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motivation

exceptional field theory (ExFT)

upon toroidal reduction on T9, eleven-dimensional supergravity
exhibits the global exceptional symmetry group Ed(a)

after proper dualisation/reorganisation of the fields

D=11 supergravity

T7l /T6

D=4 maximal supergravity
global E7(7)

[IB supergravity

[Cremmer, Julia ]

ExFT: reformulate D=11 supergravity such that Eq) (or its
remnants) become manifest before dimensional reduction
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motivation

structure of exceptional field theory (ExFT)

Ed(d) generalized diffeomorphisms

unique invariant two-derivative actions

reproduce the bosonic sector of maximal supergravity

powerful tool for construction of vacua and consistent truncations

unlike DFT: based on a split external / internal coordinates {x“, YM}

constructed separately for every exceptional group B=lhoe

so far: until Eg@g) (symmetry of 3D sugra) — D=3 external dimensions

YVV VFVYVVVY

—> now : E9(¢9) (symmetry of 2D sugra) — D=2 external dimensions

T

O—O0—~OCO-0O0000C0

infinite-dimensional algebra and representations
(integrable structure of 2D sugra)
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plan

exceptional field theory

2 generalized diffeomorphisms
2 tensor hierarchy

affine symmetries in 2D supergravity

2 2D supergravity
2 affine symmetries

exceptional field theory for the affine algebra E9

2 generalized diffeomorphisms & section constraints
2 invariant actions

based on work with Olaf Hohm, Guillaume Bossard, Martin Cederwall,
Axel Kleinschmidt, Jakob Palmkvist, Franz Ciceri, Gianluca Inverso
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exceptional field theory (ExFT)

generalized diffeomorphisms
tensor hierarchy

invariant actions
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exceptional field theory (ExFT)

generalized diffeomorphisms  parameter ¢ vector V' € Ry irrep of g

Le¢ VM = NoyvM 4 ZMN PQ ONE PYVQ  [Coimbra, Strickland-Constable, Waldram]
[Berman, Cederwall, Kleinschmidt, Thompson]

= NONVM 4k (Pagy) Y pM g (OnED)VE 4 oneN VM B=——

compatible with Eq(q) structure (respects invariant tensors)

= NNV — VN ONEM + YMN o el VE
closure of the algebra
— up to section condition Y pody @ O = 0
— d trivial gauge parameters

— E-bracket (not associative ! Jacobiator ...)
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exceptional field theory (ExFT)

B generalized diffeomorphisms parameter ¢ vector V' € Ry irrep of g

LVM =NoyVvM 1 ZMN 50 OnEP V' [Coimbra, Strickland-Constable, Waldram]
[Berman, Cederwall, Kleinschmidt, Thompson]
= Nony VM —VNoNeM 4 Y MY b OnEP VY
closure of the algebra
— up to section condition Y™ po Oy ® O = 0
— 3 trivial gauge parameters

— E-bracket (not associative ! Jacobiator ...)

2 infinite-dimensional local gauge structure of EXFT
- _ PR ,
yM oz covariant derivatives D, = 0, — La

W

? modified YM field strengths
FuM = 20, A0™M — [Au, AJY — YMN o0 9y B, F@

Stuckelberg type coupling to 2-forms
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exceptional field theory — tensor hierarchy

generalized diffeomorphisms  parameter ¢ vector V' € Ry irrep of g
[,gvM — SN(?NVM -+ ZMNPQ 8N€PVQ
modified YM field strengths

Fu™ = 20,A,M — A, AN — YMYNpoon B, T¢

Stuckelberg type coupling to 2-forms

tensor hierarchy (schematically)
f‘[p‘l‘l] — DC[P] 4oL+ DC[p+1] D : Rp+1 — Rp

similar to gauged supergravity, where D is the embedding tensor

(embedding of gauged supergravity by suitable Scherk-Schwarz ansatz)

precisely compatible with the supergravity field content
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exceptional field theory — tensor hierarchy

tensor hierarchy (schematically)

