimal RB Space

Xyi=arg min  E(Xy) E(Xn) := sup [[u(p) —un(p)||
dim(Y)=N nep

= Highly nonlinear optimization problem for N-dimensional
space, practically infeasible

= Modifications for practical ,Greedy Procedure®:

« Iterative relaxation: Instead of one optimization problem
for complete basis, incrementally search ,next best
vector" and extend existing basis

= Instead of optimization over parameter space perform
maximum search over training set of parameters

= Allow general error indicator A(Y,u) € Rt as substitute for
lu(p) —un()l (using Xy :=Y)
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Basis Generation

= Greedy Procedure [VPRP03]
« Let S..in CP be a given training set of parameters and

et >0 @ given error tolerance. Set &, := 0, X, := {0}, S := 0

and define iteratively

« While ¢, := max A(X,,u) > o
/U'ESt'r‘ain

(n+1) _ A(X
= (X, 1)

Sn+1 =5, U {M(n+l)}

i1 = u(u™H)

Qpi1 = Cn U{pny1}
XnJrl =X, + Span{sonJrl}
= end while
Finally set N :=n+1

83/123
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Basis Generation

= Remarks:

First use of Greedy in RB in [VPRP03]

In literature also frequently first ,search™ is skipped by
arbitrarily choosing n(%

The training set is mostly chosen as random or structured
finite subset of P

Orthonormalization by Gram-Schmidt can be added in loop
Termination: Simple criterion: If for all » € P and all
subspaces Y ¢ X holds

u(p) €Y = A(Y,u) =0
then the Greedy algorithm terminates in at most |S:rain|
steps. Reason: No sample will be selected twice.

Basis is hierarchical: ®, c ®,,, n<m
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= Choice of Error Indicators
= i) Orthogonal projection error as indicator
A(Y, p) == infyey [[u(u) — vl = [u(p) — Pyu(u)]|

Motivation: If projection error is small then with ,Cea"
also RB-error is small

-Expensive to evaluate, high dimensional operations

-All snapshots for all training parameters must be
computed and stored, | Siqin| thus limited.

+Termination criterion trivially satisfied
+Approximation space decoupled from RB scheme

+Can be applied without RB-scheme and without a-
posteriori error estimators
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= Choice of Error Indicators
= ii) True RB error as indicator
A(Y, p) = Jlu(p) — un ()
Motivation: This directly is the error measure used in
E(XnN)
-Expensive to evaluate, high dimensional operations

-All snapshots for all training parameters must be
computed and stored, |S:rqin| thus limited.

+Termination criterion satisfied in case of ,,Reproduction
of Solutions" property

+Can be applied without a-posteriori error estimators
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= Choice of Error Indicators
= iii) A-posteriori error estimator as indicator:

A(Y,u) := A,(r) (or energy or relative error bounds)

Motivation: Minimizing this ensures that true RB-error
also is small, if bounds are ,rigorous"

+Cheap to evaluate, only low dimensional operations

+0Only N snapshots must be computed, |Sirqin| Can be
very large.

+Termination criterion satisfied in case of ,Vanishing
Error Bound" and ,Reproduction of Solutions®™ property

-If a-posteriori error bound is overestimating the RB
error much then the space may be not good
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= Goal-Oriented Indicators:
« When using output-error or output error estimators
A(Y, p) i= |s(p) = s (p)]

in the greedy procedure, the procedure is called ,goal
oriented". The basis will be possibly quite small, very
accurately approximating the output, but not necessarily
approximating the field variable well.

