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Interactions between mechanics and chemistry 
• mechanical forces can break load-bearing cross-links 
• dynamics of cross-links influences mechanical properties 

of plant cell wall matrix

Plant cell walls: 
microstructure, mechanics & chemistry 

Microscopic structure of plant cell wall  
• cellulose microfibrils 
• cell wall matrix of pectin, hemicellulose, water, 

enzymes 
• allows for anisotropic cell expansion

(Homogalacturonan) Pectin
Chemical processes:

I Pectin is deposited into cell walls from
Golgi apparatus in a methylesterified form

I enzyme PME interacts with
methylestrified pectin to form
demethylestrified pectin

I Demethylestrified pectin and calcium ions
form calcium-pectin cross-links

Mechanics:

I linear elasticity

I elastic-viscoelastic material

Bosch et al. 2005). The pollen tube grows by massive
incorporation of secretory vesicles into the plasma mem-
brane exclusively at the tip (Bosch and Hepler 2005;
McKenna et al. 2009). Notably, only highly methyl-
esterified pectin is present in the growing apex, whereas
demethylesterified pectin is found along the shank of the
tube in accordance with a role of the latter type in wall
consolidation (Parre and Geitmann 2005; Bosch et al.
2005). Based on protein localization studies, a possible
mechanism for the maintenance of this distribution was
proposed (Rockel et al. 2008). A PME inhibitor protein
(PMEI) is exclusively localized at the pollen tube tip wall,
where it could interact with the ubiquitous PME, thus pre-
venting PME activity here. PMEI undergoes selective endo-
cytosis, presumably near the transition region between tip
and shank, thereby liberating PME for its wall solidifying
role in the lateral cell wall (Rockel et al. 2008).

In accordance with the role of pollen PMEs in wall
consolidation, mutation of VGD1, a highly expressed

Arabidopsis pollen PME isoform, results in unstable tubes
which lack the mechanical integrity to successfully pene-
trate the female tissue (Jiang et al. 2005). Similar effects,
albeit to a weaker extent, were observed after genetic inter-
ference with other pollen PMEs in tobacco and Arabidopsis
(Tian et al. 2006; Bosch and Hepler 2006). Conversely,
ubiquitous overexpression of VGD1, leading to ectopic
labeling of demethylesterified pectin, results in dwarf plants,
a phenotype which could be explained by reduced cell wall
extensibility (Fig. 2a). Interestingly, labeling with an anti-
body directed against HG with a low degree of methyl
esterification showed a high abundance of this epitope in
the outer epidermal wall of stem sections, whereas it is
apparently undetectable in these walls in the wildtype
(Fig. 2b). This is noteworthy with respect to the discussion
on growth control exerted by the epidermis over the inner
tissues (Savaldi-Goldstein et al. 2007).

However, genetic interference with PME expression and
activity does not always result in effects as clear as observed

Fig. 1 Schematic representation of homogalacturonic acid demethyl
esterification. a The reaction catalyzed by pectin methylesterase (PME)
leads to a free carboxylic acid group and the release of methanol and a
proton, respectively. PMEI can block the reaction through interaction
with PME. b Possible consequences of PME activity. 1 The decrease in
pH caused by the reaction outlined in a might alter cell wall properties
indirectly through changing the activity of cell wall remodeling
enzymes. 2 Continuous demethyl esterification of more than nine
galacturonic acid residues can lead to the Ca2+ cross-linking of two

adjacent HG molecules, which in vitro, leads to gelation and stiffening
of the pectin. 3 Demethyl esterification can promote hydration, which
in turn leads to a reduction in wall stiffness. 4 PME activity is a
prerequisite for HG degradation by polygalacturonase (PG). In addi-
tion to the wall loosening effect of pectin removal, PG activity can
result in the production of oligogalacturonides (OGAs), which can act
as signaling molecules during pathogen attack and normal
development

Growth control by cell wall pectins

Growth control by cell wall pectins S. Wolf, S. Greiner

. . . . . .

PME

Bosch et al. 2005). The pollen tube grows by massive
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Interactions between chemistry and mechanics

I Under the presence of strain or stress, calcium-pectin cross-links break.

I Calcium-pectin cross-links change mechanical properties of the cell wall matrix.
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proposed (Rockel et al. 2008). A PME inhibitor protein
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where it could interact with the ubiquitous PME, thus pre-
venting PME activity here. PMEI undergoes selective endo-
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and shank, thereby liberating PME for its wall solidifying
role in the lateral cell wall (Rockel et al. 2008).

In accordance with the role of pollen PMEs in wall
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demethylesterified pectin is found along the shank of the
tube in accordance with a role of the latter type in wall
consolidation (Parre and Geitmann 2005; Bosch et al.
2005). Based on protein localization studies, a possible
mechanism for the maintenance of this distribution was
proposed (Rockel et al. 2008). A PME inhibitor protein
(PMEI) is exclusively localized at the pollen tube tip wall,
where it could interact with the ubiquitous PME, thus pre-
venting PME activity here. PMEI undergoes selective endo-
cytosis, presumably near the transition region between tip
and shank, thereby liberating PME for its wall solidifying
role in the lateral cell wall (Rockel et al. 2008).

In accordance with the role of pollen PMEs in wall
consolidation, mutation of VGD1, a highly expressed

Arabidopsis pollen PME isoform, results in unstable tubes
which lack the mechanical integrity to successfully pene-
trate the female tissue (Jiang et al. 2005). Similar effects,
albeit to a weaker extent, were observed after genetic inter-
ference with other pollen PMEs in tobacco and Arabidopsis
(Tian et al. 2006; Bosch and Hepler 2006). Conversely,
ubiquitous overexpression of VGD1, leading to ectopic
labeling of demethylesterified pectin, results in dwarf plants,
a phenotype which could be explained by reduced cell wall
extensibility (Fig. 2a). Interestingly, labeling with an anti-
body directed against HG with a low degree of methyl
esterification showed a high abundance of this epitope in
the outer epidermal wall of stem sections, whereas it is
apparently undetectable in these walls in the wildtype
(Fig. 2b). This is noteworthy with respect to the discussion
on growth control exerted by the epidermis over the inner
tissues (Savaldi-Goldstein et al. 2007).

However, genetic interference with PME expression and
activity does not always result in effects as clear as observed

Fig. 1 Schematic representation of homogalacturonic acid demethyl
esterification. a The reaction catalyzed by pectin methylesterase (PME)
leads to a free carboxylic acid group and the release of methanol and a
proton, respectively. PMEI can block the reaction through interaction
with PME. b Possible consequences of PME activity. 1 The decrease in
pH caused by the reaction outlined in a might alter cell wall properties
indirectly through changing the activity of cell wall remodeling
enzymes. 2 Continuous demethyl esterification of more than nine
galacturonic acid residues can lead to the Ca2+ cross-linking of two

adjacent HG molecules, which in vitro, leads to gelation and stiffening
of the pectin. 3 Demethyl esterification can promote hydration, which
in turn leads to a reduction in wall stiffness. 4 PME activity is a
prerequisite for HG degradation by polygalacturonase (PG). In addi-
tion to the wall loosening effect of pectin removal, PG activity can
result in the production of oligogalacturonides (OGAs), which can act
as signaling molecules during pathogen attack and normal
development
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Interactions between chemistry and mechanics

I Under the presence of strain or stress, calcium-pectin cross-links break.

I Calcium-pectin cross-links change mechanical properties of the cell wall matrix.
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body directed against HG with a low degree of methyl
esterification showed a high abundance of this epitope in
the outer epidermal wall of stem sections, whereas it is
apparently undetectable in these walls in the wildtype
(Fig. 2b). This is noteworthy with respect to the discussion
on growth control exerted by the epidermis over the inner
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Calcium-pectin chemistry

Mechanics (hyperelastic material)
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Bosch et al. 2005). The pollen tube grows by massive
incorporation of secretory vesicles into the plasma mem-
brane exclusively at the tip (Bosch and Hepler 2005;
McKenna et al. 2009). Notably, only highly methyl-
esterified pectin is present in the growing apex, whereas
demethylesterified pectin is found along the shank of the
tube in accordance with a role of the latter type in wall
consolidation (Parre and Geitmann 2005; Bosch et al.
2005). Based on protein localization studies, a possible
mechanism for the maintenance of this distribution was
proposed (Rockel et al. 2008). A PME inhibitor protein
(PMEI) is exclusively localized at the pollen tube tip wall,
where it could interact with the ubiquitous PME, thus pre-
venting PME activity here. PMEI undergoes selective endo-
cytosis, presumably near the transition region between tip
and shank, thereby liberating PME for its wall solidifying
role in the lateral cell wall (Rockel et al. 2008).

In accordance with the role of pollen PMEs in wall
consolidation, mutation of VGD1, a highly expressed

Arabidopsis pollen PME isoform, results in unstable tubes
which lack the mechanical integrity to successfully pene-
trate the female tissue (Jiang et al. 2005). Similar effects,
albeit to a weaker extent, were observed after genetic inter-
ference with other pollen PMEs in tobacco and Arabidopsis
(Tian et al. 2006; Bosch and Hepler 2006). Conversely,
ubiquitous overexpression of VGD1, leading to ectopic
labeling of demethylesterified pectin, results in dwarf plants,
a phenotype which could be explained by reduced cell wall
extensibility (Fig. 2a). Interestingly, labeling with an anti-
body directed against HG with a low degree of methyl
esterification showed a high abundance of this epitope in
the outer epidermal wall of stem sections, whereas it is
apparently undetectable in these walls in the wildtype
(Fig. 2b). This is noteworthy with respect to the discussion
on growth control exerted by the epidermis over the inner
tissues (Savaldi-Goldstein et al. 2007).

However, genetic interference with PME expression and
activity does not always result in effects as clear as observed

Fig. 1 Schematic representation of homogalacturonic acid demethyl
esterification. a The reaction catalyzed by pectin methylesterase (PME)
leads to a free carboxylic acid group and the release of methanol and a
proton, respectively. PMEI can block the reaction through interaction
with PME. b Possible consequences of PME activity. 1 The decrease in
pH caused by the reaction outlined in a might alter cell wall properties
indirectly through changing the activity of cell wall remodeling
enzymes. 2 Continuous demethyl esterification of more than nine
galacturonic acid residues can lead to the Ca2+ cross-linking of two

adjacent HG molecules, which in vitro, leads to gelation and stiffening
of the pectin. 3 Demethyl esterification can promote hydration, which
in turn leads to a reduction in wall stiffness. 4 PME activity is a
prerequisite for HG degradation by polygalacturonase (PG). In addi-
tion to the wall loosening effect of pectin removal, PG activity can
result in the production of oligogalacturonides (OGAs), which can act
as signaling molecules during pathogen attack and normal
development

Growth control by cell wall pectins

Goriely, Ben Amar, Biomech.Model.Mechan. 2007
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Reaction-diffusion equations for chemical reactions

• demethyl-esterification of pectin by PME 
• demethyl-esterified pectin can decay
• formation and destruction of calcium-pectin cross-links
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describes the transduction of the signal into the cell inside by activated proteins on the cell membrane
(GTPase molecules) or activated intracellular domains of enzyme-linked receptors. The functions F

r

and F
p

model production of new free receptors and inactive proteins, respectively.
For the molecules involved in the intracellular part of the signalling pathway we consider

(3)
@

t
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i
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i
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i
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) in ⌦"

i
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(p"

a
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) on �", t > 0,

where the function F
i

models production and/or decay of c"

i

.
We complete the microscopic model with the initial conditions

(4)

c"

e
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e

,
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i
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where l = e, i, j = f, b, and s = d, a, and the boundary condition for c"

e

on the external boundary @⌦:

(5) D"

e

(x)rc"

e

· ⌫ = 0 on @⌦, t > 0.

