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Far-field generated by charge distribution

p 7 0 only in BL(O), /p:O,
—V-aVu=p, —Vuin Br(yg)

Possible to predict

“effective’” multipole expansion
without knowing the medium’s
realization in between?

with overwhelming probability in L > 1

As we shall see for d = 3:
Dipole: yes; quadrupoles: yes; octupoles: no

The higher the dimension d, the more effective multipoles
do not depend on realization of medium away from source.



Homogeneous media.

A systematic view of multipole expansion

Consider: a positive definite d x d coefficient,

X, := {a*-harmonic polynomials degree < k}

Liouville principle: X, = {a*-harmonic 7|7 = O(|z|¥)};
1
= {a*-harmonic @ in R? | lim sup—p—(3 B, 1V|?)2 < 00}

oo

define in analogy: Y, := {a-harmonic @ |u = O(|z|2~%™)}
1
.= { a-harmonic z in R? — {0} | |ir£TS(;lélde_1+m(% /5, Val?)2 < oo}
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Quotient spaces have nice structure

Recall: X, = {a*-harmonic 7in R¢| Vo = O(|z|F~1) },
Y = {a-harmonic @ in R? — {0} | Vi = O(|z|~4T1-™m) 1,

Natural representation of quotient spaces:
X1./X._1 £ {a*-harmonic polynom. degree =k}
Ym/Yma1 = span{9*G | |a| = m, G fundamental sol. of -V -aV }

harmonic polynom.: Xq/Xg, Xo/Xq,
multipoles: 371/572, 372/573,
d(d;‘l) _1=5 ...

dimension ind=3: d=3

No surprise: Natural isomorphism Yy /Y11 = (X /X 1)*



Isomorphism of quotients provided by pairing B
Recall: X, = {a*-harmonic 7in R¢| Vo = O(|z|F~1) },

Ym = {a-harmonic z in R% — {0} | Va = O(|z|~¢T1-™)}.

Note: ©,4 harmonic in R? — B,

— ¢q .= uwa*Vv —wvaVu is V--free (Green’'s formula),

= B(u,v) = faBRl/-q does not depend on R > r.

Obvious: B bilinear, vanishes on Y, x X, 1, hence
Y/k/)_/m—l—l > [u] — E(’L_L, ) € (Xm/Xk—l)* well-defined.

Folklore: It is isomorphism.



Isomorphism via B encodes multipole expansion
B(w,v) = faBR’/ - (uwa*Vv — vavVa)

Consider —V -aVu = p,

= B(u,v) = [wvp for all a*-harmonic v.
Suppose 0" moment [ p vanishes

— B(u,-) vanishes on Xy;

suppose 15t&2179 moments [zp, [ @ zp known
—= B(u,-) € X>* known;

together B(u,-) € (X5/Xp)* known.

By isomorphism Y7 /Y3 3 [u] — B(u,-) € (Xo/Xg)*,
this determines u € Y7 up to Y3, that is,
monopole vanishes, dipole known, quadrupole known.



Heterogeneous medium: corrector & flux corrector

A-Uniformly elliptic coefficient field a on RY:
MNEI2 < €-a(x)E, |a(x)€]?2 < €-a(x)é forall z € RY ¢ € RY,

Cartesian coordinate direction 1 =1,--- ,d, e¢; unit vector

Corrector ¢, modifies Cartesian coordinate x; to a-harmonic:
V-a(e; +Vo;) =V-aV(z; + ¢;) = 0.

Flux a(e;+Vo;) is V--free, thus can be written as
a(e,+Vao;) =ae; + V-0; with a constant, o; skew.

i = {0kt jk=1, - .d Tikj = —OTijk

(V- ai)j — 8k(77;jk (Einstein’s summation convention)



(Flux) corrector and two-scale expansion

Recall: a(e;+V¢;) =ae; +V -0; with a constant, o; skew.

Merit of (¢;,0;):
Relates variable-coefficient operator —V - aV
to constant-coefficient operator —V - aV

via two-scale expansion (14¢;0;)u: For any u
— V- CLV(]. ¢Zaz)ﬂ = —V - -aVu V- (¢ia-0i)vaﬂj;
o; brings error in divergence-form.

(¢*,0*) denote objects related to dual coefficient a*.



Spaces X; and X, isomorphic

Assumption: slightly quantified sub//near growth:

Z (£, 19 0%) = £, (6%, %) )QdR < 00

Recall X, = {a*-harmonic t|v = O(|z|*)}

1
= {a*-harmonic v | lim sup#(fBR V©]2)2 < 00 }.

