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Part | (Tuesday)
® Model order reduction problem

® Balanced truncation model reduction

® Balancing-related model reduction techniques

Part Il (Wednesday)
® Balanced truncation for differential-algebraic equations

® Balanced truncation for second-order systems

Part Ill (today)
® Balanced truncation for parametric systems

® Related topics and open problems
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Balanced truncation for parametric systems
# reduced basis method for parametric Lyapunov equations
# parametric balanced truncation
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| Model reduction problem

Given a large-scale parametric control system

where E(p), A(p) € R™*"™, B(p) € R™™, C(p) € R?*™, D(p) € R¥*™,
peP cR? find areduced-order model

~

where E(p), A(p) € R, B(p) € R™*™, C(p) € R, D(p) € R¥*™,
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| Balanced truncation algorithm

1. Solve the parametric Lyapunov equations
A(p)X(p)E'(p) + E(p) X (p)A'(p) = —B(p)B'(p),
Al(p)Y (p)E(p) + E(p)Y (p)A(p) = —C'(p)C(p)

for X(p) =~ R(p)R™(p) and Y(p)~ L(p)L™(p).
2. Compute the SVD

L(p)E(p)R(p) = [Ui(p), Us(p) ][El(p)



| Paramedtric Lyapunov eguations

® Lyapunov equation:
—~A(p)X(p)E" (p) — E(p)X (p) A" (p) = B(p) B (p),

where FE(p), A(p), X(p) € R*™", B(p) € R**™

® Operator equation:
L,(X(p)) = B(p)B"(p),

where L, : Sy — S, Is a Lyapunov operator

® Linear system:
L(p) x(p) = b(p),

where L(p) = —E(p) ® A(p) — A(p) ® E(p) € R *"”,

x(p) = vec(X(p)), b(p) = vec(B(p)B'(p)) € R™ |
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| Reduced basis method: idea

Reduced basis method for £,(X(p)) = B(p)B™(p)

® Snapshots collection:
construct the reduced basis matrix Vi, =[Z1, ..., Z. |, where

X(pj) = Z;Z; solves L, (X(p;)) = B(p;)B(p;)"

® Galerkin projection:
approximate the solution X(p) ~ Vk)?(p)VkT, where X (p)

solves —A(p)X (p)ET(p) — E(p)X (p)A"(p) = B(p)BT(p)
with E(p) = VIE(p)V,, A(p) = VTA(p)V,, B(p) = VI B(p)

Questions
® How to choose the parameters pq,...,p."?

® How to estimate the error &;(p) = X(p) — Vk)?(p)VkT?
® How to make the computations efficient? |
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| Error estimation

Goal: estimate the error &£.(p) = X(p) — V, X (p)V}!

Residual Ry, (p) := B(p)B™(p) — L, (V,X(0)VT) = L, (Ex(p))

® Error estimate

_ Ru(@)F
a(p)

with a(p) := | £5)|5" = JnE 1£5(0)F = omin (L(p))

|&W)llF < 11£, [FIIRE(D) |7

® Effectivity of the error estimator

IRellr  _ [1£pE@IF _ 1£pllr _ 2(p)

LS AWEWTr  a@IEDIF = am)  ap)

with ~(p) := || Lpllr = ||Xsﬁ1p=1 1£,(X) || F = omax (L(p)) |
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| Error estimation

Goal: estimate the error &£.(p) = X(p) — V, X (p)V}!

Residual Ry, (p) := B(p)B™(p) — L, (V,X(0)VT) = L, (Ex(p))

® Error estimate

Ikl < 125 I Re(p) e = R < FEEERE <

with a(p) == ||1£, 7' = ot 1L,(X) || = omin(L(p)) > ars(p)

® Effectivity of the error estimator

Ar(p) IRe)|F v(p)
S EOIE T am®IEDF - ars®)

with ~(p) := || L,||F = ||Xsﬁlp:1 | Lp(X)||F = Umax(L(p)) < vB(P)

YuB(p)
LB (p)

<
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| Construction of the reduced basis

Greedy algorithm

Input: tolerance tol, training set Pi..in CIP, Initial parameter p; €P

® Solve £,,(X(p1))=B(p)B (p1) for X(p))=~2Z,Z{, 7 eR™m
® Set k=2, A =1 and V; =7
® while AT > o]

Rek—1(p)||F
— A, % A, +(p) =
pp = arg max Ay 1(p) 0 Ar_1(p) -

AP = Ap_1(pr)

solve L, (X (pr))=B(pr)B"(px) for X(px) = 2,2}, Z €R™™
Vie = Vi—1, Zk]

k+k-+1
end
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| Offline-online decomposition

Assumption: affine parameter dependence

ng nA npg
E(p) = > 0F(Ei, Alp)=> 01 (p)Ai, Blp)=> 07(p)B;
1=1 1=1 1=1
ng MNA
— L(X)=) Y 0F(p)0(p) Lij(X), Lij(X)=—A;XE —E;XA],
i=1 j=1
np N
B(p => > 6°(p) 67 (p) BB}
1=1 j7=1
Offline: compute the reduced basis matrix Vi, = [Z1,...,Z;] € R™*".