Remark. For simplicity of presentation we consider constant di↵usion coe�cients in the equations
on �", however both the mathematical analysis and the numerical implementation allow for general
space (x and/or x/") dependence in the di↵usion coe�cients.

The "-dependent scaling in the microscopic model (1)–(5) yields nontrivial equations in the limit
and indeed is consistent with biological estimates of the parameter values c.f., §7.

The structure of space-dependent initial conditions ensures the uniform in " boundedness and
strong two-scale convergence of c"

i,0, r"

j,0, and p"

s,0 as " ! 0, where j = f, b and s = d, a. It is
possible to consider more general initial conditions, i.e. c"

i,0(x) = c
i,0(x, x/"), r"

j,0(x) = r
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s,0 with respect to at least one of
the variables macroscopic x 2 ⌦ or microscopic y 2 Y
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or z 2 �.
Remark. For reasons of clarity of exposition in the microscopic model we consider linear or quadratic
reactions for interactions between signalling molecules, receptors and proteins, capturing the main
nature of biologically relevant interactions. The extension of the analysis and numerical simulations
considered here to more general binding models such as cooperative binding or Michaelis-Menten terms
and the addition of general Lipschitz functions in the reaction terms modelling additional phenomena
should be a relatively straightforward task and is not anticipated to induce any major technical
complications.

We introduce the following notation: ⌦"
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), where l = i, e, or in H1(�") where it is clear from
the arguments which of the three is meant.

3. Well possedness of the microscopic model

First we consider existence and uniqueness of the microscopic problem (1)–(5). We shall use the
Galerkin method together with fixed point arguments to show the existence of a weak solution of (1)–
(5). Due to the quadratic nonlinearities in the reaction terms, the main challenge of the analysis is to
show a priori estimates for solutions of the microscopic problem, which are global in time and inde-
pendent of ". Here we use the Gagliardo-Nirenberg inequality and an Alikakos iteration technique [3]
to show boundedness of functions defined on �".

We make the following assumptions on the coe�cients in the model equations and on the initial
data.
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r

and F
p

model production of new free receptors and inactive proteins, respectively.
For the molecules involved in the intracellular part of the signalling pathway we consider
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We complete the microscopic model with the initial conditions
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where l = e, i, j = f, b, and s = d, a, and the boundary condition for c"

e

on the external boundary @⌦:
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· ⌫ = 0 on @⌦, t > 0.

Remark. For simplicity of presentation we consider constant di↵usion coe�cients in the equations
on �", however both the mathematical analysis and the numerical implementation allow for general
space (x and/or x/") dependence in the di↵usion coe�cients.

The "-dependent scaling in the microscopic model (1)–(5) yields nontrivial equations in the limit
and indeed is consistent with biological estimates of the parameter values c.f., §7.

The structure of space-dependent initial conditions ensures the uniform in " boundedness and
strong two-scale convergence of c"

i,0, r"

j,0, and p"

s,0 as " ! 0, where j = f, b and s = d, a. It is
possible to consider more general initial conditions, i.e. c"

i,0(x) = c
i,0(x, x/"), r"

j,0(x) = r
j,0(x, x/"),

and p"
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s,0(x, x/") if assuming continuity of c

i,0, r
j,0, and p

s,0 with respect to at least one of
the variables macroscopic x 2 ⌦ or microscopic y 2 Y

i

or z 2 �.
Remark. For reasons of clarity of exposition in the microscopic model we consider linear or quadratic
reactions for interactions between signalling molecules, receptors and proteins, capturing the main
nature of biologically relevant interactions. The extension of the analysis and numerical simulations
considered here to more general binding models such as cooperative binding or Michaelis-Menten terms
and the addition of general Lipschitz functions in the reaction terms modelling additional phenomena
should be a relatively straightforward task and is not anticipated to induce any major technical
complications.
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), where l = i, e, or in H1(�") where it is clear from
the arguments which of the three is meant.

3. Well possedness of the microscopic model

First we consider existence and uniqueness of the microscopic problem (1)–(5). We shall use the
Galerkin method together with fixed point arguments to show the existence of a weak solution of (1)–
(5). Due to the quadratic nonlinearities in the reaction terms, the main challenge of the analysis is to
show a priori estimates for solutions of the microscopic problem, which are global in time and inde-
pendent of ". Here we use the Gagliardo-Nirenberg inequality and an Alikakos iteration technique [3]
to show boundedness of functions defined on �".

We make the following assumptions on the coe�cients in the model equations and on the initial
data.
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Microscopic Model
In (0,T )⇥ G

div(E"(b"
3

, x)e(u"e)) = 0

or

div(E"(b"
3

, x)e(u"e) + V"(b"
3

, x)e(@tu
"
e)) = 0

E"(⇠, x) = E(⇠, x̂/"), V"(⇠, x) = V(⇠, x̂/"), where

E(⇠, ŷ) = EM(⇠)�
ˆYM
(ŷ) + EF �

ˆYF
(ŷ), V(⇠, ŷ) = VM(⇠)�

ˆYM
(ŷ) are

ˆY -periodic,

ˆY = Y \ {x
3

= const}
In (0,T )⇥ G "

M

@tp
" = div(Dprp")

@tb
"
1

= div(Db
1

rb"
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)� f (b"
1

, b"
2

, p")

@tb
"
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= div(Db
2

rb"
2

) + f (b"
1

, b"
2

, p")� 2g(c")b"
2

+ 2 b"
3

R(e(u"e))

@tc
" = div(Dcrc")� g(c")b"

2

+  b"
3

R(e(u"e))

@tb
"
3

= div(Db
3

rb"
3

) + g(c")b"
2

�  b"
3

R(e(u"e))
F

YM

Y
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Mathematical model for plant tissue
Biochemistry:

methylestrified pectin: b
1

demethylestrified pectin: b
2

calcium-pectin cross links: b
3

calcium ions: ce and cf

@tb � div(Dbrb) = gb(b, ce , e(ue)) in Ge

@tce � div(Derce) = ge(b, ce , e(ue)) in Ge

@tcf � div(Dfrcf � G(@tuf )cf ) = gf (cf ) in Gf

b = (b
1

, b
2

, b
3

)

e

f

G

G

Mechanics: Poroelasticity

ue - deformations of cell walls+middle lamella
pe - flow pressure in cell walls+middle lamella
@tuf - fluid flow inside the cells

div
�

E(b
3

) e(ue)� pe I
�

= 0 in Ge

div(Krpe � @tue) = 0 in Ge

@t(@tuf )� div(µ e(@tuf )� pf I ) = 0 in Gf
A. Piatnitski, MP, MMS SIAM J, 2017
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Plant tissue biomechanics: Poroelasticity
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� div(E"(b"
3

)e(u"e)) +rp"e = 0 in G "
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� div(K "
prp"e � @tu
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e) = 0 in G "

e

@2

t u
"
f � "2µ div(e(@tu

"
f )) +rp"f = 0 in G "

f

div @tu
"
f = 0 in G "

f

Transmission conditions:

(E"(b"
3

) e(u"e)� p"e I ) ⌫ = ("2µ e(@tu
"
f )� p"f I ) ⌫ on �"

⇧⌧@tu
"
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"
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⌫ · ("2µ e(@tu
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"
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⇧⌧w - tangential components

http://commons.wikimedia.org/wiki/



Microscopic Model
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Microscopic model for plant tissues
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Existence of a weak solution for the tissue model
• Banach fixed point theorem for
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Homogenization 

Multiscale analysis

Multiscale Analysis

I The aim of homogenization is to define macroscopic
behaviour by taking properties of the microscopic structure
and microscopic processes into account.

I Macroscopic models are needed for numerical simulation
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Figure 1: (a) A depiction of the domain � with the subsets representing the matrix ��
M

and the microfibrils ��
M labeled. The surface �I is in contact with the interior of the

cell, the (hidden) surface �E is facing the outside of the cell, and �U is the unit of the
surfaces on the top and bottom of �. (b) A depiction of the unit cell Y .
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Homogenization

+

Methods: • periodic, locally-periodic and stochastic two-scale convergence
• periodic and locally-periodic unfolding operators

periodic:            Allaire, Cioranescu, Damlamian, Griso, Neues-Radu, Nguetseng, … 
locally periodic: Briane, Alexandre, Mikelic, Mascarenhas, Toader, Polisevski, 
                          Arrieta, Villanueva-Pesqueira, …  
stochastic:        Bourgeat, Heida, Mikelic, Piatnitski, Zhikov, …

• Periodic or locally-periodic microstructures
• Stochastic microstructures

Microstructures: 
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Microscopic Model

In (0,T )⇥ G

div(E"(b", x)e(u"e)) = 0

or

div(E"(b", x)e(u"e) + V"(b", x)e(@tu
"
e)) = 0

In (0,T )⇥ G "
M

@tb
" = div(Dbrb") + gb(b

", c",R(e(u"e)))

@tc
" = div(Dcrc") + gc(b

", c",R(e(u"e)))

R(e(u"e)) =
⇣

tr (EM(b")�GM
+EF�GF

) e(u"e)
⌘

+

or R(e(u"e)) =
�

tr e(u"e)
�

+

F

YM

Y



Strong convergence of b"3, strong two-scale of e(u"e)
I In the case ( no di↵usion of b"

3

)

R(e(u"e)) = N�(e(u
"
e))(t, x) =

⇣

�
Z

B�(x)\G

trE"(b"
3

, x̃) e(u"e(t, x̃))dx̃
⌘

+

T "(b"
3

) ! b
3

strongly in L2(GT ⇥ YM),

b"
3

! b
3

strongly two-scale, as " ! 0

I In the case

R(e(u"e)) = (trE"(b"
3

) e(u"e))
+ ( di↵usion of b"

3

)

e(u"e) ! e(ue) + ey (u
1

e) strongly two-scale

u1e 2 L2(GT ;H
1

per

(G )/R)
@tu

"
f ! @tuf strongly two-scale

" e(@tu
"
f ) ! ey (@tuf ) strongly two-scale, as " ! 0
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Macroscopic model for plant cell wall biomechanics

div(E
hom

(b
3

) e(ue)) = 0 in GT

@tb = div(Dbrb) + gb(b, c ,R(e(ue))) in GT

@tc = div(Dcrc) + gc(b, c ,R(e(ue))) in GT

R(e(ue)) =
⇣

�
Z

B�(x)\G

tr

�

E
hom

(b
3

) e(ue)
�

dx̃
⌘

+

or
⇣

tr

�

E
hom

(b
3

) e(ue)
�

⌘

+

D↵,j3 = D↵,3j = D↵�3j , D↵,ij = D↵�
Z

ˆYM

⇥

�ij + @yj v
i
↵(y)

⇤

dy ,

↵ = b
1

, b
2

, b
3

, c

E
hom,ijkl(b3) = �

Z

Y

⇥

Eijkl(b3, y) +
�

E(b
3

, y)ey (w
ij)
�

kl

⇤

dy

MP, B. Seguin, ESAIM M2AN, 2016



Unit cell problems
For e↵ective di↵usion coe�cients

divŷ (D↵(rŷv
j
↵ + b̂j)) = 0 in ŶM , j = 1, 2

D↵(rŷv
j
↵ + b̂j) · ⌫ = 0 on �̂

Z

ˆYM

v j↵dx = 0, v j↵ Ŷ � periodic

F

YM

Y

For e↵ective elasticity tensor

d̂ivy (E(b3, y)(êy (wij) + bij)) = 0 in Ŷ ,
Z

ˆY
wijdy = 0, wij Ŷ � periodic

ˆ

divyv = @y
1

v
1

+ @y
2

v
2

for v 2 R3

bjk =

1

2

(bj ⌦ bk + bk ⌦ bj), (bj)
1j3

basis of R3

,

ˆb
1

= (1, 0)T , ˆb
2

= (0, 1)T

E(⇠, ŷ) = EM(⇠)�
ˆYM
(ŷ) + EF� ˆYF

(ŷ) is ˆY � periodic, ˆY = Y \ {x
3

= const}



Macroscopic equations: Poro-elasticity
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Macroscopic problem

