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Plant cell walls:
microstructure, mechanics & chemistry

Microscopic structure of plant cell wall

e cellulose microfibrils

 cell wall matrix of pectin, hemicellulose, water,
enzymes

« allows for anisotropic cell expansion

Interactions between mechanics and chemistry

* mechanical forces can break load-bearing cross-links

* dynamics of cross-links influences mechanical properties
of plant cell wall matrix
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Plant cell walls:
microstructure, mechanics & chemistry

cell wall
]

Microscopic structure of plant cell wall

e cellulose microfibrils wall

matrix

 cell wall matrix of pectin, hemicellulose, water, plasma
en Zy mes membrane

« allows for anisotropic cell expansion

middle
lamella

CMT

Interactions between mechanics and chemistry

* mechanical forces can break load-bearing cross-links

* dynamics of cross-links influences mechanical properties
of plant cell wall matrix

» Pectin is deposited into cell walls from
@ i - <l> + ® + H Golgi apparatus in a methylesterified form

» enzyme PME interacts with
methylestrified pectin to form

m}a Ch S L B o o o <[>Ca demethylestrified pectin

» Demethylestrified pectin and calcium ions
Wolf, Greiner, Protoplasma 2012 form calcium-pectin cross-links



Mechanics (hyperelastic material)

. 1~ OW(F,) OW (F.)
_ _ 1 e L e
divT =0, T =J"F, IF. or T=F, IF. pl

+ boundary conditions

F =1+ Vu deformation gradient

Ogden, Nonlinear elastic deform. 1984
Rodriguez, Hoger, McCulloch, J Biomech. 1994

F=F.F g decomposition in elastic & growth Goriely, Moulton, Vandiver, EPL 2010
Goriely, Ben Amar, J Mech.Phys.Solids 2005
Goriely, Ben Amar, Biomech.Model.Mechan. 2007

Jo = det(F.), J; = det(F;,)

Calcium-pectin chemistry

methylestrified pectin: b; Orn — div(DnVn) — g(n, Vu)
demethylestrified pectin: b,

nc {b17 b27 b37 P; C}

[
>
» pectin-calcium cross links: bs
» enzyme PME: p

>

calcium ions: ¢

<T> PME Dot



Plant cell walls: mechanics & chemistry

Linear elasticity

divT=0 inG, T-v=-Pv on G

T = (Em(bs)xey + Erxe,) e(ue)

e(ue)ij — %(8Xiuea.j + a><ju€>i)

Reaction-diffusion equations for chemical reactions

O:n — div(D,Vn) = gn(n, R(e(ue))), n e {by, by, b3, p,c}

K

- demethyl-esterification of pectin by PME 1 + 8b by p
- demethyl-esterified pectin can decay 2
- formation and destruction of calcium-pectin cross-links —2g(c)by 4+ 2k b3 R(e(ue))

.
R(e(ue)) = (tr (Em(bs)xc,+Erxc,) e(ue))



Microscopic Model
In (0,7) x G

div(ES (b2, x)e(u)) = 0

div(E® (b3, x)e(ul) + VE(b5, x)e(0:us)) =0

Ef (&, x) =E(& %/e), VE(&, x) =V(E X/e), where

C

Gi,f——h-

Gs

4 -
a

E(¢, 7) = Em(€) xy,, () + Er xy, (7). V(§,9) = Vm(€) xy, (7)  are Y-periodic

MP, B. Seguin, ESAIM: M2AN, 2016

Y =Y N{x3s = const}

as

a9



Microscopic Model
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are \A/—periodic,

Y =Y N{x3s = const}

Ie
In (0,7) x G Q
div(E= (b5, x)e(u)) = 0
G5 ——
or
div(E® (b3, x)e(ul) + VE(b5, x)e(0:us)) =0 GF —
BE(€,x) = B(€, R/2), VE(€, %) = V(€, &/<), where *
B(& ¥) = Em(&) X, (V) + EF Xy, (7). V(& Y) = Vul&) xy,, (V)
In (0, T) x G5,
0:p° = div(D,V p°)
8t i — IV(Db1vbi) R f(biv bgape)
0:b3 = div(Dp,Vb3) + f(by, b3, p°) — 2g(c®)b5 + 2k b3 R(e(uy))
Orc® =div(D.Vc®) — g(c®)b5 + kb5 R(e(uf))

atbg =

iv( Dy, Vb5) + g(c®)bs — K b R(e(us))

€

MP, B. Seguin, ESAIM: M2AN, 2016




Mathematical model for plant tissue
Biochemistry:

methylestrified pectin: by
demethylestrified pectin: b,
calcium-pectin cross links: bs
calcium ions: ¢, and cr

O:b — div(DpVb) = gp(b, ce,e(ue))
0:Ce — div(DeVce) = ge(b, Ce, €(ue))
(9th — diV(DfVCf — g(ath)Cf) — gf(Cf)
b = (b1, b2, b3)