= When using field-oriented indicators

A(Y, p) i= Au(p), AT (1), AT (1)

in the greedy procedure, the basis may be larger, well
approximating both the field variable and the output.
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= Monotonicity
« Ingeneral A(X,,u) <e ¥ AXnpq1,p) <e

= This means, that greedy error sequence (¢»)»>1 may be
non monotonic

« If relation to best-approximation holds
A(Xp, p) < Cinfrex, [lu(p) — vl

at least a boundedness or even asymptotic decay can be
expected

= Monotonicity, however, can be proven in special cases:

Exercise 11: Prove that the Greedy algorithm produces monotonically
decreasing error sequences (€x,)n>1 if

i) A(Y, p) = ||u(p) — Pyu(w)||, i-e. indicator chosen as orth. projection error
ii) in compliant case (a(-,-; 1) symmetricand [ = f) and A(Y, p) := A (1) ,
i.e. indicator chosen as energy error estimator.
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= Remark: Overfitting, Quality Measurement

= In terms of statistical learning theory, S,,.., is a ,training
set" of parameters and ey is the ,training error®

= Siein Must represent P well, should be chosen as large
as possible

« If training set is chosen too small or unrepresentative
Loverfitting™ will occur, i.e.

max,cp A(XN, M) > eEN

= => Low training error is a necessary but not a sufficient

criterion for a good model (example ,,notepad™)

« => Never compare models only by training error. Use
error on independent ,test-set" instead.

o August, 2017 B. Haasdonk 90/123



University of Stuttgart 1ans-; N Insmute of Applied Analysis SI mTeCh

Germany [ ** and Numerical Simulation

Basis Generation

I S E——
Cluster of Excellence

= Practice/Theory Gap:
« Rb_tutorial(8): B, =B, =2, peP=1[05,2"*
X Error decay for Greedy basis
= Greedy with random T ﬂ
Strain P |Strain| = 1000 bt 9
= Estimator A(Y, ) := Ay (k) k 1

= Gram-Schmidt orth.

= Test-error/estimator:
maximum over

error/estimator

random test set
Stest cP |Stest| =100 '
= Exponential error decay
observed B I N S R S T

sample/basis Size N
= So Greedy is a well performing heuristic procedure
= Formal convergence statements for analytical foundation?
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= Kolmogorov n-width d, (M)
= Maximum approximation error of best linear subspace

dp(M) := ;Iclg sup |lu — Pyul|
dim(Y)=n ue

= Decay indicates ,approximability by linear subspaces"
s (d,(M)),en IS @ monotonically decreasing sequence
= Examples
= Unit balls: bad approximation, no decay
M= {u]|u| <1} c H'([0,1)) dp(M)=1,n €N
= ,Cereal Box": good approximation, exponential decay
B [[22crP® (M) <C-27"neN

€N
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= Greedy Convergence Rates [BCDDPW10], [BMPPT(09]

« If M is well approximable by linear spaces, then the
Greedy procedure will provide a quasi-optimal subspace:

» Let S,... =P be compact and the greedy selection
criterion guarantee (for suitable v € (0,1] )

I S E——
Cluster of Exceller\ce

[l 9) = P, ()| = 5 sup Jlu— Pxul
ueM
= Then we can obtain algebraic convergence:
dy(M) < Mn *n>0 = & <CMn%n>0
= Or exponential convergence:
dp(M) < Me_a”a,n >0 = &, < C’Me_c"B,n >0

(For suitable constants)
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= Strong vs. Weak Greedy
« If y=1 itisa ,Strong Greedy"
« If y<1itisa,Weak Greedy"
» Strong Greedy can be realized by A(Y, i) := ||u(p) — Pyru(p)||
= Error Estimator A(Y,u) := A.(x) Results in Weak Greedy!
= Thanks to Cea, Effectivity and error bound properties:

Hu(ﬂ(nﬂ)) — Py, u(p™th) H = vggN H (u ) — UH
> % HU(/L("“)) N () ) > ;)(7;:)( )Au(u("“))

o a(w) su a(p) s ) — u
= Gn () SR Al 2 o e sup lule) — uw (]

a(p) @
= Sy g 1100~ Pl = 5 pap fulh) = el

« Hence, weakness factor v = (&/7)? € (0,1]

oth August, 2017 B. Haasdonk 94/123




University of Stuttgart 1ans-; Insmute of Applied Analysis Sl mTECh

i 3
* Germany vost** and Numerical Simulation T ater of Excallenca

Basis Generation

= Problem Reformulation

« For which instantiations of (P) do we get exponential
decaying Kolmogorov n-width?