� div(E
hom

(b
3

)e(ue)) +rpe + #f �
Z

Yf

@2

t uf dy = 0 in GT

� div

�

Kp,homrpe � Ku @tue � Q(x , @tuf )
�

= 0 in GT

Microscopic problem

@2

t uf � divy (µ ey (@tuf )� ⇡f I ) +rpe = 0 in GT ⇥ Yf

divy@tuf = 0 in GT ⇥ Yf

⌫ · (µ ey (@tuf )� ⇡f I ) ⌫ = �p1e on GT ⇥ �

⇧⌧@tuf = ⇧⌧@tue on GT ⇥ �

where #f = |Yf |/|Y |, and

p1

e (t, x , y) =
3X

k=1

@pe
@xk

(t, x)w k
p (x , y) +

3X

k=1

@tu
k
e (t, x)w

k
e (x , y) + q(x , y , @tuf )

A. Piatnitski, MP, MMS SIAM J, 2017



Multiscale analysis of viscoelastic model

Consider a perturbed problem

��G"
M
@2

t u
"

0 = div(E"(b"
3

, x)e(u") + V"(b"
3

, x)@te(u
")) in GT ,

(E"(b"
3

, x)e(u") + V"(b"
3

, x)@te(u
"))⌫ = F on (0,T )⇥ @G ,

u"(0, x) = u
0

(x) in G ,

@tu
"(0, x) = 0 in G ,

u" a
3

-periodic in x
3

,

where � > 0 is a small perturbation parameter

�
1

2 k@tu"kL1
(0,T ;L2

(G"
M ))

+ ku"kL1
(0,T ;W(G))

+ k@te(u")kL2

(G"
M,T )

 C

kn"kL1
(0,T ;L1

(G"
M ))

+ k@tn"kL2

(0,T ;V(G"
M )

0
)

+ krn"kL2

(G"
M,T )

 C

kb"
3

kW 1,1
(0,T ;L1

(G"
M ))

 C

with n = b
1

, b
2

, b
3

, p, c, and a constant C independent of " and �.

V(G "
M) = {n 2 H1

(G "
M) | n is a

3

� periodic in x
3

}

W(G) =

�
u 2 H1

(G ; RI

3

)

��
Z

G

u dx = 0,

Z

G

[(ru)
12

� (ru)
21

]dx = 0, u periodic in x
3

 



Multiscale analysis of viscoelastic model
Consider a perturbed problem
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Multiscale analysis of viscoelastic model
Consider a perturbed problem

��G"
M
@2

t u
" = div(E"(b"
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(x) in G ,
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-periodic in x
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Locally-periodic microstructure
Locally-periodic microstructures: spatial changes of the microstructure
are observed on a scale smaller than the size of the considered domain
but larger than the characteristic size of the microstructure.
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I fibres are of radius "a

I layers of fibres aligned in the
same direction are of width
"r

I " > 0, 0 < a < 1/2

0 < r < 1
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M. Briane, J. Math. Pures Appl. 1994,  
& RAIRO Model. Math. Anal. Numer. 1993 



Locally periodic approximation

I  2 C (⌦;Cper (Yx)) and corresponding  ̃ 2 C (⌦;Cper (Y ))

( �:  (x , y) =  ̃(x ,D�1

x y) for x 2 ⌦ and y 2 Yx)

I Locally periodic approximation: L" : C (⌦;C
per

(Yx)) ! L1(⌦)

(L" )(x) =
N"X

n=1

 ̃
⇣
x ,

D�1

x"
n
(x � x̃"n )

"

⌘
�
⌦

"
n
(x) for x 2 ⌦.

x"n , x̃"n 2 ⌦"
n \ ⌦ arbitrary choosen and fixed points.

I L"
0

: C (⌦;C
per

(Yx)) ! L1(⌦)

(L"
0

 )(x) =
N"X

n=1

 ̃
⇣
x"n ,

D�1

x"
n
(x � x̃"n )

"

⌘
�
⌦

"
n
(x) for x 2 ⌦.

[motivated by Briane (1994) ]

The maps L" and L"
0

 for  in C(⌦; Lq
per (Yx)) or in Lp(⌦;C

per

(Yx)) are
defined similarly.

Locally periodic two-scale convergence
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7

We consider  2 C(⌦;C
per

(Yx)) and corresponding function  ̃ 2 C(⌦;C
per

(Y )).
As a locally-periodic approximation of  we name L" : C(⌦;C

per

(Yx)) ! L1(⌦)
given by

(L" )(x) =
N

"

X

n=1

 ̃
⇣

x,
D�1

x"

n

(x� x̃"
n)

"

⌘

�
⌦

"

n

(x) for x 2 ⌦.

We consider also the map L"
0

: C(⌦;C
per

(Yx)) ! L1(⌦) defined for x 2 ⌦ as

(L"
0

 )(x) =
N

"

X

n=1

 
⇣

x"
n,

x� x̃"
n

"

⌘

�
⌦

"

n

(x) =
N

"

X

n=1

 ̃
⇣

x"
n,

D�1

x"

n

(x� x̃"
n)

"

⌘

�
⌦

"

n

(x).

If we choose x̃"
n = Dx"

n

"k for some k 2 Zd, then the periodicity of  ̃ implies

(L" )(x) =
N

"

X

n=1

 ̃
⇣

x,
D�1

x"

n

x

"

⌘

�
⌦

"

n

(x) and (L"
0

 )(x) =
N

"

X

n=1

 ̃
⇣

x"
n,

D�1

x"

n

x

"

⌘

�
⌦

"

n

(x)

for x 2 ⌦. In following we shall consider the case x̃"
n = Dx"

n

"k, with k 2 Zd, however
all results hold for arbitrary chosen x̃"

n 2 ⌦"
n with n = 1, . . . , N".

In the similar way we define L" and L"
0

 for  in C(⌦;Lq
per

(Yx)) or Lp(⌦;C
per

(Yx)).
In the proof of convergence theorem we shall use the regular approximation of L" 

(L"
⇢ )(x) =

N
"

X

n=1

 ̃
⇣

x,
D�1

x"

n

x

"

⌘

�
⌦

"

n

(x) for x 2 ⌦,

where �
⌦

"

n

are approximations of �
⌦

"

n

such that �
⌦

"

n

2 C1
0

(⌦"
n) and

N
"

X

n=1

|�
⌦

"

n

� �
⌦

"

n

| ! 0 in L2(⌦), ||rm�
⌦

"

n

||L1
(Rd

)

 C"�⇢m for 0 < r < ⇢ < 1. (3.1)

We can consider �
⌦

"

n

(x) = '" ⇤ �⌦

"

n,⇢

for ⌦"
n ⇢ ⌦ and �

⌦

"

n

(x) = 0 for ⌦"
n \ @⌦ 6= ;,

where '"(x) =
1

"n⇢

'( x
"⇢ ), with '(x) = c exp(�1/(1 � |x|2)) for |x| < 1 and '(x) = 0

for |x| � 1 and ⌦"
n,⇢ = {x 2 ⌦"

n, dist(x, @⌦
"
n) > "⇢}. The constant c is such that

R

Rd

'(x)dx = 1. Then �
⌦

"

n

2 C1
0

(⌦"
n) and (3.1) follow from the properties of '".

Notice that k
PN

"

n=1

|�
⌦

"

n

� �
⌦

"

n

|kL2
(⌦)

 c
1

"r(d�1)"⇢N"  c
2

"⇢�r.
Another construction of �

⌦

"

n

can be found in [9].
Example. Let ⌦ = (0, 1), Y = [0, 1], and the family of cubes ⌦"

n = (n � 1, n)"r

with " = N�1/r for some N 2 N, and n = 1, . . . , N", where N" = N = "�r.
With D(x) = ex for x 2 ⌦ we obtain the family of intervals Yx = [0, ex]. We
consider  (x, y) = x + sin(2⇡e�xy) in C(⌦;C

per

(Yx)) and corresponding  ̃(x, ỹ) =
x+ sin(2⇡ỹ) in C(⌦;C

per

(Y )). Then the locally-periodic approximation of  is given

by L" (x) =
PN

"

n=1

�

x+ sin(2⇡e�x"

nx/")
�

�
⌦

"

n

(x), with e.g. x"
n = (n � 1/2)"r, and

L"
0

 (x) =
PN

"

n=1

�

x"
n + sin(2⇡e�x"

nx/")
�

�
⌦

"

n

(x).
Definition 3.1. Let u" 2 L2(⌦) for all " > 0. We say the sequence {u"}

converges locally-periodic two-scale (l-t-s) to u 2 L2(⌦;L2(Yx)) as " ! 0 if for any
 2 L2(⌦;C

per

(Yx))

lim
"!0

Z

⌦

u"(x)L" (x)dx =

Z

⌦

�
Z

Y
x

u(x, y) (x, y)dydx,

Locally periodic two-scale convergence
Definition. {u"} ⇢ Lp(⌦) converges locally periodic two-scale (l-t-s)
to u 2 Lp(⌦; Lp(Yx)) if for any  2 Lp(⌦;C

per

(Yx))

lim
"!0

Z

⌦

u"(x)L" (x)dx =

Z

⌦

�
Z

Yx

u(x , y) (x , y)dydx ,

where L" is the locally-periodic approximation of  .

Theorem (Convergence of bounded in L2 sequences)

If {u"} is bounded in L2(⌦), then there exists u 2 L2(⌦; L2(Yx))
(up to a subseq.)

u" ! u l-t-s as " ! 0.

Theorem (Convergence of bounded in H1 sequences)
If {u"} is bounded in H1(⌦) and converges weakly to u in H1(⌦),
then

u" ! u l-t-s as " ! 0

and there exists u
1

2 L2(⌦;H1

per (Yx)/R) (up to a subseq.):

ru" ! ru + ryu1 l-t-s as " ! 0.

q

Locally-periodic approximation

I  2 C (⌦;Cper (Yx)) and corresponding  ̃ 2 C (⌦;Cper (Y ))

( �:  (x , y) =  ̃(x ,D�1

x y) for x 2 ⌦ and y 2 Yx)

I Locally-periodic approxim: L" : C (⌦;C
per

(Yx)) ! L1(⌦)

(L" )(x) =
N"
X

n=1

 ̃
⇣

x ,
D�1

x"n
(x � x̃"n)

"

⌘

�
⌦

"
n
(x) for x 2 ⌦.

x"n , x̃
"
n 2 ⌦"

n \ ⌦ arbitrary choosen and fixed points.

I L"
0

: C (⌦;C
per

(Yx)) ! L1(⌦) defined

(L"
0

 )(x) =
N"
X

n=1

 ̃
⇣

x"n ,
D�1

x"n
(x � x̃"n)

"

⌘

�
⌦

"
n
(x) for x 2 ⌦.

The maps L" and L"
0

 for  in C (⌦; Lqper (Yx)) or in Lp(⌦;C
per

(Yx))
are defined similarly.

Two-scale convergence
• A special type of convergence in Lp, 1 < p < 1 and 1/p + 1/q = 1

Definition A sequence {u"} ⇢ Lp(⌦) two-scale converge to
u 2 Lp(⌦⇥ Y ) i↵ for any � 2 Lq(⌦,Cper (Y ))

lim
"!0

Z

⌦
u"(x)�

⇣
x ,

x

"

⌘
dx =

Z

⌦
�
Z

Y
u(x , y)�(x , y)dxdy .