Mechanics: Poroelasticity

|
\

A. Piatnitski, MP, MMS SIAM J, 2017



Mathematical model for plant tissue
Biochemistry:

methylestrified pectin: by
demethylestrified pectin: b,
calcium-pectin cross links: bs
calcium ions: ¢, and cr

O:b — div(DpVb) = gp(b, ce,e(ue))
0:Ce — div(DeVce) = ge(b, Ce, €(ue))
@th — diV(DfVCf — g(@th)Cf) — gf(Cf)

b= (b1, by, b3)
Mechanics: Poroelasticity

. u. - deformations of cell walls+middle lamella
G. pPe - flow pressure in cell walls+middle [amella

| O:ur - fluid flow inside the cells

G

o div (E(bs) e(ue) — pel) =0 in G,

div(KVpe — Oiue) =0 in G,

(‘9t(8tuf) — diV(,LL E(ath) — pf/) =0 In Gf
Piatnitski, MP, MMS SIAM J, 2017



Plant tlssue blomechanlcs Poroelastncutv

http://commons.wikimedia.org/wiki/

— div(E"(b5)e(ug)) + VpE = 0

— div(KEVpE — Bpus) =

O2us — % pdiv(e(0:us)) + Vpi =0

div atU? =0

Transmission conditions:

(1535(173)‘3(u ) — PE/)V = (e*pe(0:uf) — pil) v

v (e%p e(atuf) — Pf)V = —p;

(—stpg + 3tuz) -V = atU?

[1-w - tangential components

UV

in G,
in G,
in G¢
in G¢

on

on

on

on




Microscopic Model

In (0, 7) x G
div(E°(b°, x)e(ul)) =

div(ES(b°, x)e(us) + V(b2

In (0, T) x G,

O:b° = div(DpVb°) + gp(b°, c°, e(u))

0

,x)e(0:u;)) =0

0:c® = div(D.Vc®)

B gc(bga ng e(u‘f;:))

as




Microscopic model for plant tissues

div (E°(x, b5)e(ul) — pil) =0 in G,
div(KVp: — 0:;u2) =0 in G
O:(0pus) — div(e?pe(dus) — pil) =0 in Gf
and
0:b° = div(DpVb®) 4 gp(b°, ¢S, e(ul)) in G:
Orce = div(DeVcs) + ge(b°, ¢, e(ul)) in G:
Orcy = div(DeVe; — G(0ruz)cr) + gr(cf) in Gy
\\Gg
Transmission and boundary conditions: e
M, 0pug = M Orus on I* T
) 7 :\;_FE\T“E
D,V b® - v = eR(b°) on € ]|y
~ — \FSH e
C. = Cf on [\ T°
DVt v = (DeVes — G(O,uF)cE) v on T\ T®




Existence of a weak solution for the tissue model
e Banach fixed point theorem for

K over L°°(0, T;H'(GE)) x L>=(0, T; L*(GE)?)
with (uz,j7 atu?f) _ K(Ug’j_l, 8tu?j—1)

| | » |
o [le(us/™ —ulY)|| (0, 7ii2(Ge)) + 10Uz — Oru? || 1 (0,7 12(65))

+[le(Oeuz? ™ — 0wz )| 20, Tiz(eyy < CIBSYT = B3 [l 0,7 (60

O Hbg’j_l_l — bg’jHLoo(o’T;Loo(Gee)) SCTU ]e( e Ug'l 1)HLoo(0 T:12(Gg))

+CsT| 3tu — 9eu M| 1~ 0. T:L2(G#))
—I—(SHG((?tU 8tu51 1)HL2(O,T;L2(G;‘3))



Existence of a weak solution for the tissue model
e Banach fixed point theorem for

K over L°°(0, T;H'(GE)) x L>=(0, T; L*(GE)?)
with (ug,j’ 5)tu?f) _ K(Ug’j_l, 8tu<;,j—1)

| | » ,.
o [le(ue’™ —ug)| o0, Tii2(6e)) T [10:uFTT = Oru? || Lo (0, T12(62))

+[le(Oeuz? ™ — 0wz )| 20, Tiz(eyy < CIBSYT = B3 [l 0,7 (60

O Hbg’ﬁ_l — bg’jHLoo(O’T;Loo(Gee)) SCTU ]e( e U€J 1)HLoo(0 T:12(Gg))

+CsT| (9tu — Oeu M| (0.7 12(G#))
+5He((’9tu 8tu51 l)HLz(O,T;L2(Gf))
e A priori estimates

O U || 1o (0, 711 (G2)) + 107 U || e 0, T12(G2)) + 10ePE | 200, 731 (Ge)) < C

Oz Uz || o= (0, T:12(62)) + € VOeUf 1o, T2(2)) + 1PFll 26z ) < €

beHLO@(o,T;LOO(Gg)) + HVb«?HB(G;T) + HCI€HL<>°(O,T;L°°(G,€)) T ’|VCI€HL2(GET) <C
[=¢e, f



Multiscale analysis

/ Homogenization
P/ ~ +

Vi

Y-

E

. O 00000

Microstructures: . Periodic or locally-periodic microstructures
- Stochastic microstructures

Methods: - periodic, locally-periodic and stochastic two-scale convergence
- periodic and locally-periodic unfolding operators

periodic: Allaire, Cioranescu, Damlamian, Griso, Neues-Radu, Nguetseng, ...

locally periodic: Briane, Alexandre, Mikelic, Mascarenhas, Toader, Polisevski,
Arrieta, Villanueva-Pesqueira, ...
stochastic: Bourgeat, Heida, Mikelic, Piatnitski, Zhikoy, ...