= Clearly not for all (P): imagine M a ,sphere filling curve"

= Positive example given by ([MPT02],[PR06]), specialization
for the thermal block:

= Global Exponential Convergence for p=1

= Consider (P) to be the thermal block with B; =2, B, =1,u; =1
and single parameter u = pu2 € P

s Let P := [umin, tmaz] @nd No be sufficiently large

= Choose fimin = p) < ... < p™) = ppas logarithmically
equidistant and Xy the corresponding RB-space

= Then Jlu(p) — un (W),

[u(u)ll,,
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= Training Set Treatment

= Multistage greedy [Se08]
Decompose in coarser sets S°. c...c S = Sirain.
Run Greedy on coarsest set, then start greedy on next
larger set with first basis as starting basis, etc.

« Adaptive Extension [HDO11] B
Stop greedy when overfitting .
Locally extend training set

= Full Optimization: [UVZ12] :
= Optimization in greedy loop ' ——"

= Randomization [HSZ13] Adaptive

= In each greedy step new refined .
random training set

’Large coarse
H';train set

|
e
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= Parameter Domain Partitioning

= Complex problems may require infeasibly large basis
N < Npaz,en < €10 €an not simultaneously be satisfied

= Solution: Partitioning of P, one basis per subdomain

= hp-RB [EPR10]: = P-Partitioning: [HDO11]:
= adaptive bisection = adaptive hexahedral
refinement
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= Gramian Matrices Revisited
= For {u;}?; ¢ X we define the Gramian matrix
G := ((ui,uj>)i’j:1 c Rx"
= We have seen such matrices play an important role in
offline/online decomposition

= They allow to perform some further operations
independent of H

= They have some nice properties: exercise

Exercise 12: Show that the following holds for the Gramian matrix:
i) G is symmetric and positive semidefinite

i) rank(G) = dim(span({u; }?;))

iii){u; }1_; are linearly independent < G is positive definite
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= Orthonormalization: Gram Schmidt
= Useful for improving condition of the RB system matrix
= Let basis ®x = {¢;}Y; C X be given with Gramian matrix K
Set C := (L*)~! with L being a Cholesky factor of K = LL”
Define the transformed basis &y := {3;}¥, c X by
@ = Zi:l Cijpi
Then &y is the Gram-Schmidt orthonormalization of @

Exercise 13: Prove that the above indeed performs Gram-Schmidt
orthonormalization, i.e. setfor: =1,..., N

vi = i — 51 (B, i) B i = vi/ [[vill
And show that 95] = (15]7] = 13 oo '7N
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Primal-Dual RB Approach

= Recall:

» For nonsymmetric, noncompliant case, we could only
obtain an output-error estimator A (1), that only scaled
linear with || x., and we showed the impossibility of
obtaining effectivity bounds without further assumptions

= In contrast, for the compliant case, the output error
estimator A’(u) scaled quadratically in ||I7||x, and we
obtained effectivity bounds.

= Goal of this section:

= Improved output estimation for general nonsymmetric
and/or noncompliant case by primal-dual techniques

(but still no output effectivity bounds)
= (P) and (Py) are still required as ,primal® problems

ot August, 2017 B. Haasdonk
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= Definition: Full ,Dual® Problem (Pdv)
« For peP find a solution wd%(u) € X satisfying

W) = —lv;p), YweX

a(v,u
= Remark:

= Obviously, the (negative) output functional is used as
right hand side and the ,,arguments" are exchanged on
the left.