Notice:

u" *

Z

Y
u(·, y)dy weakly in Lp(⌦)

Definition A sequence {u"} ⇢ L2(�✏) two-scale converge to a
limit u 2 L2(⌦⇥ �) i↵ for any  2 L2(⌦,C1

per (�)) we have

lim
"!0

"

Z

�"
u✏(x) (x , x/")d�x =

1

|Y |

Z

⌦

Z

�
u(x , y) (x , y)dxd�y .



Plywood like microstructures
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F

YM

Y

Rx
3

=

0

@

cos(�(x
3

)) sin(�(x
3

)) 0
� sin(�(x

3

)) cos(�(x
3

)) 0
0 0 1

1

A

⌘̃(ỹ) = �YF
(ỹ) for ỹ 2 Y

extended Y -periodically to R3

⌘(x
3

, y) = ⌘̃(Rx
3

y) for y 2 Yx
3

= R�1

x
3

Y

Ẽ(⇠, ỹ) = EM(⇠) (1� ⌘̃(ỹ)) + EF ⌘̃(ỹ) in Y

E(⇠, x
3

, y) = EM(⇠) (1� ⌘(x
3

, y)) + EF ⌘(x
3

, y) in Yx
3

= R�1

x
3

Y

G = [N"
n=1

G "
n , E"(⇠, x) =

N"
X

n=1

E
�

⇠, x
3

,
x

"

�

�G"
n

�div (E"(b"
3

, x) e(u")) = 0 in GT



Macroscopic equations

�div (E
hom

(b
3

, x
3

)e(u)) = 0 in GT

where

E
hom,ijkl(b3, x3) = �

Z

ˆY

⇣

Ẽijkl(b3, ŷ) +
⇥

Ẽ(b
3

, ŷ)êRŷ (w
ij)
⇤

kl

⌘

dŷ

with wij solutions of the cell problems

d̂ivy

⇣

R̂x
3

Ẽ(b
3

, ŷ)
�

êRŷ (w
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⌘
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wij periodic in Ŷ
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1
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Fast rotating plywood: Macroscopic equations

�div (E
hom

(b
3

, x)e(u)) = 0 in GT

where

E
hom,ijkl(b3, x) = �

Z

ˆZx

⇣

Ẽijkl(b3, x , ŷ) +
⇥

Ẽ(b
3

, x , ŷ)êRŷ (w
ij)
⇤

kl

⌘

dŷ

with wij solutions of the cell problems

d̂ivy

⇣

R̂x
3

Ẽ(b
3
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�

êRŷ (w
ij) + bij

�

⌘

= 0 in Ẑx

wij periodic in Ẑx

^

xZ

where Ẽ(b
3

, x , ŷ) = EF #̂(x , ŷ) + EM(b
3

)(1� #̂(x , ŷ)), x 2 G , ŷ 2 Zx

#̂(x , y) =
X

k2Z3

#(y �Wxk), x 2 G , y 2 Zx , #(y) =

(

1 |ŷ |  a

� |ŷ | > a
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Zx = WxY , Wx =

 

1 0 0

0 1 w(x)
0 0 1

!
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Plant tissues with random distribution of cells

• (⌦,F ,P) � probability space

• T (x) : ⌦ ! ⌦ dynamical system, i.e.

for each x 2 Rd : T (x) is measurable and

(i) T (0) is the identity map on ⌦ and

T (x
1

+ x
2

) = T (x
1

)T (x
2

) for all x
1

, x
2

2 Rd

(ii) P is an invariant measure for T (x), i.e. for x 2 Rd and F 2 F :

P(T �1(x)F ) = P(F )

(iii) For each F 2 F
the set {(x ,!) 2 Rd ⇥ ⌦ : T (x)! 2 F} is a measurable

Assume : T (x) - ergodic
[every measurable function which is invariant for T (x) is P-a.e. constant]

e

f
ε

ε

Γ
ε

\Γ
~ ε

Γ
~ ε

Γ
ε

G

G



Plant tissues biomechanics: Random geometry
• ⌦f measurable set, P(⌦f ) > 0, P(⌦ \ ⌦f ) > 0
• ⌦e = ⌦ \ ⌦f

• ⌦
�

⇢ ⌦, with P(⌦
�

) > 0 and P(⌦
�

\ ⌦j) > 0, for j = e, f

• For P-a.a. ! 2 ⌦ define a random system
of subdomains in R3

Gj(!) = {x 2 R3 : T (x)! 2 ⌦j}, j = e, f

G
�

(!) = {x 2 R3 : T (x)! 2 ⌦
�

}

�(!) = @Gf (!), e�(!) = �(!) \ G
�

(!)

e

f
ε

ε

Γ
ε

\Γ
~ ε

Γ
~ ε

Γ
ε

G

G

1. Gf (!) countable number of disjoined Lipschitz domains for
P-a.s. ! 2 ⌦

2. The distance between two connected components of Gf (!) and
diameter of Gf (!) are uniformly bounded from above and below

3. The surface e�(!) ⇢ �(!) is open on �(!) and Lipschitz continuous

Random measure: dµ!(x) = ⇢e(T (x)!)dx , ⇢e(!) = �
⌦e
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Random geometry
G ⇢ Rd

G "
f = {x 2 R3 : T (x/")! 2 ⌦f } \ G

cell inside

G "
e = G \ G "

f cell wall + middle lamella

e

f
ε

ε

Γ
ε

\Γ
~ ε

Γ
~ ε

Γ
ε

G

G

G "
�

= {x 2 R3 : T (x/")! 2 ⌦
�

} \ G

�" = @G "
f cell membrane

e�" = �" \ G "
�

part of the cell membrane

impermeable to calcium ions

Stationary random fields

E(x ,!, ⇠) = eE(T (x)!, ⇠), K (x ,!) = eK (T (x)!)

eE(·, ⇠) : ⌦ ! R3

4

, eK (·) : ⌦ ! R3⇥3 measurable functions, ⇠ 2 R

E"(x , ⇠) = E
�

x/",!, ⇠
�

, K "(x) = K
�

x/",!
�

for ! 2 ⌦, x 2 R3, ⇠ 2 R
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Microscopic model for plant tissues

div

�

E",!(x , b",!
3

) e(u",!e )� p",!e I
�

= 0 in G "
e

div(Krp",!e � @tu
",!
e ) = 0 in G "

e

@t(@tu
",!
f )� div("2µ e(@tu

",!
f )� p",!f I ) = 0 in G "

f

and

@tb
",! = div(Dbrb",!) + gb(b

",!, c",!e , e(u",!e )) in G "
e

@tc
",!
e = div(Derc",!e ) + ge(b

",!, c",!e , e(u",!e )) in G "
e

@tc
",!
f = div(Dfrc",!f � G(@tu",!f )c",!f ) + gf (c

",!
f ) in G "

f

Transmission and boundary conditions:

⇧⌧@tu
",!
e = ⇧⌧@tu

",!
f on �"

Dbrb",! · ⌫ = "R(b",!) on �"

c",!e = c",!f on �" \ e�"

Derc",!e · ⌫ = (Dfrc",!f � G(@tu",!f )c",!f ) · ⌫ on �" \ e�"

e

f
ε

ε

Γ
ε
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~ ε

Γ
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Γ
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Stochastic two-scale convergence
T (x)� ergodic dynamical system, T (x)!̃� ‘typical trajectory’, i.e.

lim

t!1

1

t

d |A|

Z

tA

g(T (x) !̃)dx =

Z

⌦

g(!)dP(!) P-a.s.

for all bounded Borel sets A with |A| > 0, and all g 2 L

1

(⌦,P),

(dµ = ⇢(!)dP(!), dµ!(x) = ⇢(T (x)!)dx , Palm measure µ, random measure µ!)

Definition {v"} ⇢ L2(G ), v 2 L2(G ⇥ ⌦)

v" ! v stochastically two-scale i↵

lim sup
"!0

Z

G

|v"(x)|2 dx < 1 (1)

and for all ' 2 C1
0

(G ) and b 2 L2(⌦)

lim
"!0

Z

G

v"(x)'(x)b(T (x/")!̃) dx =

Z

G

Z

⌦

v(x ,!)'(x)b(!) dP(!)dx .

Theorem {v"} ⇢ L2(G ) satisfying (1) =) 9 v 2 L2(G ⇥ ⌦, dx ⇥ dP(!))

v" ! v stochastically two-scale.

(Zhikov & Piatnitsky 2006, Heida 2011)V. Zhikov, A. Piatnitsky 2006, M. Heida 2011



Palm measures
Definition. Let (⌦,F) be a measurable space and (Rd ,B(Rd))
µ̃ : ⌦⇥ B(Rd) ! R

+

[ {1} is a random measure on (Rd ,B(Rd)) if
µ!(A) = µ̃(!,A) is

• F-measurable in ! 2 ⌦ for each A 2 B(Rd) and
• a measure in A 2 B(Rd) for each ! 2 ⌦.

Definition. The random measure µ! is stationary if for � 2 C1
0

(Rd)
Z

Rd

�(y � x)dµ!(y) =

Z

Rd

�(y)dµT (x)!(y)

i.e. F�(x ,!) =
R
Rd

�(y � x)dµ!(y) is stationary and measurable.

Definition. The Palm measure of the random measure µ! is a measure µ
on (⌦,F) defined by:

µ(F ) =

Z

⌦

Z

Rd

I
[0,1)d (x) IF (T (x)!) dµ!(x)dP(!), F 2 F

• dµ!(x) = ⇢(T (x)!)dx on Rd : dµ(!) = ⇢(!)dP(!) on ⌦

The intensity m(µ!) of a random measure µ! :

m(µ!) =

Z

⌦

Z

[0,1)d
dµ!(x)dP(!)

D. J. Daley, D. Vere-Jones 1988



The ergodic theorem for random fields
Theorem Let T (x) be ergodic and assume that the stationary random
measure µ! has finite intensity m(µ!) > 0. Then

lim
t!1

1

td |A|

Z

tA

g(T (x)!)dµ!(x) =

Z

⌦

g(!)dµ(!) P-a.s.

for all bounded Borel sets A with |A| > 0, and all g 2 L1(⌦,µ)

• dµ!(x) = ⇢(T (x)!)dx on Rd
: dµ(!) = ⇢(!)P(!) on ⌦

T (x) - ergodic dynamical system, T (x)!̃ - ‘typical trajectory’

Definition {v"} ⇢ L2(G , µ"
!̃) converges stochastically two-scale to

v 2 L2(G ⇥ ⌦, dx ⇥ dµ(!)) if

lim sup
"!0

Z

G

|v"(x)|2 dµ"
!̃(x) < 1

and

lim
"!0

Z

G

v"(x)'(x)b(T (x/")!̃) dµ"
!̃(x) =

Z

G

Z

⌦

v(x ,!)'(x)b(!) dµ(!)dx

for all ' 2 C1
0

(G ) and b 2 L2(⌦,µ). V. Zhikov, A. Piatnitsky 2006
D. J. Daley, D. Vere-Jones 1988



The ergodic theorem for random fields
Theorem Let T (x) be ergodic and assume that the stationary random
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"!0

Z

G
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Z

G
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0
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Compactness results
Theorem (Zhikov & Piatnitsky 2006) {v"} ⇢ H1(G )

• If kv"kH1

(G)

 C (!̃) ) 9 v 2 H1(G ), v
1

2 L2(G ; L2
pot

(⌦))

v" * v , rv" * rv + v
1

stochastically two-scale

• If kv"kL2

(G)

+ "krv"kL2

(G)

 C (!̃) ) 9 v 2 L2(G ;H1(⌦))

v" * v , "rv" * r!v stochastically two-scale

Lemma (Piatnitsky, M.P.) µ - Palm measure of surface measure µ! of �(!)

u 2 H1(⌦,P) =) u 2 L2(⌦,µ), continuous embedding

Lemma (Piatnitsky, M.P.) For kv"kLp
(G"

e )
+ "krv"kLp

(G"
e )

 C :

lim
"!0

Z

G

v"(x)�(x) (Tx/"!)dµ"
!(x) =

Z

G

Z

⌦

v(x ,!)�(x) (!)dµ(!)dx

• Gf (!) = {x 2 Rd
: T (x)! 2 ⌦f }, �(!) = @Gf (!), P(⌦f ) > 0, P(⌦ \ ⌦f ) > 0

µ! is the stationary random measure of �(!), dµ"
!(x) = "dµ!(x/")
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Macroscopic equations

#e@
2

t ue � div(Ehom(b)e(ue)) +rpe +

Z

⌦

@2

t uf �
⌦f
dP(!) = 0 in GT

#e@tpe � div(Khomrpe � Ku@tue � Q(@tuf )) = 0 in GT

and
Z

⌦

h

@2

t uf '+ µ e!(@tuf )e!(') +rpe '
i

�
⌦f
dP(!)�

Z

⌦

P1

e �⌦e ' dP(!) = 0

div!@tuf = 0 in GT ⇥ ⌦, @tuf (0) = u1f 0 in G ⇥ ⌦

⇧⌧@tuf (t, x , T (ex)!) = ⇧⌧@tue(t, x) for (t, x) 2 GT ex 2 �(!), P-a.s. in ⌦

P1

e (t, x ,!) =
3

X

k=1

@xkpe(t, x)W
k
p (!) + @tu

k
e (t, x)W

k
u (!) + Qf (!, @tuf )

for all ' 2 L2(GT ;H1(⌦))3, with div!' = 0 in GT ⇥ ⌦, and
⇧⌧'(t, x , T (ex)!) = 0 for (t, x) 2 GT , ex 2 �(!) and P-a.s. in ⌦.