Microscopic Model

In (0, 7) x G
div(E®(b°, x)e(us)) =0

div(E®(b%, x)e(ul) + VE(b°, x)e(d:uZ)) =0

In (0, T) x G,

0:b® = div(DpV b7) + g,(b%, ¢, R(e(us)))
8tC€ — diV(DCVCe) R gc(b€7 C€7 R(E(Uz)))

.
R(e(u)) = (tr (Em(b%)xe, +Erxe,) e(us))




Strong convergence of b3, strong two-scale of e(u:)

> In the case ( no diffusion of b§)
_|_
Rie(us)) = Nae()(ex) = (. wE(b5.%) elus(e, 0)d)
Bs(x)NG

T<(b5) — b3 strongly in L*(GT x Yu),
bs; — bs strongly two-scale, as e — 0



Strong convergence of b3, strong two-scale of e(u:)

> In the case ( no diffusion of b§)
_|_
Rie(us)) = Na(e(D)(ex) = (f. B (55,8 e(us(z. 1))d5)
B5(X)ﬂG

T<(b5) — bs strongly in L*(GT X Yum),
b — bs strongly two-scale, as e — 0

» |n the case

R(e(ul)) = (trE°(b) e(ud))™ ( diffusion of b5)
e(us) — e(ue) +e,(ul) strongly two-scale
u € L*(Gr; Hper(G)/R)
O:uz — Oruy strongly two-scale

e e(0iuz) — e, (0:ur) strongly two-scale, ase — 0



Macroscopic model for plant cell wall biomechanics

diV(Ehom(bg) E(Ue)) =0 In GT

Otb = div(DpVb) + gp(b, c, R(e(u.))) in Gt
Otrc = div(D. V) + g-(b, c, R(e(u.))) in Gt

_|_

R(e(u,)) = (][B (Xmtr(Ehom(bg)e(ue))aue)+ or (tr(Ehom(bg)e(ue))>

Da,j3 — Da,3j — Doz53j7 Doz,ij — Da][

VaS

Ym

[50' + a)/j Vclx()/)] dy,
X = b17 b27 b37 C

Ehom, ijk/(b3) :][Y Eji(bs,y) + (E(bs, y)e, (w”)), ] dy

MP, B. Seguin, ESAIM M2AN, 2016



Unit cell problems

For effective diffusion coefficients

divy(Da(Vyvl, +bj)) =0 in Yy, j=12

Do(Vyv, +bj)-v=0 on [ Yo
/ v, dx = 0, v/ Y — periodic
Y
For effective elasticity tensor
divy (E(b3, y)(&(w’) +b;)) =0  in Y,
/A w/dy =0, w!/ Y — periodic
Y

divyv = 9, vi + Oy,vo  for veRS
bjk = %(bj QR b +bi® bj), (bj)1§j§3 basis of R3, 61 — (1,O)T, 62 — (0, l)T
E(¢,9) = Em(€)xy,, (9) + Erxy, (9) is Y — periodic, Y = Y N {x;s = const}



Macroscopic equations: Poro-elasticity

S |/ ) \\
teh T T T T ~
«_J D o _Jj_Jf_J D «_J :] Ge = A 3 3 ‘ Y ‘ ,Fsﬁ Ye

, €
:D:::D:jﬁ [%7m
DO0000ey e

. e
Macroscopic problem r

— div(Epom(b3)e(ue)) + Vpe +9¢ + Ofusdy =0 in Gt

Yr
— div(Kp hom VPe — Ky Orue — Q(x, drur)) =0 in Gt
Microscopic problem
8fuf —div,(ue,(Owur) —mel) +Vpe =0 in Gr X Yf
div,0rur =0 in Gt X Yr
v-(ue,(Owur) —mel)v=—pL on GrxT
[1-0;ur = I1.0;u, on Gr xTI

where ¥ = |Yf|/]Y\ and

0 Pe
o (6 Wi (xy) + Zatu (£, %) w&(x,¥) + q(x, y, Orurr)
A. Piatnitski, MP, MMS SIAM J, 2017

pe(t,x,y) =



Multiscale analysis of viscoelastic model
0 = div(E® (b5, x)e(u®) + V= (b5, x)0e(u”)) in Gr,
(E°(b5, x)e(u®) + Ve(b5, x)0re(u®))yr =F on (0, T) x 0G,
u(0, x) = up(x) in G,

