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@ Introduction

Linear, time-invariant systems

{)’((t) = Ax(t) + Bu(t), x(0) =0,

y(t) = Cx(t) aw  G(s)=C(sl —A)'B

with
m Ac R"™" large, stable (Re(A(A)) < 0),
m BeR™™ CeRP" m,p<n.

Recall Tatjana Stykel’s lectures:

Balanced truncation (BT) MOR requires (factors of) the infinite
reachability & observability Gramians Py, Qo i.€.

the solutions of the algebraic Lyapunov equations

APo + P AT = —BBT, ATQu+ QA= —-C'C.
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Lyapunov equation for reachability Gramian AP, + P,x,AT = —BBT
Integral representations w.r.t. time / frequencies:

P = /eAtBBTeATtdt - L /(iwl — A BBT (iwl — Ay Hdw

0 —00

Here: time- / frequency-limited Gramians & BT [GawRroNsk1/JUANG '90]
T

Pr, = / ABBTA tdt, Ty < o0,
0

Pq = %/(iwl —A)1BBT (iwl — A Hdw, Q= -QcR
Q

completely analogue for observability Gramians

kuerschner@mpi-magdeburg.mpg.de P. Kiirschner BT MOR with time- /frequency restrictions 3/21



& @ Introduction

Why bother with time/frequency-limited BT?
m Compared to normal BT, we want higher accuracies
(G(iw) = Gi(iw), y(t) = yr(t)) in given Q, [0, T¢] with reduced
system of the order r,
m or, comparable accuracies in Q, [0, T¢] with smaller reduced
system,

m but allow arbitrary inaccuracies elsewhere:

—— original
- - approx.
s'|"~——\|"“,|—‘\/’

response

[0, T¢], Q

time/frequency
m Also of interest: extra / reduced computational effort coming from
restrictions.
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@ Restricted BT

Lyapunov equations of restricted Gramians
[GAwWRONSKI/JUANG ’90, PETERSSON/LOFBERG ’14]

Time-limited reachability Gramian for [0, T¢], T¢ < oo:
APy, + P, AT = —BBT + f(A)BBTf(A)T, f(A) =eATr.

Frequency-limited reachability Gramian
for Q :=[~w2, —w1]U w1, wa],0 < wj < wy < o0:

APq + PoAT = —f(A)BBT — BBTf(A)T,
f(A) = Re(2 log ((A+iwi/) M (A +iwsl))) .

completely analog for observability Gramians Qs ~ Q7;, Qq.
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] @ Restricted BT

Time-limited Balanced Truncation (TLBT)

1. Get f(A)B, Cf(A), f(A) = AT
2. Compute Cholesky factors of the Gramians
Pr,=Z1,Z}, Qr,=YrY{ st

AP, +Pr AT + BBT — f(A)BBTf(A)"= 0,
ATQr, +Qr,A+CTC—f(A)TCTCf(A)= 0

3. SVD: Y Zr, = [us U] [51 52} [gﬂ

4. Define W := Y7, RS Y%V i= Z7, Uy S; 2.

5.5 : (Ai=WTAV,B,:=WTB, G = CV).
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”@ Restricted BT

Time-limited Balanced Truncation (TLBT) with low-rank factors

1. Get f(A)B, Cf(A), f(A) =eATr.
2. Compute low-rank factors of the Gramians
Pr, ~ ZTFZ-]-;, Qr, =~ YT, YTTf s.t.
AP, +Pr, AT + BBT — f(A)BBTf(A)T= 0,
ATQr, + Q,A+CTC—f(A)TCTCf(A)= 0.

vT 7 S il
3. SVD: Y] Zr, =[u Uz][ 152} [RZT:|
4. Define W := YTfR151_1/2, V=Zy, U151_1/2-

5. % : (Ar:=WTAV, B, := WTB,C := CV).
Numerical methods for computing low-rank factors:

Low-rank ADI, Rational Krylov subspace methods,
[E.c., PENZL 98, L1/WHITE ’02, DRUSKIN/SIMONCINI ’11]
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] @ Restricted BT

Frequency-limited Balanced Truncation (FLBT) with low-rank factors

1. Get f(A)B, Cf(A), f(A) = Re( log ((A+ iwil) (A +iwal))).
2. Compute low-rank factors of the Gramians
Po =~ ZQZg, Qq ~ Yg YQT s.t.
APg + PoAT + f(A)BBT —BBTf(A)"= 0
ATQq + QoA +f(A)TCTC - C'Cf(A)= 0
. vT _ S1 R/
3. SVD: I Zo = [0 uz][ 52] [Rﬂ

4. Define W = YoR1S; /%, V := ZqUy S,
5 % : (A :=WTAV, B, := WTB,C = CV).
Numerical methods for computing low-rank factors:

Low-rank ADI, Rational Krylov subspace methods,
[E.c., PENZL 98, L1/WHITE ’02, DRUSKIN/SIMONCINI ’11]
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& ® Restricted Gramians

Consider reachability Gramians P, Pq, Pr,.

For low-rank approximation, a rapid decay of the singular values is
required. [E.G., ANTOULAS/SORENSON/ZHOU 02, GRASEDYCK ’04]
Lyapunov equations for infinite, time-/frequency-limited Gramians:

—-BBT (BT)
AP+ PAT = { —BBT + f(A)BBTf(A)T  (TLBT)
—f(A)BBT — BBf(A)T (FLBT)

= rank(rhsgT)= 2m = 2- rank(rhsp gt TLBT)= M

Expectation: slower singular value decay = larger low-rank factors
required for P71 q, Q.o compared Py, Q.

That’s not what happens!
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@ Singular Value Decay of Pq

APq + PoAT + f(A)YBBT + BBTf(A)T =0,
f(A) = Re(d log ((A+ iwi/)}(A + iwal)))

100 —— Q=R |
—h— w1, wa] = [10%,10%]
- A= [wy,wp] = [10°,2.5 - 10* 10_2
—10 |
gblo = 1073 !
= :
10716 | o
| | 102 10 10*  10°

50 100 frequency w

Singular values of frequency-limited Gramians [BENNER/K./SAAK '16]

If wz —wi| < p(A), and w1, w2 % |A(A)| with large "”‘A(AD

Re(A(A))
then U;(PQ) < O’,'(Poo).
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& @ Singular Value Decay of Pr,

\‘4 §

AP, + Pr,AT + BBT — f(A)BBTf(A)T =0, f(A) = eATr

100 ‘ 400 ‘ -
Py impulse response
Q _ 300 |- N
% 10710 | \‘\ E 200 H+ N
E 10—16 ______ “a c--> 100 J\}\,\N\/W\/W
| | | |
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100 ; ; ;
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& @ Singular Value Decay of Pr,

Observation: The higher Ty, the slower the singular value decay of Pr,
(and of Qr,, VA(PT,QT,))

~~ the smaller the differences to Py, Q-

Rough explanation: Pr, = Ps, — A(T¢), A(t) := e Py et = 0
the difference A(t) and the impulse-to-state map

xs(t) = A By (u(t) = vé(t)).

decay at a similar speed [K.” 17].

~~ TLBT might be only worthwhile for

m small final times Ty, s.t., x5(t), ys(t) haven't reached stationary
phase,

m and/or weakly damped systems.
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@@ Singular Value Decay

Under some conditions on , Ty, the restricted Gramians often exhibit
m faster singular value decay
m ~> smaller numerical rank than the infinite ones

= d low-rank approximations

- 2
PQ ~ ZQ

with rank(Zy) = k > ¢ =rank(Zg), (k,¢ < n)
st [|Po — ZooZ|| = ||Pa — ZoZ4d |-
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”@ The Matrix Function