A. Piatnitski, MP (in preparation) 2018



Macroscopic equations for b and c

#e@tb � div(Db,e↵rb) =

Z

⌦

gb(c , b,U(b,!) e(ue))�
⌦e
dP(!)

+

Z

⌦

R(be) dµ(!) in GT

@tc � div(D
e↵

rc � u
e↵

c) = #f gf (c)

+

Z

⌦

ge(c , b,U(b,!) e(ue))�
⌦e

dP(!) in GT

where #j =
R

⌦

�
⌦j
(!) dP(!), for j = e, f , and

U(b,!) = {Uklij(b,!)}k,l,i,j=1,2,3 =
n

bijkl +W ij
e,sym,kl

o

k,l,i,j=1,2,3

W ij
e solutions of the cell problems, bkl = (bijkl)i,j=1,2,3, bkl = ek ⌦ el

µ(!) is the Palm measure of the random measure of the surfaces �(!)

A. Piatnitski, MP (in preparation) 2018



Numerical simulations for plant cell wall model

Macroscopic model for plant cell wall biomechanics

div(E
hom

(b
3

) e(ue)) = 0 in GT

@tb = div(Dbrb) + gb(b, c ,R(e(ue))) in GT

@tc = div(Dcrc) + gc(b, c ,R(e(ue))) in GT

R(e(ue)) =
⇣

tr
�

E
hom

(b
3

) e(ue)
�

⌘

+

or
�

tr e(ue)
�

+

D↵,j3 = D↵,3j = D↵�3j , D↵,ij = D↵�
Z

ˆYM

⇥

�ij + @yj v
i
↵(y)

⇤

dy ,

↵ = b
1

, b
2

, b
3

, c

E
hom,ijkl(b3) = �

Z

Y

⇥

Eijkl(b3, y) +
�

E(b
3

, y)ey (w
ij)
�

kl

⇤

dy

MP, B. Seguin, ESAIM M2AN, 2016



Macroscopic elasticity tensor 

The impact of microfibril orientations on the biomechanics of plant cell walls and tissues 7
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Fig. 7 A depiction of the Representative Volume Element (RVE) Y with three configurations of microfibrils. (a) A picture
of the RVE with one microfibril occupying the set specified in (6). (b) A picture of the RVE with two microfibrils occupying
the set specified in (7). (c) A picture of the RVE with two microfibrils occupying the set specified in (8), reflecting a lower
density in the distribution of microfibrils in the y

1

and y

2

-directions than in the y

3

-direction.

wall U with a periodic microstructure on the length scale of " defined by the structure of "Y , the periodic
extension of E

Y

must be scaled appropriately. Namely, the elasticity tensor in U is given by

E"(x, c) = E
Y

⇣x
"
, c
⌘

for all x 2 U

Then homogenization theory yields a macroscopic elasticity tensor E
hom

that describes a material whose
behavior approximates the behavior of the cell wall with elasticity tensor E" when " is very small [?]. In
our situation " ⇡ 10�3. Moreover, E

hom

is given by

E
hom,ijkl

(x, c) = �
Z

Y

⇥
E
Y,ijkl

(y, c) + E
Y,ijpq

(y, c)e
y

(wkl)
pq

(y)
⇤
dy for x 2 U (9)

where w

kl 2 H1(Y,R3) is the unique solution of

div
y

�
E
Y

(y, c)(e
y

(wkl) + b

kl)
�
= 0 in Y

Z

Y

w

kl dy = 0, w

kl is Y -periodic
(10)

with

b

kl =
1

2
(bk ⌦ b

l + b

l ⌦ b

k), k, l = 1, 2, 3

where

(b1,b2,b3) the standard basis in R3

When Y
F

is given by (7) and (8), the elasticity tensor given in (9) will be denoted by E12

hom,1

and

E12

hom,2

, respectively, as there are microfibrils in the x
1

and x
2

-directions, while when Y
F

is given by (6)

the elasticity tensor defined in (9) will be denoted by E1

hom

since the microfibrils are pointing in the
x
1

-direction.
Moreover, when Y

F

is given by (6), then the microscopic elasticity tensor E" depends only on the two
variables x

2

and x
3

. Hence for this configuration of the microstructure the elasticity tensor E
Y

depends
only on y

2

and y
3

and the solutions of the elliptic problems (10) depend only on ŷ = (y
2

, y
3

). Thus,
since w

kl are independent of y
1

, the problems (10) can be reduced to two-dimensional problems [?]. To
formulate the reduced problems, we consider

Ŷ = (0, 1)2

c"

and

Ŷ
F

= {(ŷ
2

, ŷ
3

) 2 Ŷ | (ŷ
2

� 0.5)2 + (ŷ
3

� 0.5)2 < 0.252},

Multiscale Analysis

I The aim of homogenization is to define macroscopic
behaviour by taking properties of the microscopic structure
and microscopic processes into account.

I Macroscopic models are needed for numerical simulation

(a) (b)
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1
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�

Figure 1: (a) A depiction of the domain � with the subsets representing the matrix ��
M

and the microfibrils ��
M labeled. The surface �I is in contact with the interior of the

cell, the (hidden) surface �E is facing the outside of the cell, and �U is the unit of the
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Fig. 7 A depiction of the Representative Volume Element (RVE) Y with three configurations of microfibrils. (a) A picture
of the RVE with one microfibril occupying the set specified in (6). (b) A picture of the RVE with two microfibrils occupying
the set specified in (7). (c) A picture of the RVE with two microfibrils occupying the set specified in (8), reflecting a lower
density in the distribution of microfibrils in the y

1

and y

2

-directions than in the y

3

-direction.

wall U with a periodic microstructure on the length scale of " defined by the structure of "Y , the periodic
extension of E

Y

must be scaled appropriately. Namely, the elasticity tensor in U is given by

E"(x, c) = E
Y

⇣x
"
, c
⌘

for all x 2 U

Then homogenization theory yields a macroscopic elasticity tensor E
hom

that describes a material whose
behavior approximates the behavior of the cell wall with elasticity tensor E" when " is very small [?]. In
our situation " ⇡ 10�3. Moreover, E

hom

is given by

E
hom,ijkl

(x, b
3

) = �
Z

Y

⇥
E
Y,ijkl

(b
3

, y) + E
Y,ijpq

(b
3

, y)e
y

(wkl)
pq

(y)
⇤
dy for x 2 U (9)

where w

kl 2 H1(Y,R3) is the unique solution of

div
y

�
E
Y

(b
3

, y)(e
y

(wkl) + b

kl)
�
= 0 in Y

Z

Y

w

kl dy = 0, w

kl is Y -periodic
(10)

with

b

kl =
1

2
(bk ⌦ b

l + b

l ⌦ b

k), k, l = 1, 2, 3

where

(b1,b2,b3) the standard basis in R3

When Y
F

is given by (7) and (8), the elasticity tensor given in (9) will be denoted by E12

hom,1

and

E12

hom,2

, respectively, as there are microfibrils in the x
1

and x
2

-directions, while when Y
F

is given by (6)

the elasticity tensor defined in (9) will be denoted by E1

hom

since the microfibrils are pointing in the
x
1

-direction.
Moreover, when Y

F

is given by (6), then the microscopic elasticity tensor E" depends only on the two
variables x

2

and x
3

. Hence for this configuration of the microstructure the elasticity tensor E
Y

depends
only on y

2

and y
3

and the solutions of the elliptic problems (10) depend only on ŷ = (y
2

, y
3

). Thus,
since w

kl are independent of y
1

, the problems (10) can be reduced to two-dimensional problems [?]. To
formulate the reduced problems, we consider

Ŷ = (0, 1)2

c"

and

Ŷ
F

= {(ŷ
2

, ŷ
3

) 2 Ŷ | (ŷ
2

� 0.5)2 + (ŷ
3

� 0.5)2 < 0.252},
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where ↵
i

, for i = 1, 2, 3, 4, 5, are related to the five parameters described above through

↵
1

=
E

F

(1� ⌫
F1

)

n
F

(1� ⌫
F1

)� 2⌫2
F2

, ↵
2

=
E

F

n
F

2n
F

(1� ⌫
F1

)� 4⌫2
F2

,

↵
3

=
E

F

⌫
F2

n
F

(1� ⌫
F1

)� 2⌫2
F2

, ↵
4

= Z
F

, ↵
5

=
E

F

2(1 + ⌫
F1

)
.

We assign these parameters the values

E
F

= 15000MPa, ⌫
F1

= 0.3, n
F

= 0.068, ⌫
F2

= 0.06, Z
F

= 85000MPa,

which are chosen based on experimental results [?] and to ensure that the elasticity tensor for the mi-
crofibrils is positive definite [?,?].

We assume that the middle lamella is isotropic, with elasticity tensor E
ML

, and has a Young’s modulus
of 15 MPa and Poisson’s ratio of 0.3. It is known from experiments that the density of calcium-pectin
cross-links strongly influences the elastic properties of the cell wall matrix and middle lamella [?]. Thus,
since in the middle lamella almost all pectin is de-esterified and the density of the pectin-calcium cross-
links is higher than in the cell wall matrix, where usually only 70% of the pectin is de-esterified, we
assume that the Young’s modulus for the middle lamella is three times larger than the Young’s modulus
for the cell wall matrix.

We first consider that the cellulose microfibrils are arranged periodically within the cell wall matrix
[?] and so standard techniques in homogenization theory, see e.g. [?], yield a macroscopic elasticity tensor
for a plant cell wall from the microscopic description of the mechanical properties of a cell wall on the
level of a single microfibril. In addition to the elastic properties of the microfibrils and cell wall matrix,
the macroscopic elasticity tensor depends on the orientation of the cellulose microfibrils. The components
of this tensor are determined by solving problems defined on a Representative Volume Element (RVE),
in the homogenization literature called the ‘unit cell’ problem, which have the form of the equations of
linear elasticity and reflect the arrangement of the microfibrils in di↵erent parts of the cell walls. Notice
that the multiscale analysis of the microscopic model is preformed for the nondimensionalized model
equations and the dimensional quantities are then recovered in the macroscopic equations, while the
problem defined on the RVE is dimensionless.