= Well-posedness (existence, uniqueness and stability)
follow identical to ,primal® Problem (P)

= The dual problem only is required formally as reference,

to which the dual error will be measured. Additionally, it
can be used in practice to generate dual snapshots.
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= Dual RB Space
= We assume to have a dual RB-space
X c X, dimXy=Nd
that approximates the dual solutions w4¢(u) well,
possibly Ndu£ N
= Possible choice (without guarantee of success!) X{* = Xx

= Alternatives: Greedy procedure for (Pd) using snapshots
of the full dual problem; Further alternative: combined
approach; details explained at end of this section.
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= Definition: Primal-Dual Reduced Problem (Py)
« For n€7P find the solution un (i) € Xn of (Py),

a solution w4 (u) € X9 satisfying
a(v,uf (u); ) = —l(v; ), Yo € X

and the corrected output sy () € R

s () = Lun (); 1) — r(uf (10); )
= Remarks:
= Well-posedness holds again via Lax-Milgram

= ,dual-weighted-residual® treatment as in goal-oriented
FEM literature
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= Dual A-posteriori Error and Effectivity Bound

= We introduce the dual residual 7%"(-; 1) € X’

r (v p) = —l(v; ) — av, uff (w); p), veX

and obtain the a-posteriori error bound

,,,du .
o e < A o= 1 e

7
arp(p)
with effectivity bound
dug,y AZ () wsk) _ 3
ny" (k) = T80 — S G] = aza(w) < -

= Proof: Completely analogous to the primal problem

ot August, 2017 B. Haasdonk

105/123



]
University of Stuttgart lans-; Insmute of Applied Analysis Sl mTECh
Germany *% 3

:” and Numerical Simulation

Primal-Dual RB Approach

= Improved Output A-posteriori Error Bound
« For 1€ P holds

e , ,r,du “
() — s ()] < A = 1 m"ﬁLL(u)( 5

s Proof: s — sy =1(u) — l(un) +r(ul}) = l(u — uy) + r(us})

= —a(u—up,ud )+f( V) —a(un, ulf)

L1} 1]
Cluster of Excellence

X’

a(u, ud“)
= —a(u —uy,ut™ — ud®) = —af(e,e)
Then
|s — siy| < la(e, e®™)| = [r(e™)] < [Irllx [le™

<|Irllx AL < lirll x|

r|y, Jorp
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= Remark: Squared Effect

= We see the desired ,,squared" effect by the product of the
residual norms.

= Remark: No Effectivity for Output Error Bound A,

= Without further assumptions, one cannot get output
effectivity bounds for A’ , as s— s/ may be zero, while
A’ #0 , hence the quotient is not well defined.

« Example: Choose v Lvse X, Xn=X L {vs,v}
a(u,v) == (u,v), f(v):=(vs,v), [(v):=—(v,v)
then u=vs, ul=v, un=0, uF=0
e=vpetM =y = r£0,r%£E0 = AL£0
but s— sy = —ale,ed) = (vy,v) =0
= Reminder: ,compliant” case gave output effectivity bounds
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= Remark: Dual Problem is Redundant for Compliant Case
= For the compliant case, we claimed

0% 500 — o) < AL ) = I

« The right ineq. is exactly a consequence of the primal-dual
error bound, as ||y, = ||r®||, and sy = sy

With | = f and symmetry we obtain v = —ud* uy = —ug¥
and therefore r = —rd" = ||7'HX/ [|rdn

Further, r(ud}) = —r(uyn) =0 = sy = sy
= The left ineq. Follows by coercwlty.
s—sy =s— sy =—a(e,e) =ale,e) >0

« The primal-dual approach only can lead to improvements
in the non-compliant case, otherwise the simple primal
approach is sufficient.
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= Remark: Output Effectivity Bound for Compliant Case
« For the compliant case we claimed

I S E——
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/

A () Yus(k)
0= )= s ) = arale) =

» Proof: Cauchy-Schwarz and norm equivalence:

Q1=

2
[or]|” = (vr, vr) = 7(v;) = ale,vr) = (e, vr), < ell,, [[orll, < ell,, vAUB [[or]

= Irllx: = llvell < llell,, vUB
= Then we conclude using definitions

2
= B Iz ons il qvsllel,

s — SN ale,e)