Rfoo

L . . 1 o\ 1
X, := {a*-harmonic v | I”BTing(fBR IVv|?)2 < 0o }.
Note Xo D span{l}, X1 D span{l,z1+¢}, - zq+¢}}

Proposition (Fischer O. CPDE’16).
[v] € X/ X1 1 = Xk/X;C 1 D [v] via two- scale expansion

I|mSUpRToo k- 1(fB av(€z+v¢*)| )

Consequence Xo = span{l}, X1 =span{l,z1+¢%, - ,za+¢5}



Quotient spaces of Y, and X; isomorphic

Recall Y, := {a@-harmonic a|a = O(|z|°~%™) }

= {a-harmonic @ in R? — {0} | lim supRI~1+m (=, 1/pe Vi|2)2 < oo ).
(©.@)

Now Y., =

1
{a-harm. @ in R% B, | lim supR?- 1+m( 2 [5e IVul?)2 < oo}
Rtoo R

1
Recall X, := {a™harmonicv|lim sup%(fB Vv|?)2 < o0 }.
Poo R R
Recall B. Now B(u,v) := faBTV - (ua*Vu — vaVu).

Proposition Bella-Giunti-O. '17.
Yi/Yim+1 2 [u] = B(u,-) € (Xm/X,_1)* is isomorphism.

Consequence: Y /Y41 = Vi /Y41



Based on large-scale regularity theory

Avellaneda&Lin '87, Kenig&Lin&Shen '12, Armstrong&Smart '14

two-scale

Proposition (Fischer-O' 16). X./X;. 1 2 Xi/Xi_1.

B
Proposition (Bella-Giunti-O. '17). Y3/Y,4+1 = (Xm/Xp_1)".

Proposition (Fischer-O. '16)

For every r« <r < R and a*-harmonic u in Bp:
1 1
infuex, (fp, [V —)%)2 5 @) fp, [Vul?)?.

Intrinsic C%1-theory from radius . onwards.



Q“d—order corrector, two-scale expansion

Recall defining property of first-order objects (¢;,0;,a; ;= ae;):
a(ei —|— VQbZ) — C_‘Li —|— \YE 0.
Recall property of two-scale expansion (14¢,0;)u: for any u

— V- aV(1+¢@f9@)ﬂ = —V :-aVu -|— \E (gbza — O‘Z)Vaz’l_L

Now fori,7 =1,---,d ((b scalar, a .skew, a/
aV(b + (¢;a — O'Z')GJ__/ + V- a
Q”d—order two-scale expansion (1—|—qb7;8i—|—(b,’ij8ij)ﬂ:
— V- aV(14¢;0;+¢;,0i;)u

= —V - (aVa+a'V?u) + V- (¢ ;a — 0},)VIjju.

i constant):

In particular (1+¢f9;+¢},'9;;)v € X2 for v e Xo.



Stochastic bounds on higher-order correctors

Class of ensembles (-) of x-uniformly elliptic coefficient fields a:
a(x) = A(g(x)) with A Lipschitz, g Gaussian field
centered, stationary, integrable covariance.

Y. Gu '17

Proposition (Gloria-O. AoP '11, Bella-Fehrman-Fischer-O. PTRF).
For d = 3: (¢,0) is stationary,

1
(fBl(x) (&, 0)|2)2 has stretched exponential moments,

_1 1
ly — | 72( [, 1 0") = F5,(2) (#:0)1?)2
has stretched exponential moments.

= 2 (from 29 order) — d:T?’, cf. Brownian motion

N —



A canonical isomorphism X5/Xgy £ X5/ Xg

Normalize ¢* through (¢*) = 0, possible since stationary.
No canonical way to normalize ¢*', since typ. not stationary.

However may normalize V¢* through (V¢*') = 0;
recall V- (a*qu;‘j’ + (¢fa* —cl)e;) = 0.

Thus two-scale expansion v = (14 gb?@i—|—¢%’8¢j)?—) provides

canonical isomorphism [v] € X5/ Xg & X5/ X 2 [v]
via Vv =V (14¢:9;)v + aingb;j’.