u az-periodic in x3,



Multiscale analysis of viscoelastic model
Consider a perturbed problem

nglaﬁfue = div(E® (b5, x)e(u®) + V=(b5, x)0:e(u®)) in Gr,
(E°(b5, x)e(u®) + VE(b5, x)0re(u®))y = F on (0, T) x 0G,

u°(0, x) = ug(x) in G,
o:u®(0,x) =0 in G,
u° as-periodic in xs,

where o > 0 is a small perturbation parameter



Multiscale analysis of viscoelastic model
Consider a perturbed problem
UXGAeAé’fug = div(E° (b5, x)e(u®) + V= (b5, x)0:e(u®)) in Gr,
(E°(b5, x)e(u®) + VE(b5, x)0re(u®))yr =F on (0, T) x 0G,

u(0, x) = ug(x) in G,
o:u°(0,x) =10 in G,
u° asz-periodic in xz,

where o > 0 is a small perturbation parameter

02 |0 [ (0, T:12(65)) T U] L2 (0, Tow(6)) + [|0re(u™) | 2(6g, ;) < €
165 || wre (o, T (62)) < C

with a constant C independent of € and o.

W(G) = {u € H'(G;IR) | /Gudx = 0,/G[(Vu)12 — (Vu)z1]dx = 0, u periodic in x3}

MP, B. Seguin, ESAIM: COCV, 2017



Locally-periodic microstructure

Locally-periodic microstructures: spatial changes of the microstructure
are observed on a scale smaller than the size of the considered domain
but larger than the characteristic size of the microstructure.

» fibres are of radius a

> layers of fibres aligned in the
same direction are of width
E:I’

» >0, 0<a<l/2
O<r<l

) e M. Briane, J. Math. Pures Appl. 1994,
’ - & RAIRO Model. Math. Anal. Numer. 1993



Locally periodic two-scale convergence

Definition. {uv®} C LP(2) converges locally periodic two-scale (I-t-s)
to u € LP(QQ; LP(Yy)) if for any ¢ € LP(£2; Coer( Y))
q

Iim/ﬂug(x)ﬁew(x)dx:/ﬂ][yx u(x, y)(x, y)dydx,

e—0

where L1 is the locally-periodic approximation of .

Locally periodic approximation: £f: C(Q; Coer(Yx)) — L>=(Q)

~1
D,z

)XQ; (z)

~ —

€ C(£2; Coer(Y))

=Y e

Definition A sequence {u®} C LP(2) two-scale converge to
ue LP(Q2 x Y) iff for any ¢ € LI(€2, Cper(Y))

lim /Q 0 (X) b (xg) dx = /Q ][y u(x, y)é(x, y)dxdy.




Plywood like microstructures

cos(y(x3)) sin(v(x3)) O

~; [~ ~

(V) = Xve(y) for y e
extended Y-periodically to R3

n(xs,y) = fi(Ryy) fory € Yy, =R.'Y




Macroscopic equations

—div (Ehom(b37 X3)€(U)) —

where

Ehom,ijki (b3, x3) = ][A(Eyk/(b3,)7)+[ (
y

with wj; solutions of the cell problems

divy(/%X31E(b3,y)(é5(w"f) + b,-j)) —0 inY

w’ periodic in Y
) 17,4 :
5 (V=5 {(R;;vf/vl)k t+ (szvyvk)/}
YM_,
6 [ —sin(1(x)) cos(y(xs) O o
"3 0 0 1 F

where Y = Y N {y1 = const} MP, MMS SIAM J 2013



Fast rotating plywood
—div (Epom(bs, x)e(u)) = 0

where

IE‘j'hom,l:ikl(b3ax) — ]ZA (Eijk/(b3axa)/}) + [E(b37)(75})é\)5(wu)} k/)d
Zy

with wj; solutions of the cell problems ﬁ)ﬂ

dfvy(ﬁxﬁ(bg,x, 9) (&R (wh) + b,-j)) —0  inZ

=

w’ periodic in Z,
where E(bs, x, 9) = EFd(x, §) + Em(b3)(1 = 9(x, 7)), x€ G,y Z

I(x,y) =Y Oy —Wik), x€G,yeZ, Iy)=:« :y
keZ3 \

and 1 O 0 ~
Z, = WY, W, = (O 1 W(x)> . Zy = ZyN{y1 = const}
0 O 1

with  w(x) = +'(xa)(cos(v(xs))x1 + sin(v(x))x2)
MP, MMS SIAM J 2013



Plant tissues with random distribution of cells

@ @U@@Q G,

o (2, F,P) — probability space %@]@@mﬁ ;\
D; @@@l[ S
e T(x):Q — Q dynamical system, i.e. ; oo
for each x € RY: T (x) is measurable and El @ig\r

(i) 7(0) is the identity map on Q and
T(x1+x) =T ()T (x) forall xi, x € R
(ii) P is an invariant measure for T(x), i.e. for x € R? and F € F:
P(TH(x)F) = P(F)