Fettl = pcll .. + pclrtl] D : Rpt1 — Ry

precisely compatible with the supergravity field content

2 until (D—3) forms Cy; € R; (dual to the vector fields)

whose field strength requires further correction

Fvu = DCuyr+ ... —F(ta)MN@NCa + By

by a covariantly constrained (D—2) form B, YMENL By @0 = 0
related to symmetries from higher-dim dual graviton YME v By Br = 0
2 D=4, E7zFT : modified YM field strength (vectors dual to vectors)
1

Fu ™ = 20, A0M — 2[4, A)E —12(@*)MN OnBuv o —§QMN BN

2 D=3, Eg)FT : modified scalar currents (vectors dual to scalars)

DYV = YVt Lo VYV 4 B,y TV

in particular: standard algebra of generalized diffeomorphisms no longer closes Vl’é
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exceptional field theory — tensor hierarchy

tensor hierarchy (schematically)

Fettl = pcll .. + pclrtl] D : Rpt1 — Ry

2 D=4, E77FT : modified YM field strength

1
FMVM = Za[MAI/]M_Q[A,U?AV]g —12 (ta)MN 8NB,LL1/O£ _§QMNBLWN

2 D=3, Es@)FT : modified scalar currents
DYVt = Vvt Lo VvV + B,y TV

in particular: standard algebra of generalized diffeomorphisms no longer closes

2 D=2, EoFT : modified scalar field content! {17, XM}

together with additional vector fields { AMM, B, M }

again: standard algebra of generalized diffeomorphisms no longer closes
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exceptional field theory — tensor hierarchy

invariant actions

e.g. E77) EXFT with D=4 Muyn € E7(7)/SU(8)
D 1 MN 1 M ~uv N
L = R—|—2—4DMMMNDMM —ZMMNJT"/M/ FH

=+ ctop — Vpot(MMNag,uy)

with “potential” (invariant under generalised diffeomorphisms)

1 1
Vo= = MMV oy ML Oy Micr + 5 MMN Oy MEEOL My

48

1 _ 1 _ _ 1 v
— 59 13M9 8NMMN — ZMMNQ 15M99 18N9 — ZMMN(?’MQ” ONGuv -

2

unique action with generalized diffeomorphism invariance
(modulo section condition)

2 upon explicit solution of the section condition (breaking Ez())
the theory coincides with the full D=11 / IIB supergravity
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exceptional field theory — tensor hierarchy

invariant actions

e.g. E7z) EXFT with D=4

~ 1 1
L = R+ ﬂDMMMND“MMN — ZMMN]:MVM]:’LWN

=+ ctop — Vpot(MMNag,uy)

with “potential” (invariant under generalised diffeomorphisms)

1 1
V = — ZSMMNaMMKL ONMgr + 5MMN&*MMKL@LMNK
1 1 1
; 59_13M9 ONMMY — ZMMNg_lﬁMgg_laNg - ZMMN&MQW(?NQW :

consistent truncations

2> Opm — 0 : Cremmer-Julia theory, D=4 E7¢)

2 Muyn = UMA(Y)UNB(Y) MAB(CC) -
Scherk-Schwarz reduction to gauged supergravity
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affine symmetries in D=2 supergravity

D=2 supergravity
affine symmetries

2 vector fields
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affine symmetries in D=2 supergravity

2D Lagrangian (dimensional reduction of D=11 supergravity)

L= —3V=gp ( — R+ tr[P“PM]) + Lierm (W7, 95, x4
coset space sigma model coupled to dilaton gravity V'OV =Q,+ P, € egs
off-shell symmetry (target space isometries): Egs) n
50(16)
symmetries

has a remarkable structure : Oup = € 07p

dual dilaton
(infinite tower of) dual scalar potentials oY1

Epv INoeth dual scalars
——>  classical integrability, affine Lie-Poisson symmetry Eo

2 realised as a coset action SL(2) E9(9)/SO(17 1) x K(Ey)

]} — ngw_36Y2w_2€Y1w_1V eﬁL—l IOLO

Virasoro L_1p=1

central extension ko=1
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affine symmetries in 2D supergravity

& vector fields 4," ¢ R,

(non-propagating in D=2)
restore by embedding known examples: level 1 (basic) representation of Eg

1 |
9
- 248 Ohjéj 36
“;:, 1 + 248 4 3875 UQS 196
= 1 42248 + 3875 + 30380 2|
21+ 3248+ 2 - 3875 + 30380 + 27000 + 147250 ) '
\4 ° \/

Xwo = 1+ 248q + 4124¢° + 34752¢° + 213126¢* + 1057504¢° 4 4530744¢° + ...

