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l. A robust Bayesian multivariate regression model

Y=X3+E

e Yis an n x d matrix of observables
e X is an n x p matrix of known covariates
e [ is an unknown p x d matrix of regression parameters

o E=(c1---en)T where {¢;}7_, are iid error vectors of dim d

Standard model: {¢;}7_, iid Ng(0, %), where ¥ is unknown



l. A robust Bayesian multivariate regression model
Y=X8+E

Y is an n x d matrix of observables

X is an n x p matrix of known covariates

£ is an unknown p x d matrix of regression parameters

E = (e1---¢n)T where {g;}7_, are iid error vectors of dim d

Standard model: {¢;}7_, iid Ng(0, %), where ¥ is unknown

Alternative model: Use an error density of the form
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Y=X3+E and f(e):/m(zi
0 T

Joint density of the observable data (i.e. likelihood) is

n 00 d
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Default prior for (8, X): 7(8,¥) o [T~ Is,(X)
The (intractable) posterior 7 : RP*9 x Sy — (0, 00) is given by:
(8, Xly) o< f(y|8,X) (B, X)
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The (intractable) posterior 7 : RP*9 x Sy — (0, 00) is given by:
(8, Xly) o< f(y|B, ) m(8, X)

The Bayesian wants posterior expectations of the form:
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The (intractable) posterior 7 : RP*? x Sy — (0, o) is given by:
m(B,xly) o f(y|B,X) m(B,X)

The Bayesian wants a posterior expectation

Elo.5)y = [ [ a(a.5)x(35ly) oz ds



The (intractable) posterior 7 : RP*? x Sy — (0, o) is given by:
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The Bayesian wants a posterior expectation
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MCMC solution: Simulate a Markov chain {(3;, £;)}72, with
invariant density = and estimate £ [g(3,%)|y] with:
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Q: How do we choose m?



The (intractable) posterior 7 : RP*? x Sy — (0, o) is given by:

m(B,xly) o f(y|B,X) m(B,X)
The Bayesian wants a posterior expectation

Elo.5)y = [ [ a(a.5)x(35ly) oz ds

MCMC solution: Simulate a Markov chain {(3;, £;)}72, with
invariant density = and estimate £ [g(3,%)|y] with:
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Om = m
Q: How do we choose m?

Answer: As in classical Monte Carlo, we use the CLT

Vim (gm — E[g(8.D)|y] )  N(0,+?)



Il. A Data augmentation algorithm (C. Liu, 1996, JASA)

Latent data model: Let {(Y;, U;)}7_; be independent pairs st
;X
YilUi~Ng (5" xi, ;7 ) and Ui~ h()
1
Since f(y|B8,X) = fRi f(y,u|B3,X) du, we have:

w(pxly) = [ TEELEE [ sz uly) o

R? m(y) n




Il. A Data augmentation algorithm (C. Liu, 1996, JASA)

Latent data model: Let {(Y;, U;)}7_; be independent pairs st
;X
YilUi~Ng (5" xi, ;7 ) and Ui~ h()
1

Since f(y|B8,X) = fRn (y,ulB,X) du, we have:
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Mtd for DA: k(5',Y'|8,X) = fRi (B, X u,y) m(u|lB, X, y)du

Simulating this Markov chain is easy!




Mtd for DA: k(5',Y'|8,X) = fRi (B, X u,y) m(u|lB, X, y)du

7(UlB, %, y) = [Ty b(r) uf &% h(u)
ri=rn(3,%)= - 8Tx) "=y — B7x)

(B, X u,y) = n(X|u, y)n(68',X|u, y) = IW x matrix normal




Mtd for DA: k(5',Y'|8,X) = fRi (B, X u,y) m(u|lB, X, y)du

d riu;
m(ulB, X, y) = 1y b(r) uf €z h(u)
n=n(8%)=(i—B8"x) 7 (yi — BT x)
(B, X u,y) = n(X|u, y)n(68',X|u, y) = IW x matrix normal

Q: Do there exist C : RP*9 x Sy — [0,00) and p € [0, 1) st
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k(8,18 x) — m(B8', X' ly)| dB dx < C(B, ) p"
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Drift and minorization conditions yield formulas for C and p
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Q: Do there exist C : RP*9 x Sy — [0,00) and p € [0, 1) st

/Sd /Rpxd

Drift and minorization conditions yield formulas for C and p

k(8,18 x) — m(B8', X' ly)| dB dx < C(B, ) p"

Drift: [ppxa fs (B, XYK(B, Y8, X)dY dp’ < AV(B, L)+ L
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lll. The main result

Y
Yi|UiNNd</BTXiaU> and U~ h(-)
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Mtd for DA: k(5',Y'|8,X) = fRi (B, X u,y) m(u|lB, X, y)du

Def: his PNO(c) if limy_,0 24 ¢ (0, )

uc

Examples: Gamma, F, Weibull

Def: his FPNO if for each ¢ > 0, 375 > 0 st 24 1 for u € (0, 7,)
Examples: IG, Log-normal, GIG, Fréchet




lll. The main result

Y
Yi|UiNNd</BTXiaU> and U~ h(-)
1

Mtd for DA: k(5',Y'|8,X) = fRi (B, X u,y) m(u|lB, X, y)du

Def: his PNO(c) if limy_,0 24 ¢ (0, )

uc

Examples: Gamma, F, Weibull

Def: his FPNO if for each ¢ > 0, 375 > 0 st 24 1 for u € (0, 7,)
Examples: IG, Log-normal, GIG, Fréchet

Proposition: If his FPNO or PNO(c) with ¢ > (n — p)/2, then
the DA Markov chain is geometrically ergodic




IV. Three slides on drift & minorization calculations

Mtd for DA: k(3',%'|3,X) = fRi (B8, |u,y)w(u|B,X,y)du

NTS: [poxa [s, V(B Z) k(8" T'|8,T) dT/ dB’ < AV(3, %) + L

Drift fon: V(3,%) = S, (vi — BTx)TE (v — BTx)) = 0, 1y
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Mtd for DA: k(3',%'|3,X) = fRi (B8, |u,y)w(u|B,X,y)du
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Drift fon: V(8, %) = 374 (v = A7) TE (i = BTx) = XLy 1

Roy & H (2010, JMVA) showed that
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and that when his gamma
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Mtd for DA: k(3',%'|3,X) = fRi (B8, |u,y)w(u|B,X,y)du

NTS: [goxa [s, V(B Z') k(8. T'|8,T) dT' dB’ < AV(3, %) + L
1
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Recall: 7(ulf, %, y) = 17 b(r) uf &% h(u)

Thus, in the general case, we have
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Mtd for DA: k(3',%'|3,X) = fRi (B8, |u,y)w(u|B,X,y)du

NTS: [goxa [s, V(B Z') k(8. T'|8,T) dT' dB’ < AV(3, %) + L
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Recall: 7(ulf, %, y) = 17 b(r) uf &% h(u)

Thus, in the general case, we have
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It suffices to show that, for all s > 0,




Mtd for DA: k(3',%'|3,X) = fRi (B8, |u,y)w(u|B,X,y)du

Suppose we find f : R7 — [0,00) and ¢ € (0, 1) st
m(ulB8,%,y) > ef(u) whenever V(5,%) <t

Then we have minorization: For all (8,X) st V(5,%) < t,
k(8. T)5.5) > e/ (8.2 \u.y) Hu) du = e (8, )
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