(ili) For each F € F
the set {(x,w) € R? x Q: T(x)w € F} is a measurable

Assume : T (x) - ergodic

[every measurable function which is invariant for 7(x) is P-a.e. constant]



Plant tissues biomechanics: Random geometry
e (s measurable set, P(2r) >0, P(Q2\Qf) >0
e Q. =0\ Q
o OO C Q, with P(Qr) > 0 and P(Qr M QJ) >0, forj=e,f

o For P-a.a. w € Q define a random system | &2\ (] N

of subdomains in R3 gU DH@UDJ ?G
G(w)={xeR: T(xX)weQ}, j=ef i%}ﬁ@lgg]%[ji\(ﬁ
Gr(w)={xeR3: T(x)w € Qr — i j:]g: ¢~
ooem e @EJDQ% m

[(w) = 8Gf(w), Mw) = Mw) N Gr(w)



Plant tissues biomechanics: Random geometry

e (Or measurable set, P(2r) >0, P(Q2\Qfr) >0
e Q. =Q\ Qf
o O C 2, with P(Qr) > 0 and P(Qr fa QJ) >0, forj=e,f

e For P-a.a. w € Q) define a random system @ﬁ!\[ J\D D Q@T\ i
of subdomains in R3 g@@[} UD%IJZ G,

Gw)={xeR’: T(x)we}, j=ef Djm 00 CJC Qi/\G?

Gr(w) = {x € R> : T(x)w € Qr} gﬂ jQ:

]
=

@@
U

ITmli=

M(w) =06¢(w),  T(w)=T(w)nGr(w) re T

1. Gf(w) countable number of disjoined Lipschitz domains for
P-a.s. w el

2. The distance between two connected components of Gf(w) and
diameter of G¢(w) are uniformly bounded from above and below

3. The surface I'(w) C T'(w) is open on '(w) and Lipschitz continuous

Random measure: dpug,(x) = pe(T (x)w)dx, pe(w) =



Random geometry

(] »
¢ cx S ng
Gi = {x €R®: T(x/e)w e Q)NG a: \@]QQL%\G%

cell inside — = @ Uj[: .
— G\ G:  cell wall + middle lamella D DHQ|T N

Gr ={xeR®: T(x/e)weQING

= 0G¢ cell membrane

¢ =T°NGf part of the cell membrane

Impermeable to calcium ions



Random geometry

() =g

=1 %H@f
Gi ={xcR’: T(x/e)we€Q}NG D; lug@%ﬁ
cell inside — U@J@:

= G\ Gf cell wall + middle lamella @ DIT @@

GE={xeR’: T(x/e)wEeQ}NG

= 0Gr cell membrane

~

¢ =T°NGf part of the cell membrane

Impermeable to calcium ions

Stationary random fields

E(x,w,§) = E(T(x)w,&),  K(x,w) = K(T(x)w)

E(-,£): Q — R, K(-): Q — R3*3  measurable functions, £ € R

E°(x,&) = E(x/e,w,f), Ke(x) = K(x/e,w) forweQ, xeR> £cR



Microscopic model for plant tissues

div (E*“(x, b3) e(ug®) — pel) =0
div(KVpo®” — o0:u2®) =0

0:(0:uz”) — div(e*pe(Ouz®) — ps“1) =0

and

8,65 = div(Dp Vb)) + go(b5¥, =¥, e(u*))
0,cS% = div(De Vs ™) + go (b5, ¢, e(us®))

Orcy™ = div(DeVer™ — G(Orur ™ )™ ) + gr(cr ™

)
| (] [
g@@@uuj

Transmission and boundary conditions:

DpyVb*“ - v =cR(b>%) on
o =c” on

DNV ce® v = (DeVe™ — G(Ou")e, ™) - v on

G:
G:
G

Ge
G€

0s)

U

@olu

e

0o
0o
s

g

L)

@\l ]
\\ / N

Iy
LK



Stochastic two-scale convergence
T (x)— ergodic dynamical system, T (x)&— ‘typical trajectory’, i.e

td|A| / g(T(X)W)dX—/g(w)dP(w) P-a.s.

for all bounded Borel sets A with |A| > 0, and all g € L'(Q,P)

I|m

Definition  {v¢} C L*(G), v e L*(G x Q)

vc — v stochastically two-scale iff
lim sup/ Ve (x)|? dx < o0 (1)
e—0

and for all p € C§°(G) and b € L?(Q

lim /G vE(x)o(x)b(T(x/e)i) dx = / / v(x, w)p(x)b(w) dP(w)dx

e—0
Theorem {v¢} C L?(G) satisfying (1) = Jv e L?(G x Q,dx x dP(w))
ve — v stochastically two-scale.