The microscopic structure in a plant cell wall is determined by the radius and orientation of microfibrils
and by the distance between the microfibrils. In the context of homogenization theory the microstructure
of the cell wall is characterized by the configuration of microfibrils in the corresponding RVE. Three types
of configurations of microfibrils are of primary interest:
(a) there is only one microfibril in the RVE Y = (0, 1)3 occupying the set

Y
F

= {y 2 Y | (y
2

� 0.5)2 + (y
3

� 0.5)2 < 0.252}, (6)

(b) there are two perpendicular microfibrils in the RVE Y = (0, 0.5)2 ⇥ (0, 1) occupying the set

Y
F

= {y 2 Y | (y
2

� 0.25)2 + (y
3

� 0.75)2 < 0.1252 or (y
1

� 0.25)2 + (y
3

� 0.25)2 < 0.1252}, (7)

(c) the RVE Y = (0, 1)3 with two perpendicular microfibrils occupying the domain

Y
F

= {y 2 Y | (y
2

� 0.5)2 + (y
3

� 0.75)2 < 0.1252 or (y
1

� 0.5)2 + (y
3

� 0.25)2 < 0.1252}, (8)

see Figure 7. Cases (b) and (c) are similar, except in case (c) the density of the microfibrils in the
y
3

-direction is higher than in the y
1

and y
2

-directions.
We have Y = Y

M

[ Y
F

, where Y
M

and Y
F

are disjoint and Y
M

represents the part of Y occupied by
the cell wall matrix. Notice that for the simplicity of presentation we use the same notations for domains
Y , Y

M

, and Y
F

, defining di↵erent RVEs and di↵erent microfibrils configurations.
The elasticity tensor E

Y

in Y is given by

E
Y

(b
3

, y) =

(
E
M

(b
3

) if y 2 Y
M

E
F

if y 2 Y
F

and can be extended Y -periodically to all of R3. Consider a subdomain U of ⌦ in which the cellulose
microfibrils are arranged periodically with the distribution and orientation specified by the RVE Y and
Y
F

defined in (6), (7), or (8). Let " be a small parameter associated with the ratio between the distance
between the cellulose microfibrils and the size of U . The microfibrils of a plant cell wall are about 3 nm
in diameter and are separated by a distance of about 6 nm, see e.g. [?,?,?], whereas the thickness of a
plant cell wall is of the order of a few micrometers. To obtain the elasticity tensor for the part of the cell

Continuous rotation of microfibrils in cell walls
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so that Y = (0, 1)⇥ Ŷ and Y
F

= (0, 1)⇥ Ŷ
F

. It can be shown that

E
hom,ijkl

(x, c) = �
Z

ˆ

Y

⇥
E
Y,ijkl

(0, ŷ, c) + E
Y,ijpq

(0, ŷ, c) ê
ŷ

(ŵkl)
pq

(ŷ)
⇤
dŷ for x 2 U (11)

with ŵ

kl 2 H1(Ŷ ,R3) being the unique solution of

d̂iv
ŷ

�
E
Y

(0, ŷ, c)(ê
ŷ

(ŵkl) + b

kl)
�
= 0 in Ŷ

Z

ˆ

Y

ŵ

kl dŷ = 0, ŵ

kl is Ŷ -periodic
(12)

where for a function ŵ 2 H1(Ŷ ,R3), the di↵erential operators ê
ŷ

and d̂iv
ŷ

are defined by

ê

ŷ

(ŵ) =

0

@
0 1

2

@
y2ŵ1

1

2

@
y3ŵ1

1

2

@
y2ŵ1

@
y2ŵ2

1

2

(@
y2ŵ3

+ @
y3ŵ2

)
1

2

@
y3ŵ1

1

2

(@
y2ŵ3

+ @
y3ŵ2

) @
y3ŵ3

1

A and d̂iv
ŷ

ŵ = @
y2ŵ2

+ @
y3ŵ3

see e.g. [?]. Reducing the dimension of the problem defined on the RVE to two allows for the consideration
of a higher resolution mesh when solving the problem (12) numerically.

Besides considering the macroscopic elasticity tensor for the microstructure defined by microfibrils
parallel to the x

1

-axis, we will also consider the macroscopic elasticity tensor for the microstructure
generated by microfibrils that are arranged in other directions in the x

1

x
2

-plane. Given ✓ 2 [�⇡/2,⇡/2],
let R✓ denote the rotation about the x

3

-axis through the angle ✓, so that

R

✓ =

0

@
cos ✓ sin ✓ 0
� sin ✓ cos ✓ 0

0 0 1

1

A

The macroscopic elasticity tensor E1,✓

hom

for a microstructure consisting of microfibrils aligned in the
direction R

✓

b

1 is given by
E✓

hom,ijkl

= R

✓

ip

R

✓

jq

R

✓

kr

R

✓

ls

E
hom,pqrs

(13)

So, for example, the macroscopic elasticity tensor for a microstructure with microfibrils parallel to the

x
2

-axis is given by E1,⇡/2

hom

.
To summarize, the elasticity tensor E in the domain ⌦ is di↵erent in di↵erent regions within the cell

wall. In Figures 4 and 6 we specify the regions of the cell walls where the microfibrils are parallel to
the x

1

-axis, i.e. E = E1

hom

, and the regions of the primary cell wall where the microfibrils are parallel

to the x
2

-axis, i.e. E = E1,⇡/2

hom

. Within subregion ⌦
i

, for i = 1, . . . , 4, corresponding to the upper and

lower parts of the cell walls, see Figures 1, 2, 3 and 5, the elasticity tensor E will be set equal to Ei,l

end

and Ei,u

end

, for lower and upper parts respectively, where di↵erent choices of Ei,l

end

and Ei,u

end

associated with
di↵erent microfibril configurations will be considered. Within the middle lamella there are no microfibrils
and E = E

ML

. To specify the macroscopic elasticity tensor for the side walls consisting of layers of
microfibrils rotated through the thickness of the cell wall we use a formula similar to (13) with the
rotation being about the x

1

or x
2

-axes, respectively, and the angle ✓ depending on the spatial position
in the cell walls, so that ✓ = 0 at the inner side of the cell wall and ✓ = ⇡/2 near the middle lamella.

It follows from the properties of E
M

, E
F

, and E
ML

that the macroscopic elasticity tensor E for the
plant cell wall and middle lamella satisfies the conditions 1–3 mentioned at the end of Section 1.2. Hence
problem (5) describing the macroscopic elastic properties of the plant cell walls connected by middle
lamella is well-posed.

2 Results of numerical simulations

This section presents the results of the numerical simulations of the problems (10) and (12) necessary to
calculate the macroscopic elasticity tensors E1

hom

, E12

hom,1

, and E12

hom,2

and the simulations of the system
(5) for di↵erent configurations of cellulose microfibrils in the cell walls. For the numerical simulations of
the system (5) we nondimensionalize the model equations by considering 1 spatial unit to be equal to
2µm and 1 unit for stress to be equal to 1 MPa.

The numerical simulations were performed using FEniCS [?,?,?]. This involved discretizing the domain
using a nonuniform mesh and applying the continuous Galerkin method to solve the equations of linear
elasticity. The resulting linear system was solved using the iterative Krylov solver, i.e. the general minimal
residual method (GMRES), with an algebraic multigrid preconditioner. The convergence and the stopping
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ŷ

�
E
Y

(0, ŷ, c)(ê
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where for a function ŵ 2 H1(Ŷ ,R3), the di↵erential operators ê
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y2ŵ3

+ @
y3ŵ2
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see e.g. [?]. Reducing the dimension of the problem defined on the RVE to two allows for the consideration
of a higher resolution mesh when solving the problem (12) numerically.
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x
2

-axis is given by E1,⇡/2

hom

.
To summarize, the elasticity tensor E in the domain ⌦ is di↵erent in di↵erent regions within the cell

wall. In Figures 4 and 6 we specify the regions of the cell walls where the microfibrils are parallel to
the x
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, for lower and upper parts respectively, where di↵erent choices of Ei,l
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and Ei,u

end

associated with
di↵erent microfibril configurations will be considered. Within the middle lamella there are no microfibrils
and E = E
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. To specify the macroscopic elasticity tensor for the side walls consisting of layers of
microfibrils rotated through the thickness of the cell wall we use a formula similar to (13) with the
rotation being about the x
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2

-axes, respectively, and the angle ✓ depending on the spatial position
in the cell walls, so that ✓ = 0 at the inner side of the cell wall and ✓ = ⇡/2 near the middle lamella.

It follows from the properties of E
M

, E
F

, and E
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that the macroscopic elasticity tensor E for the
plant cell wall and middle lamella satisfies the conditions 1–3 mentioned at the end of Section 1.2. Hence
problem (5) describing the macroscopic elastic properties of the plant cell walls connected by middle
lamella is well-posed.

2 Results of numerical simulations

This section presents the results of the numerical simulations of the problems (10) and (12) necessary to
calculate the macroscopic elasticity tensors E1

hom

, E12
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, and E12
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and the simulations of the system
(5) for di↵erent configurations of cellulose microfibrils in the cell walls. For the numerical simulations of
the system (5) we nondimensionalize the model equations by considering 1 spatial unit to be equal to
2µm and 1 unit for stress to be equal to 1 MPa.

The numerical simulations were performed using FEniCS [?,?,?]. This involved discretizing the domain
using a nonuniform mesh and applying the continuous Galerkin method to solve the equations of linear
elasticity. The resulting linear system was solved using the iterative Krylov solver, i.e. the general minimal
residual method (GMRES), with an algebraic multigrid preconditioner. The convergence and the stopping
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Figure 1: (a) A depiction of the domain ⌦ with the subsets representing the matrix ⌦"
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and the microfibrils ⌦"
M labeled. The surface �I is in contact with the interior of the

cell, the (hidden) surface �E is facing the outside of the cell, and �U is the unit of the

surfaces on the top and bottom of ⌦. (b) A depiction of the unit cell Y .
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Macroscopic elasticity tensor for cell wall

Cell wall matrix is assumed to be isotropic  

Lame moduli 
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The boundary @⌦ of the domain can be split into the union of three sets:

�
0

= {x 2 @⌦ | x
1

= 0 or x
2

= 0 or x
3

= 0}, (1)

�
max

= {x 2 @⌦ | x
1

= 7.5 or x
2

= 7.5 or x
3

= 21.5}, (2)

�I = @⌦ \ (�
0

[ �
max

). (3)

The set �I is the part of @⌦ in contact with the interior of the cells. A pressure boundary condition
corresponding to the turgor pressure will be imposed on �I . On �

max

a tensile traction boundary condition
will be specified. Finally, �

0

is the part of the boundary of ⌦ that lies on the planes x
1

= 0, x
2

= 0, or
x
3

= 0 associated with the planes of symmetry. Thus, the displacement in the normal direction on �
0

must be zero.
Neglecting inertia and external body forces, the elasticity equation with these boundary conditions

for the displacement u is 8
>>>>>><

>>>>>>:

div(Ee(u)) = 0 in ⌦,

u · ⌫ = 0 on �
0

,

(Ee(u))⌫ is parallel to ⌫ on �
0

,

(Ee(u))⌫ = f⌫ on �
max

,

(Ee(u))⌫ = �p⌫ on �I ,

(4)

where e(u) = 1

2

(ru + ru

T ) is the symmetric part of the gradient of the displacement and ⌫ is the
exterior unit-normal to @⌦. A unique solution of (4) exists in H1(⌦,R3) [10] provided that f 2 L2(�

max

),
p 2 L2(�

I

), and E satisfies the following conditions:

1. |E| is bounded in L1(⌦).
2. There is a strictly positive ↵ such that ↵|A|2  A · E(x)A for all symmetric A 2 R3⇥3 and x 2 ⌦.
3. E possesses major and minor symmetries, i.e. Eijkl = Ejikl = Eklij = Eijlk.