Q1|1

2 — 2 —
ars lell, — avs el
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= Remarks: Offline/Online, Basis Generation
» Offline/online procedure analogous to primal problem
= Use of error estimation for basis generation:
= Run separate greedy procedures for X, X4 using
A, A% with the same tolerance. Then the maximal
primal and dual residuals will have similar order,
indeed leading to a ,,squared" effect in the output error
estimator A/,
= Alternative is a combined generation of primal and dual
space: Run a greedy with the error bound A/ and
enrich both spaces simultaneously with corresponding
snapshots of currently worst parameter.
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= Example Reference [VPP03], [VRPO3]
= Definition: Full Quadratical Problem (Q)

« For p€P find a solution u(x) € X and output s(u) €

satisfying
a(u(p), w(p), v; p) + bu(p),v; p) = f(v;p), YveX
s(p) = 1(u(p); )

= with q,b, f,1 continuous trilinear/bilinear/linear forms,

continuity constants v., v , etc.
= All forms being parameter separable
= a(...) being symmetric w.r.t. first two arguments

a(u,v,w; p) = a(v,u,w; p), Yu,v,w e X
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= Examples
Find u(1) € H(Q) as solution of
= Diffusion Eqn. with Nonlinear Reaction

—p1Au + ppu? = q == ul/Vu VU+M2/U v—/qv

_ b(u vip) a(u w,vi) )
= Viscous Burgers Equation

—mAu+V-(cu®)=q = ul/Vu-Vv+/u2(c-Vv):/qv
Q Q Q

_ o blu,v3p) a(u,u,vi) Fvsp)
= Nonlinear Diffusion

= In 1D: Continuity of a(...) thanks to continuous
embedding H{(Q) — L*(Q)
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Quadratically Nonlinear RB Approach

= Well-posedness

» Existence/Uniqueness in general unclear: Multiple or no
solutions possible

= Existence/Uniqueness of the full problem will be concluded
a-posteriori after successful RB solution

= For simplicity: Assume well-posedness of full/reduced
problem and its linearizations.
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= Root finding formulation
» u(p) € X solves F(u(u),p):=0ec X’ for

Fu(p),v; ) = a(u(p), u(p), v; p) + bulw), v; 1) — f(v; )
= Derivative DF|, : X — X'

DF|.(h) = lim %(F(u +6h) — F(w)) = 2a(u, b, ) + b(h, )

= Solution of (Q) via Newton-Loop
= Choose «° € X and set k=0
= Repeat

= Compute r* as solution of DF|. (k%) = —F(u*) ,i.e.
2a(u®, b, v) + b(hF,v) = —a(uF,u¥, v) — b(uk,v) + f(v), veEX

« Update solution «**!:=«* 4+ hr* and increment k
= Until convergence [[u"*! —u¥|| < e
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Quadratically Nonlinear RB Approach

= Definition: Reduced Quadratical Problem (Qy)
= For 1 €P find a solution ux (1) € Xx and output
sn(p) € R satisfying
a’(uN<,u’>a U'N(,u’)a v; ,U,) + b(U’N(:U‘)a v; :u') = f(’l); [L), Y € XN

s (p) = Uun (p); 1)

= Analogous Solution Steps:
= Again formulation as Root-finding problem

« Solution via Newton-loop, assuming solvability in each
iteration and obtaining convergence.
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Quadratically Nonlinear RB Approach

= Offline Phase:

=« Compute parameter independent component projections
and reduced Gramian matrix:

Ang = (aq(gol,(p],@k)) N1 € RNXNxN

By g := (bg(0j, i) ;=1 € RVXN
Fng= (fa(wi))il, e RY

Ing = (lg(ps)) L, e RN

K = ({pi, 0)ij—1 € RN

= Obviously 3D-Tensors required: Size of N and Q
considerably more critical
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Quadratically Nonlinear RB Approach

= Online Phase:
« Forgiven e 73 perform linear combination of operators

Z@ W) AN, similarly B (), £ (1), Iv(1)