V. Zhikov, A. Piatnitsky 2006, M. Heida 2011



Palm measures

Definition. Let (Q, F) be a measurable space and (R?, B(R?))
ii: Qx B(RY) — R, U{oco} is a random measure on (R?, B(R?)) if

pw(A) = ii(w, A) s
e F-measurable in w € Q for each A € B(RY) and
e a measure in A € B(R?) for each w € Q.

Definition. The random measure p, is stationary if for ¢ € CS°(RY)

[ ol =2dun) = | 6»)dnrg(y)

Definition. The Palm measure of the random measure p,, is a measure
on (2, F) defined by:

wF) = [ [ Tone (O Te(T(x)) dia()dP(w), F e 7

The intensity m(u,,) of a random measure p,, :

m(w) = [ [ dn()dPw)
Q JI10.1) D. J. Daley, D. Vere-Jones 1988



The ergodic theorem

Theorem Let 7 (x) be ergodic and assume that the stationary random
measure (i, has finite intensity m(u,,) > 0. Then

1
Al /tAg(T(X)w)d,uw(x):/Qg(w)d”(w) D.as

for all bounded Borel sets A with |A| > 0, and all g € L1(Q, )
o duw(x) = p(T(x)w)dx on RY:  dp(w) = p(w)P(w) on O

lim
t— 00 td

D. J. Daley, D. Vere-Jones 1988
V. Zhikov, A. Piatnitsky 2006



The ergodic theorem

Theorem Let 7 (x) be ergodic and assume that the stationary random
measure i, has finite intensity m(u,,) > 0. Then

td‘A]/ g(T(x)w)dpuu(x) = /Qg(w)du(w) P-a.s.

for all bounded Borel sets A with |A] > 0, and all g € L1(Q, )
o du.(x) = p(T(x)w)dx on R?:  dp(w) = p(w)P(w) on

||m

T (x)& - ‘typical trajectory’
Definition {v®} C L?(G,pu) converges stochastically two-scale to

v € L*(G x Q,dx x du(w)) if

lim sup/ Ve (x)]? dus,(x) < oo
e—0 G

and

jim / V() o (x) (T (x /=) / / v(x, ) o(x)b(w) dpa(w)dx

e—=0 Jg

for all ¢ € C°(G) and b € L?(Q, ). D. J. Daley, D. Vere-Jones 1988

V. Zhikov, A. Piatnitsky 2006



Compactness results

Theorem (Zhikov & Piatnitsky 2006) {v¢} C H(G)
o If |v¥]me) < C[@) = 3 veHY(G), v el?G;13(Q))

pot

ve — v, Vve = Vv+v stochastically two-scale
o If |’V€HL2(G) —|—€HVV€H/_2(G) < C((I)) = d ve L2(G; Hl(Q))

ve — v, eVve =V, v stochastically two-scale



Compactness results

Theorem (Zhikov & Piatnitsky 2006) {v¢} C H}(G)
o If [villme) < C(@) = 3 veHYG), w e l?G;L2(Q)

ve — v, Vve = Vv+wv stochastically two-scale
o If ||ve|l2(6) +ellVVvellizie) < C(@) = 3 vel*(G; H(Q))
ve — v, eVve = Vv stochastically two-scale
Lemma (Piatnitsky, M.P.) - Palm measure of surface measure p, of I'(w)
ue HY(Q,P) = uel?(Q,un), continuous embedding

Lemma (Piatnitsky, M.P.) For ||v®||1p(gs) + €l|VVE]|1p(ge) < C:

i [ v (00(Tye)diis() = [ [ vix o)) dn(w)ds

e—0

o Gr(w) ={xeRY: T(xX)w € Qr}, T(w) = IGr(w), P(2r) >0, P(2\ Qr) >0



Macroscopic equations

0e02ue — div(E™™(b)e(ue)) + Vpe + / OZ ug XQfdP(w) =0 in Gt
Q
DeOrpe — div(K"™Vp, — K,0rte — Q(O;ur)) =0 in Gt

and

/ s+ peu(Guur)en(s) + Vpe | xa dP(w) - / P! xa, ¢ dP(w) = 0
Q Q

div,,0:ur = 0 in Gt x Q, Orur(0) = ug, in G xQ

M-0rur(t, x, T (X)w) = M0rue(t,x) for (t,x) € Gr x €l (w), P-a.s.in

3
Pl(t, x,w) = Z Oy, Pe(t, X) Wlf(w) + Opu(t, X)W (w) + Q¢ (w, Orur)
k=1

for all ¢ € L?(GT; HY(R2))?, with div,p = 0 in G x Q, and
M o(t,x, T(x)w) =0 for (t,x) € Gr, x € ['(w) and P-a.s. in 2.
A. Piatnitski, MP (in preparation) 2018