2.3 The elasticity tensor

Next, we specify the elasticity tensor E on the domain ⌦. To do so, we must specify the elasticity tensor
for the middle lamella and the primary cell wall for di↵erent microfibril configurations. The macroscopic
elastic properties of the primary cell wall are derived from the microscopic description of the elastic prop-
erties of the cell wall matrix and microfibrils using homogenization theory. This requires the specification
of the elastic properties of the cell wall matrix and the cellulose microfibrils.

The cell wall matrix is isotropic [22], and so the elasticity tensor of the matrix EM is of the form

EMA = 2µMA+ �M (trA)1,

where the Lamé moduli µM and �M are related to the Young’s modulus EM and Poisson’s ratio ⌫M
through

EM =
µM (2µM + 3�M )

µM + �M
and ⌫M =

�M

2(µM + �M )
.

We take ⌫M = 0.3, which is common for biological materials, and EM = 5 MPa. This value is lower
than the Young’s modulus measured for highly de-methylesterfied pectin gels considered in [22] since the
pectin within the cell wall matrix is not fully de-esterfied.

The cellulose microfibrils are not isotropic [3], so we assume that they are transversely isotropic
and, hence, the elasticity tensor EF for the microfibrils is determined by specifying five parameters: the
Young’s modulus EF associated with the directions lying perpendicular to the microfibril, the Poisson’s
ratio ⌫F1

characterizing the transverse reduction of the plane perpendicular to the microfibril for stress
lying in this plane, the ratio nF between EF and the Young’s modulus associated with the direction of
the axis of the microfibril, the Poisson’s ratio ⌫F2

governing the reduction in the plane perpendicular to
the microfibril for stress in the direction of the microfibril, and the shear modulus ZF for planes parallel
to the microfibril. A transversely isotropic elasticity tensor expressed in Voigt notation is given by
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corresponding to the turgor pressure will be imposed on �I . On �
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a tensile traction boundary condition
will be specified. Finally, �
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is the part of the boundary of ⌦ that lies on the planes x
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= 0, or
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= 0 associated with the planes of symmetry. Thus, the displacement in the normal direction on �
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must be zero.
Neglecting inertia and external body forces, the elasticity equation with these boundary conditions

for the displacement u is 8
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div(Ee(u)) = 0 in ⌦,

u · ⌫ = 0 on �
0
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(Ee(u))⌫ is parallel to ⌫ on �
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,
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(Ee(u))⌫ = �p⌫ on �I ,

(4)

where e(u) = 1
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(ru + ru

T ) is the symmetric part of the gradient of the displacement and ⌫ is the
exterior unit-normal to @⌦. A unique solution of (4) exists in H1(⌦,R3) [10] provided that f 2 L2(�

max

),
p 2 L2(�

I

), and E satisfies the following conditions:

1. |E| is bounded in L1(⌦).
2. There is a strictly positive ↵ such that ↵|A|2  A · E(x)A for all symmetric A 2 R3⇥3 and x 2 ⌦.
3. E possesses major and minor symmetries, i.e. Eijkl = Ejikl = Eklij = Eijlk.

2.3 The elasticity tensor

Next, we specify the elasticity tensor E on the domain ⌦. To do so, we must specify the elasticity tensor
for the middle lamella and the primary cell wall for di↵erent microfibril configurations. The macroscopic
elastic properties of the primary cell wall are derived from the microscopic description of the elastic prop-
erties of the cell wall matrix and microfibrils using homogenization theory. This requires the specification
of the elastic properties of the cell wall matrix and the cellulose microfibrils.

The cell wall matrix is isotropic [22], and so the elasticity tensor of the matrix EM is of the form

EMA = 2µMA+ �M (trA)1,

where the Lamé moduli µM and �M are related to the Young’s modulus EM and Poisson’s ratio ⌫M
through

EM =
µM (2µM + 3�M )

µM + �M
and ⌫M =

�M

2(µM + �M )
.

We take ⌫M = 0.3, which is common for biological materials, and EM = 5 MPa. This value is lower
than the Young’s modulus measured for highly de-methylesterfied pectin gels considered in [22] since the
pectin within the cell wall matrix is not fully de-esterfied.

The cellulose microfibrils are not isotropic [3], so we assume that they are transversely isotropic
and, hence, the elasticity tensor EF for the microfibrils is determined by specifying five parameters: the
Young’s modulus EF associated with the directions lying perpendicular to the microfibril, the Poisson’s
ratio ⌫F1

characterizing the transverse reduction of the plane perpendicular to the microfibril for stress
lying in this plane, the ratio nF between EF and the Young’s modulus associated with the direction of
the axis of the microfibril, the Poisson’s ratio ⌫F2

governing the reduction in the plane perpendicular to
the microfibril for stress in the direction of the microfibril, and the shear modulus ZF for planes parallel
to the microfibril. A transversely isotropic elasticity tensor expressed in Voigt notation is given by
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Neglecting inertia and external body forces, the elasticity equations with these boundary conditions
for the displacement u are given by

div(E"(x, c") e(u")) = 0 in ⌦

u

" · ⌫ = 0 on �
0

(E"(x, c") e(u"))⌫ is parallel to ⌫ on �
0

(E"(x, c") e(u"))⌫ = f⌫ on �
max

(E"(x, c") e(u"))⌫ = �p⌫ on �
I

(4)

div(E
hom

(x, c) e(u)) = 0 in ⌦

u · ⌫ = 0 on �
0

(E
hom

(x, c) e(u))⌫ is parallel to ⌫ on �
0

(E
hom

(x, c) e(u))⌫ = f⌫ on �
max

(E
hom

(x, c) e(u))⌫ = �p⌫ on �
I

(5)

where

e(u) =
1

2
(ru+ru

T )

is the symmetric part of the gradient of the displacement and ⌫ is the exterior unit-normal to @⌦. A
unique solution of (5) exists in H1(⌦,R3), see e.g. [?], provided that f 2 L2(�

max

), p 2 L2(�
I

), and E
satisfies the following conditions:

1. |E| is bounded in L1(⌦).
2. There is a strictly positive ↵ such that ↵|A|2  A · E(x)A for all symmetric A 2 R3⇥3 and x 2 ⌦.
3. E possesses major and minor symmetries, i.e. E

ijkl

= E
jikl

= E
klij

= E
ijlk

.

1.3 The elasticity tensor

Next, we specify the elasticity tensor E on the domain ⌦. To do so, we must specify the elasticity tensor
for the middle lamella and the cell walls for di↵erent microfibril configurations. The macroscopic elastic
properties of the cell wall are derived from the microscopic description of the elastic properties of the cell
wall matrix and microfibrils using techniques of periodic homogenization. This requires the specification
of the elastic properties of the cell wall matrix and the cellulose microfibrils.

The cell wall matrix is isotropic [?], and so the elasticity tensor of the matrix E
M

is of the form

E
M

A = 2µ
M

A+ �
M

(trA)1

where the Lamé moduli µ
M

and �
M

are related to the Young’s modulus E
M

and Poisson’s ratio ⌫
M

through

E
M

=
µ
M

(2µ
M

+ 3�
M

)

µ
M

+ �
M

and ⌫
M

=
�
M

2(µ
M

+ �
M

)

We take ⌫
M

= 0.3, which is common for biological materials, see [?,?,?,?] for more information about
the Poisson’s ratio for plant cell walls, and E

M

= 5 MPa. This value is lower than the Young’s modulus
measured for highly de-methylesterified pectin gels considered in [?] since the pectin within the cell wall
matrix is not fully de-esterified.

The cellulose microfibrils are not isotropic [?], so we assume that they are transversely isotropic
and, hence, the elasticity tensor E

F

for the microfibrils is determined by specifying five parameters: the
Young’s modulus E

F

associated with the directions lying perpendicular to the microfibril, the Poisson’s
ratio ⌫

F1

characterizing the transverse reduction of the plane perpendicular to the microfibril for stress
lying in this plane, the ratio n

F

between E
F

and the Young’s modulus associated with the direction of
the axis of the microfibril, the Poisson’s ratio ⌫

F2

governing the reduction in the plane perpendicular to
the microfibril for stress in the direction of the microfibril, and the shear modulus Z

F

for planes parallel
to the microfibril. A transversely isotropic elasticity tensor expressed in Voigt notation is given by
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Neglecting inertia and external body forces, the elasticity equations with these boundary conditions
for the displacement u are given by

div(E"(x, c") e(u")) = 0 in ⌦

u

" · ⌫ = 0 on �
0
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max

(E"(x, c") e(u"))⌫ = �p⌫ on �
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(x, c) e(u))⌫ = f⌫ on �
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I

(5)

where

e(u) =
1

2
(ru+ru

T )

is the symmetric part of the gradient of the displacement and ⌫ is the exterior unit-normal to @⌦. A
unique solution of (5) exists in H1(⌦,R3), see e.g. [?], provided that f 2 L2(�

max

), p 2 L2(�
I

), and E
satisfies the following conditions:

1. |E| is bounded in L1(⌦).
2. There is a strictly positive ↵ such that ↵|A|2  A · E(x)A for all symmetric A 2 R3⇥3 and x 2 ⌦.
3. E possesses major and minor symmetries, i.e. E

ijkl

= E
jikl

= E
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= E
ijlk

.

1.3 The elasticity tensor

Next, we specify the elasticity tensor E on the domain ⌦. To do so, we must specify the elasticity tensor
for the middle lamella and the cell walls for di↵erent microfibril configurations. The macroscopic elastic
properties of the cell wall are derived from the microscopic description of the elastic properties of the cell
wall matrix and microfibrils using techniques of periodic homogenization. This requires the specification
of the elastic properties of the cell wall matrix and the cellulose microfibrils.

The cell wall matrix is isotropic [?], and so the elasticity tensor of the matrix E
M

is of the form

E
M

A = 2µ
M

A+ �
M

(trA)1

where the Lamé moduli µ
M

and �
M

are related to the Young’s modulus E
M

and Poisson’s ratio ⌫
M

through

E
M

=
µ
M

(2µ
M

+ 3�
M

)

µ
M

+ �
M

and ⌫
M

=
�
M

2(µ
M

+ �
M

)

We take ⌫
M

= 0.3, which is common for biological materials, see [?,?,?,?] for more information about
the Poisson’s ratio for plant cell walls, and E

M

= 5 MPa. This value is lower than the Young’s modulus
measured for highly de-methylesterified pectin gels considered in [?] since the pectin within the cell wall
matrix is not fully de-esterified.

The cellulose microfibrils are not isotropic [?], so we assume that they are transversely isotropic
and, hence, the elasticity tensor E

F

for the microfibrils is determined by specifying five parameters: the
Young’s modulus E

F

associated with the directions lying perpendicular to the microfibril, the Poisson’s
ratio ⌫

F1

characterizing the transverse reduction of the plane perpendicular to the microfibril for stress
lying in this plane, the ratio n

F

between E
F

and the Young’s modulus associated with the direction of
the axis of the microfibril, the Poisson’s ratio ⌫

F2

governing the reduction in the plane perpendicular to
the microfibril for stress in the direction of the microfibril, and the shear modulus Z

F

for planes parallel
to the microfibril. A transversely isotropic elasticity tensor expressed in Voigt notation is given by
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residual method (GMRES), with an algebraic multigrid preconditioner. The convergence and the stopping
criteria for the iterative Krylov solver are characterised by the norm of the residual of the n-th iteration
r
n

= Ax
n

� b for the corresponding linear system Ax = b, obtained by applying the Galerkin method to
the system of linear elasticity, which must be smaller than the absolute tolerance parameter, chosen to
be 10�15, and the relative tolerance parameter, chosen to be 10�6, times the initial residual.