= Choose u% ¢ RN
= Repeat
= Compute h% € RY as solution of

N N
(2 Z U?V,TL : (AN)n,:,: + BN) hk = - Z uljc\l,nuﬁc\f,m(AN)nym,i7BNuIJ€V+fN
n=1 n,m=1

« Update solution «%™ := u% + k% and increment k
= Until convergence (uf™ — uk)TKn(ub —u) < €2,
s set un(u) :=uk, sn(p) =1uy
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Quadratically Nonlinear RB Approach

= Existence of Solution for (Q)
= Let un(n) € Xy be a reduced solution of (Qy)
Define the dual norm of the residual
e = [la(un (), un (w); -5 ) + blun (), -5 1) = (5 )l x
and have a generalized stability constant

0 < Bn(n) < 1/[(DFluy)™

e x
8e7a

If the validity criterion holds, i.e. v
N

<1

= then there exists a unique
solution u(u) € B(un,2¢/8n) of (Q).
= Proof: Brezzi Rappaz Raviart (BRR) Theory
= Verify assumptions of Thm 2.1 in [CR97]

ot August, 2017 B. Haasdonk 119/123



University of Stuttgart 1ans-; Insmute of Applied Analysis Sl mTECh

0 I S —
Germany ++%*" and Numerical Simulation Cluster of Excellence

Quadratically Nonlinear RB Approach

= Comments
= We directly obtain an error bound

Ju(p) = un ()] < Au(p) :=2¢/Bn
= On(p) can be replaced by computable lower bound

= If the validity criterion is not satisfied, the reduced basis should
be improved to lower the residual norm.

= Also effectivity of the bound can be paoven
Au(p)/ lulp) —un ()l < p(p) := FN@% [unll + )

= The ,trilinearform™ technique in principle generalizes to higher
order polynomial nonlinearities in PDEs, that can be written as
multilinear form. Limitation arises due to
= Memory constraints for storing the tensors
= online computation time for the increasingly demanding
linear combinations.
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Conferences in Stuttgart

= MORCOS 2018

Call for Papers

IUTAM Symposium on
Model Order Reduction of
Coupled Systems (MORCOS 2018)

s SimTech 2018

iversity of Stuttgart
Cluster of Excellence in
SimulationTechnology

General Information

2 Intemational
Conference on
Simulation Technology

26 - 28 March 2018
Stuttgart (Germany)

Stuttgart, Germany
May 22 - 25, 2018

www.itm.uni-stuttgart.de/iutam2018

ot August, 2017
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www.simtech2018.0rg
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Thank you!

For more information see www.morepas.org

o August, 2017 B. Haasdonk 122/123



Bibliography




Antoulas, A. (2005). Approximation of Large—Scale Dynamical Systems. Philadelphia, PA:
SIAM Publications.

Binev, P. et al. (2011). “Convergence Rates for Greedy Algorithms in Reduced Basis Methods”.
In: SIAM Journal on Mathematical Analysis 43(3), pp. 1457—1472.

Buffa, A. et al. (2012). “A priori convergence of the greedy algorithm for the parametrized
reduced basis”. In: Mathematical Modelling and Numerical Analysis 46(3), pp. 595-603.

Caloz, G. and J. Rappaz (1997). “Handbook of Numerical Analysis”. In: vol. 5. Chap. Numerical
analysis for nonlinear and bifurcation problems, pp. 487-637.

Dihlmann, M and B. Haasdonk (2013). “Certified Nonlinear Parameter Optimization with
Reduced Basis Surrogate Models”. In: PAMM, Proc. Appl. Math. Mech., Special Issue: 84th
Annual Meeting of the International Association of Applied Mathematics and Mechanics
(GAMM), Novi Sad 2013; Editors: L. Cvetkovi¢, T. Atanackovi¢ and V. Kosti¢ 13.1, pp. 3—6.

Dihlmann, M. A. and B. Haasdonk (2015). “Certified PDE-constrained parameter optimization
using reduced basis surrogate models for evolution problems”. In: COAF, Computational
Optimization and Applications 60.3, pp. 753—787.