Macroscopic equations for b and ¢

9.0sb — div(Dp o Vb) = / go(c, b, U(b, w) e(ue)) xoy dP()
Q e

+/ R(be) dp(w) in Gt
Q
0ic — div(DegV e — Ut ¢) = Vrgr(c)
+ [ gle b U(b.w)e(w) g, dP() in Gr
Q €

where ¥; = |, X, (w) dP(w), for j = e, f, and

U(b,w) = {Ukh’j(baw)}k,l,i,jzl,2,3 — {bZl ™ W‘;J’Sym’kl}k 1ij=12,3

We’j solutions of the cell problems, b, = (bzl)i,j:1,2,3, b, = e ® ¢
p(w) is the Palm measure of the random measure of the surfaces I'(w)

A. Piatnitski, MP (in preparation) 2018



Numerical simulations for plant cell wall model

Macroscopic model for plant cell wall biomechanics

div(Epom(bs) e(us)) =0 in Gy

9:b = div(D,Vb) + gy(b, ¢, R(e(u.)))  in Gt
Oic = div(D.Vc) + ge(b, c, R(e(u.))) in Gt

Re(e)) = (tr(Enom(bs)e(ue)) ) or (tre(ue))”

[51'] + 8}/] Vcl)z(y)] dy,

N

Da,j3 — Doz,3j — Doz53ja Da,lj — Da][
Ym

O = b17 b27 b37 C

Ehom, jjki (b3) :][y [Eijkl(b&)/) + (]E(b3,y)ey(wU))kl] dy

MP, B. Seqguin, ESAIM M2AN, 2016



Macroscopic elasticity tensor

Ehom,ijki(z, b3) Z][ Ey,ijri(bs, y) + Ey,ijpg (b3, y)ey (W) g (y)]
Y

div, (Ey (b3, y)(e,(w™) + b)) =0 inY

/ wr dy = 0, w™ is Y-periodic
Y

EY(b37 y) —

Continuous rotation of microfibrils in cell walls

AAAAA
'//' 7
= ‘

Eﬁom,ij L = R?pquRZTRZHSEhomquS different microfibrils
orientations

cos(f) 0 sin(0) 1 0 0
RY = ( 0 1 0 ) ., RY= (o cos(6) —sin(9)> . 0=10(z)
—sin(f) 0 cos(0) 0 sin(f) cos(0)




Macroscopic elasticity tensor for cell wall

E(y,b3) = Ear(b3) xvar () + Erxye (y)

l N
\\\

Cell wall matrix is assumed to be isotropic I

Earr(b3) = Eni(bs) E1 +Eg =  Enom(b3) = E17(03) Ehom,1 + Ehom,o

EarA = 2upr A + Ay (tr A)l Lame moduli [ Ay ]

1

2 A A
_ pmCpa 3 ) g M

E
M par + A 2(par + Anr)

EM(bg) = 0.775 bg + 8.08 MPa

(Zsivanovits, MacDougall, Smith, Ring
Carbohydrate Research, 2004)

Microfibrils are transversally isotropic

(a2+a5 as —as ag 0 0 0\ 18393 6855 22277 O 0 0 \
s —as s +asas 0 0 0 6855 18393 22277 0 0 0
a3 as a1 0 0 0 22277 22277 259901 0 0 0
0 0 0 ag 0 O 0 0 0 84842 0 0
0 0 0 0 ay O 0 0 0 0 84842 0
\ 0 0 0 0 0 as) \o o o0 0 o0 5769/

Ep = 15,000MPa, vp; = 0.3, ng = 0.068, vpy = 0.06, Zp = 84,842 MPa
(Robert Moon, Review Wisconsin 2013-2014, Diddens et al., 2008)



Impact of the orientation of microfibrils

0.5*ul

!

mllll

(BC1), (C1), parallel microfibrils

1.523e-01

0.1
0.05

0

-4.437e-02

(BC1), (C1), rotating microfibrils

0.5%u3
1.280e+00

o o
o~ O

o
w

mlllllllllm

-1.376e-10

(BC1), (C1), parallel microfibrils

0.5%u3
8.990e-02

0.06

IIIIW

=0.03

0
E-0.0B
-4.711e-02

(BC1), (C1), rotating microfibrils

(BC1) Base case: p =p,1 = 0.209 MPa and f = 2.938p, 1 MPa MP, B. Seguin, Bull Math Biology, 2016



Comparison with experimental results
on tissue extension and compression

RD | (BC1) parallel MF | (BC1) no shift | (BC1) 4 shifts | (BC1) rotated MF | (BC2) (BC3)
(C1) 1.06497 1.06396 1.06984 1.00456 1.00683 | 1.00816
(C2) 1.06452 1.06391 1.00462 1.00671 | 1.00823
(C3) 1.06234 1.06294 1.06680 1.00379 1.00672 | 1.00831
(C4) 1.06411 1.06320 1.00497 1.00696 | 1.00811

Good agreement with experimental data on changes in inner or outer tissue length due to
tissue tension elimination, Hejnowicz, Sievers, J Exp.Botany 1995:

relative displacement (RD) ranging between 0.38% and 6.98%
versus experimental data: 0.3% - 4.99%

(BC1) Base case: p = po1 = 0.209 MPa and f = 2.938p, 1 MPa
(BC2) No tensile tractions: p =po 1 and f =0