Before starting with the low-rank Gramian factors, we need Bf = f(A)B!
Galerkin projection for Br := f(A) x B onto range(V)) C R":
Br = Vif( VTAV )/ B, Vi eR™k VIVi=I, k<n.
——

=:HeRkxk

Here: use of rational Krylov subspace range(Vy) = RKx,

K
Rk = span{B,(A —&I)7B,. L [[(A- fi’)_lB} ;

i=1

shifts/poles & € C generated adaptively {41 = argmax,cg, |rc(s)| ™",

m TLBT f = e?'r, S; = dconv[A(Hi)] or [Amin, Amax]

[DRUSKIN/LIEBERMAN /ZASLAVSKY 10, DRUSKIN/SIMONCINI '11, GUTTEL ’13]

m FLBT f = Re(1 log Z+1w2> Sk = i[ws,w2] [BENNER/K./SAAK ’16]

Zz+iwy
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& ® Restricted Gramians

Big advantage of using R/C approximation: we can reuse this
subspace for computing the low-rank Gramian approximation!

Rational Krylov method for restricted Gramians [BENNER/K./SAAK '16]

1. Approximation Bf ~ Br := f(A)B by (block) rational Krylov method.
Hk = VkT(AVk), VkT Vk = /k (range( Vk) = RICk(A, B,f))
2. Galerkin for (time-lim.) Lyapunov equation:
HiPr, + Pr,HT — (V] Br)(B Vi) + (Vi B)(BT Vi) = 0.
= PTf ~ /BTf = VkISTf VkT.
3. Continue (rarely required) rational Krylov method until, e.g.,
|APT, + P, AT — B¢B] + BBT|| < tol.
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& ® Restricted Gramians

Big advantage of using R/C approximation: we can reuse this
subspace for computing the low-rank Gramian approximation!

Rational Krylov method for restricted Gramians [BENNER/K./SAAK '16]

1. Approximation Bf ~ Br := f(A)B by (block) rational Krylov method.
Hk = VkT(AVk), VkT Vk = /k (range( Vk) = RICk(A, B,g))
2. Galerkin for (time-lim.) Lyapunov equation:
HiPr, + Pr,HT — (V] Br)(B Vi) + (Vi B)(BT Vi) = 0.
= PTf ~ 'BTf = VkISTf VkT.
3. Continue (rarely required) rational Krylov method until, e.g.,
|APT, + P, AT — B¢B] + BBT|| < tol.

= numerical effort of Gramian approximation and, hence, executing time
/ frequency-limited BT

(almost entirely) shifted to approximation of f(A)B!
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& @ BT vs. freq.-limited BT

m computation of low-rank factors of Gramians P, Qso, Pa, Qq by
rational Krylov subspace method.

[DRUSKIN/SIMONCINI "11, BENNER/K./SAAK '16]
m stopping criterion ||Lyap. residual|| < 1078||rhs||.

. . . G(iw)—G, (i
m accuracy assessment via relative transfer function error 16(w) =G (w) |

G(iw)l
Example rail?: m =7, p = 6 reduction from n =79, 841 to order
r =50
10° |

error

rel.

l/"—‘— =

10721 / . 'g' ’
—e— BT v

10_41 V—A/f —a— TLBT g

104 @1 100 “2 102 10 0
frequency w
?Oberwolfach MOR Benchmark collection
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® BT vs. time-limited BT

m Example rail with n =79, 841,

m point wise relative output error £(t) := W

m computing times: BT 65 sec., TLBT 130 sec.

u(t) = 6(t)[L,...,1]7,r =50 u(t) =50[1,...,1]",r =50
100 W T T 10_3 T
= 10—2‘7 | 10~*
PRy
1073
104 " f -
| | 10—6 |
0 10 20 30 40 0 100 200 300 400
time t time t
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® BT vs. time-limited BT

m Example rail with n =79, 841,

m point wise relative output error £(t)

— Iy(O)=y (D)l

: ly@n
m computing times: BT 65 sec., TLBT 130 sec.