A canonical isomorphism Y; /Y3 = Y;/Y3

Recall: ¢, o, V¢' canonically defined, a,, = <av¢;j + (pia — ;)€ ).
Fix 1 <8< 453

Proposition (Bella-Giunti-O. '17)

Two-scale expansion yields canonical Y1/Y3 £ Y7 /Y3 via
VueYr 3Jue¥p unique up to Y3 st limp s, |y| P13

1
1\Yy

where @’ is determined by @ via V- (aV#d 4+ a@'V2a) =0

\
\\_\U-'-‘-' (104 r%’.qj )7

" gl
0 (™ ’-)




A commuting diagram

T heorem (Bella-Giunti-O. '17)

T he following

diagram commutes ()q%%)*‘___' @/Ef

More precisely, for (v,u) € Xox Y7 and (v,u) € Xo x Y]
related by Vo = V(14¢59;)v4+0;0V ¢}, and limy, . |y|7 T3
1
</B ( )’v“ — V(14¢;0;)u — 0;;uV ¢;;—0;u' (ei+V ;) %2 =
1(y

we have B(u,v) = B(u,v).




Multipole expansion in random media made explicit

For p with [p=0 Y/jg 7;/%5‘
consider —V - aVu = p. &l 18
Have B(u,v) = [ vp. (x/)%) —* (K/E)

By Proposition 3! [u] € Y1/Y3 s. t. 1im), 1 y|B+3

_ _ 2
([, |V = V(14¢:0) 1 — 8;;aV ¢l —0, (ei4+V )| )
How to determine u?

By assumption [ p =0, so that B(u,-) € (X5/Xg)*.

By Theorem, B(4,v) = B(u, (1+¢}9;+¢};'9;;)v).
B
In view of Yl/Y3 = (XQ/X())*

[2] is determined by B(u,-) € (X2/Xg)*.

N

= 0.




Multipole expansion in random media

Recall that v is well described by multipole u

lim |y|5+3 (/ |V’LL — V(14¢;0;)u — 8Z-jﬂv¢gj—8@-a’(ei+V¢i)
|y[Too B1(y)

and that @ is determined in Y7 up to Y3 by “moments”

/p(l-I—qﬁ;k@Z—Fqﬁ:}/@w)’t_J for v e XQ.

2)% = 0.

The latter depends only on (¢*, V¢*') restricted to suppp.

Hence approximation of w near y only requires (6™, V™"
IN Representative- Volume-Element Neighborhoods of O and y.




Yet another good behavior of two-scale expansion

Recall d = 3, for simplicity a symmetric.
2Nd order two-scale expansion E7 := (1—|—q57;(97;—|—¢;;j8ij)17,.
Given a-harmonic v and @ with 7 = O(|z|?), © = O(|z|~2).
Claim: liMgys [pp, v - (ETaVED — EuaV Ev)

= Jop,v-( DavV a— a@av o).

Step 1. Under lim gy f@BR v, EvaV Eu

~ v(aViu + a;Voyu) + ¢ropv aVu — 0,v O;uoi(ep+Vor).
Flux representation via 15t and 29 order flux correctors: aV Eu
= aViu+ a;Vou + (¢}a — 0} )VOu + V- (0; uaz—l—&m uo! . )

Quenched estimates: qbz,az = O(l) gbw, = O(|:1;|2)



Two-scale exp. commmutes with Green’s formula

Claim: limpyo [, v - (EVaVEY — BaaVED)
= fop,v-( ©aV u— wav o).
Step 1. Under limpy faBR v, FEvaV Eu
~ E(aVﬂ —|— &;V(’?Zﬂ) —I— gbkak’l_} aVu — 8]{7_) (9{(] Jz(ek+v¢k)

Step 2. Under lim gy fc‘?B v-, BEvaVEu— EuaV Ev
v vaVu — uaVu+v a,Voju — u a,VOorv — 0;u a;,Vo.

Use formula awk — <0ikgag¢j — jk€8€¢i>r
normalization (¢;) = 0 (essential), (o;) = 0 (convenient).



Two-scale exp. commutes with Green’s formula

Claim: liMgto fyp. v+ (B aVEQL — B aVEv)

= [pp,v-( DAV a— @av o).
Step 1. Under limpy faBR v FEvaV Eu
s D(aVi + @V ;i) + 00 aVi — 050051 o3 (ef+ V).
Step 2. Under liM p1oo faB v-, FvaVEu — FEuaV Ev
v vaViu —uwaVo + v a;Vou — u a),VoRv — 0;u a;Vu.

Step 3. Under |ImRTOO f@BR

’V@u—ﬁ akvakv—aa EL’VU
~ g a;?" vau—ﬁaky V8,u — d;u V" v,
where @%Y" is symmetrization of 3-tensor @/,
which vanishes because skew in first two indices.