(BC3) Different turgor pressures in neighbouring cells and no tensile tractions: p; = py = ps = ps = Po
and py = p3 = pe = pr = 1.3po 1, where p;, for © = 1,...,8, is the pressure in cell 7z, and f =0

MP, B. Seguin, Bull Math Biology, 2016



Plant tissue growth: Microscopic model

oW (x,F.
F=1+Vu, F=F.Fg T(x, Fe):Je_lFe b, Fe)
OF .
div T¢(x, Vu®,F, ) = 0 in G5, t>0
T°(x,Vu*,F; Jv = —<cPuv on I{, t>0
Te(x,Vu*,F, Jv =f on 0G;\T5, t>0
R
G
= o
>
J N

A.Boudaoud, MP 2018 (work in progress)



Plant tissue growth: Microscopic model

oW (x, Fe
F=1+4+ Vu, F=F.F,, T(x,F.) = J.'F. g;’ )
Momentum equation
divTe(x,Vu*,F;.) =0 in G/, t>0
Te(x,Vu*,F, . Jv = — Pv on 5, t>0
Te(x,Vu*,F, v =f on 0G;\T5, t>0
Dynamics for growth
€ .~ __ Ttresh
0, F . = <[(T ) TO T 8> Foo = Ko(x, Vus)F,., t>0
or
(T3, — oo, 0 0
uoeFg e = 0 [T5, — o *"], 0] Fge = K3(x, Vu)Fg
0 0 0
Fg,s(o) =1
where

TS =M"1T°M and M — an appropriate transformation
A.Boudaoud, MP 2018 (work in progress)



Plant tissue growth: Microscopic model
In reference configuration

div(J;S°F,[)=0 in G°, t>0,
SS*F,IN=—ePJF N on I t>0,
SSTF IN=FL|F [N on G\T*, t >0,
where JZ = det(Fg )
i
G
= o




Plant tissue growth: Microscopic model
In reference configuration

div(J;S°F,[)=0 in G°, t>0,
SS*F,IN=—ePJF N on I t>0,
JSTF,IN=FJ|F [N on G\ T*®, t >0,
where J; = det(F, ), linearised elasticity

St = Ss(X, Vusa Fg,s) — Eg(X) eell(vusv Fgaé‘)
with

1
e (Vo Fp o) = 5 Vu F .+ (Vu F L) +F_L+F_ ] —2I



Plant tissue growth: Microscopic model
In reference configuration

div(J;S°F,[)=0 in G°, t>0,
SS*F,IN=—ePJF N on I t>0,
JSTF,IN=FJ|F [N on G\ T*®, t >0,
where J; = det(F, ), linearised elasticity

§° = S5°(x, Vu®, Fy o) = E°(x) een(Vu®, Fy o)
with
een(Vu®,F, o) = % Vu F .+ (Vu F L) +F_L+F_ ] —2I
Growth dynamics
no:Fg . = Ki(x, Vu®)F, ., J=2,3
F,-(0) =1
Assumptions

> 1Al <E(y)A- A< a|AP, Ejw = Ewj = Ejiw = Eji, E°(x) = E(x/¢)
» K>, K3z - bounded



Plant tissue growth: A priori estimates

Boundedness of F, ., extension of u®, rigidity estimate for Vu®:

(VUF, Dsym i< (0, 7:12(62)) + |0t (VUTF  L)sym | 120, Ty x 65y < C

Fga€HL°°(O,T;L°°(G€)) + HFg_,iHLOO(O,T;LOO(Gﬁ)) < C

VUl |10, T:12(6)) < G + Gl[(VUTF, 2)symll (0, T:12(6e)) < C

Convergence:
uc LOO(O, T: Hl(G)), u; © L2(GT; H}%er(y))v F c L2(GT X Y)

Vu* — Vu+Vyu; two-scale

(VuF, D)sym — F two-scale
Assume:
Ki(x, Vuf) = KJ(/ se(g,Vue,Fg,g)dQ, j=12.3,6>0 fixed
Bs(x)

—> strong convergence F,.— F,, F;é — Fgl
Fo € L°(0, T; L°(G))



Plant tissue growth: Macroscopic equations

Ansatz:

ui(t,x,y) = Z O W (t, x)W’(y) + Z F,iv/(y)+ h(y)

j=1 j=1

Macroscopic equations in G, t > 0:
iv (Jg [Enom(F; 1) () + B2 o0 (Fy ) (Fg)eym + Bl (Fy sy | F; 7

— —\YW\_lfJg PF_ " Ndv
B

d
div, [E(y)(Vu +37 00 v, w )F;l)sym] -7 =0 in Y,

j=1

B d ‘e
divy B(y)| (Y Fea V'R ) = (FeFh) L7 =0 in Y,

ij=1

div, E(y) :(Vh F. )

+ (Fg") | Fs T =0 in Yo

sym sym

A.Boudaoud, MP 2018 (work in progress)
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