Online: for p € P, compute X (p) ~ V, X(p)V;I, where X(p) solves

~ ~ ~ ~ ~

~A(p)X(p)E"(p) — E(p)X (p)A™(p) = B(p)B™(p)
with

~ ng ~ na ~ np
E(p)zzlef(p)vaEij, A(p):zlef(p)VkTAij, B(p)zzjlef(p)VkTBj. |
J= J= J=
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| Computation of the residual norm

IRe() 3 = [1B()B (p) — L, (Vi X(0)Vi) |17

np np

= > 08, (p) trace((B] By)(B! By))

1,7=1 f,g=1

np nNg NA

+4) )Y 08B (p) trace( B (B, Vi) X (p) (A Vi)' By)

1,7=1 f=1 g=1

ng na
+ 9 Z Z 6’;3?9 trace((E; Vi)' (EiVi) X (p)(A; Vi)' (AgVi) X (p))
i, f=17,9=1
ng na ~ =5
42 Z Z %fg trace Eka) (Aij)X(p)(Eivk)T(Ang)X(p))
i, f=17,9=1

with 67, (p) = 07 (p)0F (p)0F ()07 (), 045 (p) = 0F ()07 (0)0F ()6 (),
0% (p) = 0F (p)05 (p)07F (p)0; (p). |
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| Error estimation: min- 6 agproach

Assumption:  E(p) = Ef(p) >0, A(p)+ Al(p) <0 forall pc P
(e.g., 0(p) >0, E,=E!I >0, Nker(E;) = {0} and
0/ (p) >0, A;+ Al <0, Nker(4; +Al) ={0})

Let p € P and
0F ()02 (p) : 0F ()02 (p)
65n(p) = min 7 Oho(p) = max <V
joh @) i X

7(]9) < anzax(p) )\max<_A(]3) - AT(ﬁ)) Amax (E(ﬁ)) —:-YUB (p)

for all p € IP. [Son/St.17] |
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| Parametric balanced truncation

Offline phase: compute the reduced basis matrices Vx and Vy
for the controllability and observability Lyapunov equations;
compute all parameter-independent matrices.

Online phase: for given p € P,

® solve the reduced Lyapunov equations

— A ()X (P)ELp) — Ex(p)X (p)AL(p) = B(p) B (p),

~ ~ ~ ~ ~ —~

—AIp)Y (p)Ey (p) — EL(p)Y () Ay (p) = CT(p)C(p)

- N ng ~ nA
with Ex(p) = > 0F(p)ViE;Vy, Ax(p) = > 02 (p)ViAVy,
j=1 j=1
= & E T A A A T
Ey(p) = 219] (D)WW E;Vy, Ay(p) = _Zl 05 (p)Vy A;Vy,
j= Jj=
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| Parametric balanced truncation

® Compute the SVD

ZE PV E(p)VyZx(p) = > 07 (p)Z3-(p)Vy E;jVyx Zx (p)
j=1

= . ) PP D)

=Y 7 (W (p)W E;ViT(p), B(p) =) 67 (W' (p)Wy Bj,
] 1 j—l

ZHA YWEp) VL AV T Zec )OSV T

71=1
T(p) = Zx(p)Vi(p)S1(p) "%, W(p) = Zy (p )U1( )S1(p) 2. |



| Properties

® Preservation of stability

® Computable error bounds

® Approximation does not rely on solution snapshots and is
Independent of the training input

® Other error estimation techniques can be used
(e.g., successive constraints method)

® Reduced basis method for parametric Riccati equations
[Haasdonk/Schmidt’'15]

|
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| ExamEIe: anemometer

FlowProfile

Mathematical model:
pc%—? =V -kVT — pcv - VT + g

Senl. Heater SenR

boundary / initial conditions

FEM model: E(p)it = A(p)x+ Bu
y=0Cux
: Cf
with E(p)=E1+p1F2, A(p)=A1+p2Aa+p3As € R"*", p= [/@f},
CfU

B,CT ¢ R”, n=29008

[Moosmann’07, MOR Wiki] |
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| ExamEIe: anemometer