W ——— ExFT coordinates Y™ € R4 YyM — {2*, Yij, Yijkims - - - }

construct the associated generalised diffeomorphisms
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exceptional field theory for the affine algebra Eo

section constraints

generalized diffeomorphisms
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exceptional field theory for the affine algebra Es

& section constraints YMYpoOur @0y =0 27

lives in the tensor product R; ® Rq : linear combination of level 2 representations
R(2A0), R(A7), R(A;)

RiORI = 14+¢F+¢@+...)RQ2Ay) ® (¢ +¢+¢*+...)R(A?)
S (¢+¢*+¢+... ) R(A)

where the multiplicities carry representations of the ¢ = 5 coset CFT (Eo)
9)2

specifically [Goddard,Olive]

Ri1®R1 = xa,1) ®R(2Ay) @ Xx(2,1) ®R(A7) @ X(2,2) ® R(Aq)

rescaled coset Virasoro generators C,, = 32L& = 32 (I[ LY + LW T — L?(f))
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exceptional field theory for the affine algebra Es

R1®R1 = xa1,1) ®R(2Ag) @ Xx(2,1) ®R(A7) @ X(2,2) ® R(Aq)

rescaled coset Virasoro generators (C,, = 32 L' = 32 (]1 QLW + L @1 — L?(f))

2 section constraints

(<81‘®<82’—|—<82’®<(91D C; =0 <— 3(M®8N) ClMNpQ

((O1] ® (02]) (Co—1+0) = 0 etc.

|
-

Vn>0 : ((O1|l®(0:]) C—,, = 0
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exceptional field theory for the affine algebra Es

=¥ generalised diffeomorphisms full affine algebra { T4 } = { Ton, Lo, K }
LV =NONVM + k (Pagy) pM g (ONET)VE + BoneN VY

= NNV — s (TN (TB) o™ (OnET) VO — aneN VM

- >4
_—~

: NM

index-free notation

2 1

LelV) = (Dv]€) ® V) + (Bl (Co — DIE) @ |V)

2 as expected: do not close into an algebra (but come close...)

2 additional symmetry /-> weight compensating internal derivative
LsVM = C INMpy 2T VE

with covariantly constrained parameter > y*
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exceptional field theory for the affine algebra Es

»» generalised diffeomorphisms full affine algebra { T } = { Toyn, Lo, K }

= NONVM —nap (T PN (TP)o™ (OnET)VE —aneN VM

- >4

-~

, NM
index-free notation

12 2 1

LelV) = (Ov]€) ® V) + (Bl (Co —DIE) ® V) + (Fu]Coy 5 @ |V)

2 additional symmetry
WA= EE oS e

with covariantly constrained parameter >y’ ~ [3) {7y

2 close into an algebra (modulo section constraints)
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exceptional field theory for the affine algebra Es

& generalised diffeomorphisms
1 2 2 1 2 12 2 1 2 12 2 1
LelV) = (Ov]§) @ V) + (0e|(Co —D)[§) @ V) + (mx|C-1[X) @ |V)
> algebra closes [351,21,02”52,22] Sk THF

12 = [[51752]] = % ("%5152 - 35251)

Sufmnl = Lo (S2)(ms,]) + 5 (r, 0 [25) © [21) s
+ 7 al0nl(16) 8 6) ~ 16) @ 1) (el — (14+2)

modulo section constraints, non-associative, Jacobiator

2 the computation is remarkably simple !

only relies on commutation relations of the coset Virasoro generators

13 23 — 13 23 12 ) 123
[ C., ; o= ] _ m i n (Cm—l—n + Cm+n — Cm+n> -+ gm(m2 — 1) (5m_|_n,0 + Cm+n

not on any details on the Egs) structure constants...
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exceptional field theory for the affine algebra Es