Eftang, J. L., A. T. Patera, and E. M. Ranquist (2010). “An hp Certified Reduced Basis Method
for Parametrized Elliptic Partial Differential Equations”. In: SIAM J. Sci Comp 32.6,
pp. 3170-3200.

Fink, J. and W. Rheinboldt (1983). “On the error behaviour of the Reduced Basis Technique for
Nonlinear Finite Element Approximations”. In: ZAMM 63, pp. 21-28.

Haasdonk, B. (2014). Reduced Basis Methods for Parametrized PDEs — A Tutorial Introduction
for Stationary and Instationary Problems. SimTech Preprint. Chapter in P. Benner, A.
Cohen, M. Ohlberger and K. Willcox (eds.): "Model Reduction and Approximation: Theory
and Algorithms”, SIAM, Philadelphia, 2017. IANS, University of Stuttgart, Germany.

123/123



=y

Haasdonk, B., M. Dihimann, and M. Ohlberger (2011). “A Training Set and Multiple Basis
Generation Approach for Parametrized Model Reduction Based on Adaptive Grids in
Parameter Space”. In: Mathematical and Computer Modelling of Dynamical Systems 17,
pp. 423-442.

Hesthaven, J., G. Rozza, and B. Stamm (2016). Certified Reduced Basis Methods for
Parametrized Partial Differential Equations. SpringerBriefs in Mathematics. Springer.

Hesthaven, J. S., B. Stamm, and S. Zhang (2014). “Efficient greedy algorithms for
high-dimensional parameter spaces with applications to empirical interpolation and reduced
basis methods”. In: ESAIM: M2AN 48.1, pp. 259-283.

Huynh, D. B. P. et al. (2007). “A successive constraint linear optimization method for lower
bounds of parametric coercivity and inf-sup stability constants”. In: Comptes Rendus de
I’Académie des Sciences, Series | 345, pp. 473-478.

Maday, Y., A. Patera, and G. Turinici (2002). “a priori convergence theory for reduced-basis
approximations of sing le-parameter symmetric coercive elliptiv partial differential equations”.
In: C.R. Acad Sci. Paris, Der. | 335, pp. 289—294.

Patera, A. and G. Rozza (2007). Reduced Basis Approximation and a Posteriori Error
Estimation for Parametrized Partial Differential Equations. To appear in (tentative) MIT
Pappalardo Graduate Monographs in Mechanical Engineering. MIT.

Sen, S. (2008). “Reduced Basis Approximations and a posteriori error estimation for
many-parameter heat conduction problems”. |n: Numerical Heat Transfer, Part B:
Fundamentals 54.5, pp. 369-389.

Urban, K., S. Volkwein, and O. Zeeb (2014). “Greedy sampling using nonlinear optimization”.
In: Reduced Order Methods for Modeling and Computational Reduction. Ed. by
A. Quarteroni and G. Rozza. Proceedings of the CECAM Workshop on Reduced Basis,

123/123



POD and Reduced Order Methods for model and computational reduction: towards real-time
computing and visualization? Orlando, Florida: Springer-Verlag, pp. 137-157.

i Veroy, K., C. Prud'homme, and A. Patera (2003). “Reduced-basis approximation of the viscous
Burgers equation: rigorous a posteriori error bounds”. In: C. R. Math. Acad. Sci. Paris
Series 1337, pp. 619-624.

i Veroy, K. et al. (2003). “A Posteriori Error Bounds for Reduced-Basis Approximation of
Parametrized Noncoercive and Nonlinear Elliptic Partial Differential Equations”. In: 16th
AIAA Computational Fluid Dynamics Conference. Paper 2003-3847. American Institute of
Aeronautics and Astronautics.

a Volkwein, S. (2013). Proper Orthogonal Decomposition: Theory and Reduced-Order Modelling.
Lecture notes. Universitat Konstanz.

123/123