u(t) =6(8)[L,...,1]7 u(t) =50[1,...,1]"

100. ]_O0 T T T
g
x= 107° 1077 -
E;v:| —e—BT
10_12 | | 10_14 —A— TLBT
50 100 150

| |
50 100 150

red. order r red. order r
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& @ BT vs. time-limited BT

m Example bips?, index-1 descriptor system with n = 21128 and
A = 3078 dynamic states, m = p = 4,

m computing times: BT 12.5 sec., TLBT 28.5 sec.
u(t) =48(t)[L,...,1]"r=30  u(t) =sin(t)[L,...,1]",r =100
10° \ T \ ‘

10° 1 g

S 10_1 n n 10—6‘ -
W
1078 ) ‘ ‘ ‘ 10712 W“ ‘ —a— TLBT

|
0 234 6 8 10 0 3 5 10
time t time t

“Available from https://sites.google.com/site/rommes/software
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® BT vs. time-limited BT

Example bips?, index-1 descriptor system with n = 21128 and
A = 3078 dynamic states, m = p = 4,

computing times: BT 12.5 sec., TLBT 28.5 sec.

u(t) =d(t)[L,...,1]" u(t) = sin(t)[L,...,1]"

10° ‘ ‘ 1015 ‘ —e— BT
E —a— TLBT
o
5% 107 10°°
EV
o
—10 | | —11 | |
10 100 200 10 100 200
red. order r red. order r

?Available from https://sites.google.com/site/rommes/software
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@ Open Problem 1: TLBT in [T, T¢]

Originally, [Gawronski/Juanc '90] also proposed TLBT for time-intervals
T :=[Ts, Telwith0< Ts < Tr < 0.

Tr

Gramian: Pr := feAtBBTeATtdt
Ts

Lyapunov equations:

APr + P7AT 4 eATs BBT eATs — ATr BBT A Tr — .

~~ no problem for low-rank factor computation!

However, TLBT in [Ts, T¢] delivers only accurate reduced systems for the
impulse input!

u(t) = 6(t) u(t) ~ sin(7t/100)?

100, T
—e— BT _
- 10_2‘& —a— TLBT 10 l‘k 1
w 1041 e~ 1073 | X7Q§

0 50 100 150 200 0 50 100 150 200
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< @ Open Problem 2: Stability

&Bad news:
| Time- / frequency limited BT are in general not stability preserving!

Modified TLBT / FLBT by [GucErciN/ANTOULAS '04] are, but
m sacrifices high accuracy of TLBT, FLBT in the relevant regions,
m numerically more expensive.

. 10° 1001 .
OL)_ 10_2 | | 10_2‘ : s:/ TLBT
K 104 —& . ‘ | | 107 ‘ -4 - mod. FL / TLBT
1074 w1 100w2102 104 0 100 200 300 400
frequency w time t

~ our recommendation: if stability preservation is crucial, stick to
unrestricted BT!
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& @ Open Problem 3: Instability?

Time-limited Gramians Pr,, Q7, still exist for unstable systems, provided
AA)YNA(=A) =10.

Moreover, they still solve the time-limited Lyapunov equations. [K "17]

Efficient computation of low-rank factors by the same algorithms.

Might be only practicable for trajectories x(t), y(t) that do not drastically
blow up in [0, T¢].
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m Faster singular value decay of frequency- / time-limited Gramians.

m Rational Krylov subspace methods enable the approximation of f(A)B
and Gramians in a single algorithm (subspace recycling).

m Frequency- / time-limited BT now applicable for large-scale systems
(almost) with the same ease as standard BT.

m higher accuracy in Q / [0, T¢] compared to standard BT,
m comparable numerical effort.

Further research:
m Alternative (better?) methods fo e,

m Discrete-time systems. (V) [GAWRONSKI/JUANG ’90, PETERSSON ’13]

m Descriptor systems.
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Thank you for your attention!

Some literature
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