Pirain = {10000 random points}, 20 Greedy iterations
Piest = {50 random points}

10" Convergence history 1072 —— elatlve errors
——MaXpe P, Ak CONtr.
~o- MAXpe Py, Dk Observ.
10117
10° | 10|
/‘o'ev—o—\9'o-&,e/“/e‘-o-ve‘o—o—\e--O-c; \WWW\/\MW
10’ * w w -8 \ | | |
0 5 10 15 20 10 5 10 20 30 40 50
Greedy iteration step Parameter index

|
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| ExamEIe: anemometer

10

<°7p)||7'(oo

zQ) 10_75

IG(,p) —

10 20 30
Parameter index

40

50

6%

27%

BLR-ADI [ |Par.ind.terms [ |Estimate [l Others

|
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| Outline

Related topics and open problems

Balanced truncation for linear time-varying systems
Balanced truncation for bilinear systems

Balanced truncation for quadratic-bilinear systems

Balanced truncation for nonlinear systems
Balanced truncation for infinite-dimensional systems
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| BT for linear time-varzing systems

® For linear time-varying systems
(t) = A(t)x(t) + B(t) u(t), te€[0,7T],
y(t) = Ct) x(t) + D(t) u(t),

the Gramians satisfy the Lyapunov differential equations
X(t) = At) X () + X (t)AT(t) + B(t)B™(t), X(0) =0,
Y(t) = AT)Y () + Y (t) A@t) + CT()C(t), Y(T) =0
[Shokoohi/Silverman/Van Dooren’83, Sandberg’02]

— use the BDF or Rosenbrock method combined with the
LDL"-type ADI or Krylov subspace methods [Lang/Saak/St.16]

# projection matrices are time-dependent

o zero Initial and final conditions for the Gramians lead to
zero initial and final reduced state
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| BT for bilinear systems

® For bilinear systems [Benner/Damm’11, Benner/Goyal/Redmann’16]

t(t) = Ax(t) + > Nix(t)ug(t) + Bu(t),
k=1
y(t) = Cu(t) + Du(t),
the Gramians satisfy the generalized Lyapunov equations

AX + XAT+ > N XN!'=-BB",

k=1
A'Y + YA+ > N/ XN, =-C'C.
k=1
— use the ADI or Krylov subspace methods [Benner/Breiten'12]

— (WTAT, WI'N{T, ... WIN,, T, WI'B, CT, D)

» energy functionals: E.(zg) > x{ X 1z,, E,(x0) < 2iYxy, x0€B(0)

o computationally expensive < use truncated Gramians
# no error bounds
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| BT for quadratic-bilinear systems

® [or quadratic-bilinear systems [Benner/Goyal’17]

i(t) = Ax(t) + H (a(t) © 2(t)) + kzg N (£)ug () + B u(t)
y(t) = Cz(t) + D u(t)

the Gramians satisfy the generalized Lyapunov equations

AX + XA+ H(X®X)H' + Y. NXN! = -BB",
k=1

ATY + YA+ (HNT (X @ Y)H® + S NI'XN, = -C'C.
k=1

— use the fix point iteration combined with the ADI method
— (WIAT, W H(TT), W'NT, ..., WI'N,, T, WI'B, CT, D)

» energy functionals: E.(zo) > zf X 'z, E,(x0) < xlYz,, 20€B(0)

o computationally expensive < use truncated Graminas
# Nno error bounds
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| BT for nonlinear Systems

® For nonlinear systems [Scherpen’94, Fujimoto/Scherpen’10]

#(t) = flx(t)) +g(@(t))ult),
y(t) = h(z(t)),

the input and output energy functionals £, (xp) and E,(z)

satisfy the partial differential equations

OF. 10E. r, O'E. B
e () + 1 0@ () 5 =0, E(0) =0
OF, -

5 f(x)+ h(x)h” (z) =0, E,0)=0.

o computationally very expensive

|
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| BT for infinite-dimensional systems

® For infinite-dimensional systems
t(t) = Axz(t) + Bu(t),
y(t) = Cx(t) + Du(t)
with A: D(A)CcX — X, B:U—DA*, C: X =),
D:U— Y, where U, X and ) are Hilbert spaces,
the Gramians satisfy the operator Lyapunov equations

2Re(Xv, A*v)x + || B'v]|f, = 0 forallv e D(A%),
2Re(Av, Yu)x + ||Cv||3, =0 forallve D(A).
[Glover/Curtain/Partingto’88, Guiver/Opmeer’13, Reis/Selig’14]

— use the finite-rank ADI iteration [Reis/Opmeer/Wollner'13]

s errorbound |G —G|n. <2 3 &
J—+1
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| Conclusion

® General framework for balanced truncation model reduction

# Input and output energy functionals

o controllability and observability Gramians
o (Hankel) singular values

» balanced realization

® Properties
» preservation of physical properties
o computable error bounds
» Independence of the control

® Numerical solution of Lyapunov, Riccati, Lur'e equations
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