= generalised diffeomorphisms

2 1

1 2 2 1 2 12 5 12 2 1
LelV) = (0v]€) ® V) + (0] (Co = D)[§) @ V) (+ (12| C1[X) ® [V)

additional symmetry

with a covariantly constrained gauge parameter Y ' ~ |%) (75
2 12 2 1 (—=1) T.A N TB M 3 P VQ
(Ts|C_1 1)@ V) ~ mag (T7)p" (T7)e™ X

with shifted Cartan-Killing form and
sum over the extended algebra { TA } - { Tom, L1, K }

brings in additional generator L _;
upon Scherk-Schwarz reduction: matches gauge structure of 2D sugra!
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exceptional field theory for the affine algebra Eo

2 invariant action
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exceptional field theory for the affine algebra Es

recall: invariant actions

e.g. E7z) EXFT with D=4

~ 1 1
L = R+ ﬂDMMMND“MMN — ZMMN]:MVM]:’LWN

=+ ctop — Vpot(MMNag,uy)

with ‘potential’ (invariant under generalised diffeomorphisms) for M = VY’

1 1
V = — @MMN(?MMKL ONMEkr + iMMNaMMKLaLMNK

I 1 _ _ 1 y
— 99 Yorrg O MM — ZMMNQ "Omg g Ong — ZMMN&MQM INGuv -

main challenge: construct the invariant ‘potential’ for Ey(9)
building blocks: (Ju)%r = MppoyMFE

in a Borel gauge, such that at given level, MM has only finitely many entries
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exceptional field theory for the affine algebra Es

main challenge: construct the invariant ‘potential’ for Eq(

building blocks: (Ju)® 1 = MppoyMEE

expand on Ey(), (for simplicity truncateto p=0)

Ju = I Tom+ I’ Lo+ I K = Jyt Ty

p=0

generic contribution Vi = p ! MMY 74 T3P nag

generic contribution V5

p P MMN () k™ (T) N

specific contribution V3 = p MM (J_1 i) (J_1)n®

in terms of the shifted current

—~
=
L
~
<
|

_ JMam a,m—1+JMOL—1‘|‘XMK

bringing in the extra scalar fields X 77
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exceptional field theory for the affine algebra Es

final step: restore p dependence

I ™ Toym + I’ Lo+ IO K + Jyt Ly +Jy~ Ly

3
|

2 generic contribution

Vi = p L MMN A JM

there is no longer a bilinear invariant on SL(2) X Egg)
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exceptional field theory for the affine algebra Es

final step: restore p dependence

I ™ Toym + I’ Lo+ IO K + Jyt Ly +Jy~ Ly

3
|

complete contribution
Vi = p_l MMN JM'A JMB NAB == MMN (JM+ X+, N + Jar X—,N)

with the X+ .1/ related to the above Xis as

X+M = XM

X = p 2xm —w_(M)a Ty

final result V (MMN, XM) = ‘71 + ‘72 + ‘73 + ...

(upon completing into p power series and adding standard terms ...)

invariant under generalized diffeomorphisms (up to total derivatives)
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conclusions

exceptional field theory

2 unique theory with generalized diffeomorphism invariance in all coordinates
(modulo section condition)

2 exceptional group structure manifest
2 universal formulation of IIA and IIB supergravity

2 powerful tool for construction of vacua and consistent truncations

exceptional field theory for affine algebras

infinite-dimensional algebra and representations

algebra of generalized diffeomorphisms with additional gauge symmetry

T

0—0—0—0—0—0—0—0

7 dynamics: invariant action — potential
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outlook

® complete the E9 construction:

» external part of the action
? duality equations for scalar fields —— linear system
7 remnants of the integrable structure

supersymmetry

By

2 representation theory of K(Es)
7 potential as an internal curvature scalar
7 predictions for D=2 supergravity

extend to the higher-rank algebras:

? (E1o, E11, Borcherds, tensor hierarchy, ...)
P relate to [DamourHenneaux,Nicolai][West]

understand / weaken / relax the section constraints

tool for analyzing existing theories or hints towards a more
fundamental structure ..?
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