2.1 Numerical simulations for the problems defined on the Representative Volume Element (RVE) that
determine the macroscopic (e↵ective) elasticity tensor

It was observed experimentally that the calcium-pectin chemistry influences the mechanical properties
of the cell wall matrix and middle lamella [?]. Hence in general, the elastic properties of the cell wall
matrix depend on the density of the calcium-pectin cross-links n and the microscopic elasticity tensor E"

of the plant cell wall is a function of n. It was shown in [?] that under the assumption of an isotropic cell
wall matrix, the macroscopic elasticity tensor E

hom

corresponding to any microfibril configuration is an
a�ne function of the Young’s modulus of the cell wall matrix. From experiments [?], it is known that the
Young’s modulus E

M

of the cell wall matrix is a function of the density of the calcium-pectin cross-links
n through the formula

E
M

(b
3

) = 0.775 b
3

+ 8.08 (14)

E(y, b
3

) = E
M

(b
3

) �
YM (y) + E

F

�
YF (y) (15)

E
M

(b
3

) = E
M

(b
3

) E
1

+ E
0

(16)

E
hom

(b
3

) = E
M

(b
3

) E
hom,1

+ E
hom,0

(17)

where E
M

has the units of MPa and n has the units of µM. Thus, knowing the macroscopic elasticity
tensor E

hom

for two di↵erent values of E
M

we can determine the tensor for any value of E
M

. Then using
(17) we obtain the macroscopic elasticity tensor for the cell wall for any calcium-pectin cross-links density
n. This approach enables us to analyse the changes in the mechanical properties of plant cell walls and
tissues in response to the dynamics of calcium-pectin chemistry and changes in calcium-pectin cross-link
density, which will be the subject of future research.

To obtain the macroscopic elasticity tensor we first calculate numerically E
hom

(E
M

) for two Young’s
moduli E

M

= 10 and E
M

= 20. Then using the fact that E
hom

= E
hom

(E
M

) is an a�ne function we can
determine E

hom

for any value of E
M

, in particular for E
M

= 5.
To determine E1

hom

, the RVE Ŷ was discretized by a mesh with 18,645,460 vertices with a higher
density of vertices near the boundary between the cell wall matrix and the microfibrils. Using Voigt
notation, the resulting macroscopic (e↵ective) elasticity tensors E1

hom

(E
M

) for E
M

= 10 and 20 are shown
in Table 1, to two decimal places. Using the symmetry of the microstructure it can be shown analytically
that the macroscopic elasticity tensors have tetragonal symmetry [?], meaning that the entries of the
matrices C

1(10) and C

1(20) that are zero are exact and that some of the coe�cients of the matrices
C

1(10) and C

1(20) are equal. Specifically, for E
M

= 10 or 20, C1(E
M

)
22

and C

1(E
M

)
33

should be equal,
C

1(E
M

)
12

and C

1(E
M

)
13

should be equal, and C

1(E
M

)
55

and C

1(E
M

)
66

should be equal. The largest
scale involved in the numerical computations of the macroscopic elasticity tensors is determined by the
Young’s modulus of the microfibrils in the direction of the microfibrils and is equal to

2.2⇥ 105 MPa
Using this scale, the relative error (the di↵erence divided by 2.2⇥105) associated with C

1(E
M

)
55

and
C

1(E)
66

not being equal is on the order of 10�8.
For the numerical calculations of the e↵ective elasticity tensors for the microscopic structures given by

the RVE Y and the domain occupied by microfibrils Y
F

defined in (7) and (8), respectively, we discretize Y
by a mesh with 9,177,795 vertices in the case of (7) and 11, 750, 289 vertices in the case of (8), with a higher
density of vertices near the boundary between the cell wall matrix and the microfibrils. The calculated
macroscopic elasticity tensors E12

hom,1

(E
M

) for microfibrils configuration given by (7) and E12

hom,2

(E
M

)
for microfibrils configuration as in (8), where E

M

= 10 or E
M

= 20, are shown in Table 2 and Table 3
using Voigt notation. Similar to the results in the previous paragraph, the macroscopic elasticity tensors
should have tetragonal symmetry. The largest relative error associated with the components expected to
be equal is on the order of 10�5.

The results of this section allow us to compute the elasticity tensor for any Young’s modulus of the
cell wall matrix, however in the following analysis we only consider the case where E

M

= 5 MPa.
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residual method (GMRES), with an algebraic multigrid preconditioner. The convergence and the stopping
criteria for the iterative Krylov solver are characterised by the norm of the residual of the n-th iteration
r
n

= Ax
n

� b for the corresponding linear system Ax = b, obtained by applying the Galerkin method to
the system of linear elasticity, which must be smaller than the absolute tolerance parameter, chosen to
be 10�15, and the relative tolerance parameter, chosen to be 10�6, times the initial residual.

2.1 Numerical simulations for the problems defined on the Representative Volume Element (RVE) that
determine the macroscopic (e↵ective) elasticity tensor

It was observed experimentally that the calcium-pectin chemistry influences the mechanical properties
of the cell wall matrix and middle lamella [?]. Hence in general, the elastic properties of the cell wall
matrix depend on the density of the calcium-pectin cross-links n and the microscopic elasticity tensor E"

of the plant cell wall is a function of n. It was shown in [?] that under the assumption of an isotropic cell
wall matrix, the macroscopic elasticity tensor E
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corresponding to any microfibril configuration is an
a�ne function of the Young’s modulus of the cell wall matrix. From experiments [?], it is known that the
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where E
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has the units of MPa and n has the units of µM. Thus, knowing the macroscopic elasticity
tensor E

hom

for two di↵erent values of E
M

we can determine the tensor for any value of E
M

. Then using
(17) we obtain the macroscopic elasticity tensor for the cell wall for any calcium-pectin cross-links density
n. This approach enables us to analyse the changes in the mechanical properties of plant cell walls and
tissues in response to the dynamics of calcium-pectin chemistry and changes in calcium-pectin cross-link
density, which will be the subject of future research.

To obtain the macroscopic elasticity tensor we first calculate numerically E
hom

(E
M

) for two Young’s
moduli E

M

= 10 and E
M

= 20. Then using the fact that E
hom

= E
hom

(E
M

) is an a�ne function we can
determine E

hom

for any value of E
M

, in particular for E
M

= 5.
To determine E1

hom

, the RVE Ŷ was discretized by a mesh with 18,645,460 vertices with a higher
density of vertices near the boundary between the cell wall matrix and the microfibrils. Using Voigt
notation, the resulting macroscopic (e↵ective) elasticity tensors E1

hom

(E
M

) for E
M

= 10 and 20 are shown
in Table 1, to two decimal places. Using the symmetry of the microstructure it can be shown analytically
that the macroscopic elasticity tensors have tetragonal symmetry [?], meaning that the entries of the
matrices C

1(10) and C

1(20) that are zero are exact and that some of the coe�cients of the matrices
C

1(10) and C

1(20) are equal. Specifically, for E
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= 10 or 20, C1(E
M

)
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and C

1(E
M
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should be equal,
C
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1(E
M
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should be equal, and C
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and C
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scale involved in the numerical computations of the macroscopic elasticity tensors is determined by the
Young’s modulus of the microfibrils in the direction of the microfibrils and is equal to
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Using this scale, the relative error (the di↵erence divided by 2.2⇥105) associated with C

1(E
M

)
55

and
C

1(E)
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not being equal is on the order of 10�8.
For the numerical calculations of the e↵ective elasticity tensors for the microscopic structures given by

the RVE Y and the domain occupied by microfibrils Y
F

defined in (7) and (8), respectively, we discretize Y
by a mesh with 9,177,795 vertices in the case of (7) and 11, 750, 289 vertices in the case of (8), with a higher
density of vertices near the boundary between the cell wall matrix and the microfibrils. The calculated
macroscopic elasticity tensors E12
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) for microfibrils configuration given by (7) and E12
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should have tetragonal symmetry. The largest relative error associated with the components expected to
be equal is on the order of 10�5.

The results of this section allow us to compute the elasticity tensor for any Young’s modulus of the
cell wall matrix, however in the following analysis we only consider the case where E

M

= 5 MPa.
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residual method (GMRES), with an algebraic multigrid preconditioner. The convergence and the stopping
criteria for the iterative Krylov solver are characterised by the norm of the residual of the n-th iteration
r
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� b for the corresponding linear system Ax = b, obtained by applying the Galerkin method to
the system of linear elasticity, which must be smaller than the absolute tolerance parameter, chosen to
be 10�15, and the relative tolerance parameter, chosen to be 10�6, times the initial residual.
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determine the macroscopic (e↵ective) elasticity tensor

It was observed experimentally that the calcium-pectin chemistry influences the mechanical properties
of the cell wall matrix and middle lamella [?]. Hence in general, the elastic properties of the cell wall
matrix depend on the density of the calcium-pectin cross-links n and the microscopic elasticity tensor E"

of the plant cell wall is a function of n. It was shown in [?] that under the assumption of an isotropic cell
wall matrix, the macroscopic elasticity tensor E
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corresponding to any microfibril configuration is an
a�ne function of the Young’s modulus of the cell wall matrix. From experiments [?], it is known that the
Young’s modulus E
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of the cell wall matrix is a function of the density of the calcium-pectin cross-links
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0
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by a mesh with 9,177,795 vertices in the case of (7) and 11, 750, 289 vertices in the case of (8), with a higher
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) for microfibrils configuration given by (7) and E12
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for microfibrils configuration as in (8), where E
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= 20, are shown in Table 2 and Table 3
using Voigt notation. Similar to the results in the previous paragraph, the macroscopic elasticity tensors
should have tetragonal symmetry. The largest relative error associated with the components expected to
be equal is on the order of 10�5.

The results of this section allow us to compute the elasticity tensor for any Young’s modulus of the
cell wall matrix, however in the following analysis we only consider the case where E
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= 5 MPa.
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residual method (GMRES), with an algebraic multigrid preconditioner. The convergence and the stopping
criteria for the iterative Krylov solver are characterised by the norm of the residual of the n-th iteration
r
n

= Ax
n

� b for the corresponding linear system Ax = b, obtained by applying the Galerkin method to
the system of linear elasticity, which must be smaller than the absolute tolerance parameter, chosen to
be 10�15, and the relative tolerance parameter, chosen to be 10�6, times the initial residual.

2.1 Numerical simulations for the problems defined on the Representative Volume Element (RVE) that
determine the macroscopic (e↵ective) elasticity tensor

It was observed experimentally that the calcium-pectin chemistry influences the mechanical properties
of the cell wall matrix and middle lamella [?]. Hence in general, the elastic properties of the cell wall
matrix depend on the density of the calcium-pectin cross-links n and the microscopic elasticity tensor E"

of the plant cell wall is a function of n. It was shown in [?] that under the assumption of an isotropic cell
wall matrix, the macroscopic elasticity tensor E

hom

corresponding to any microfibril configuration is an
a�ne function of the Young’s modulus of the cell wall matrix. From experiments [?], it is known that the
Young’s modulus E

M

of the cell wall matrix is a function of the density of the calcium-pectin cross-links
n through the formula
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where E
M

has the units of MPa and n has the units of µM. Thus, knowing the macroscopic elasticity
tensor E

hom

for two di↵erent values of E
M

we can determine the tensor for any value of E
M

. Then using
(17) we obtain the macroscopic elasticity tensor for the cell wall for any calcium-pectin cross-links density
n. This approach enables us to analyse the changes in the mechanical properties of plant cell walls and
tissues in response to the dynamics of calcium-pectin chemistry and changes in calcium-pectin cross-link
density, which will be the subject of future research.

To obtain the macroscopic elasticity tensor we first calculate numerically E
hom

(E
M

) for two Young’s
moduli E

M

= 10 and E
M

= 20. Then using the fact that E
hom

= E
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(E
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) is an a�ne function we can
determine E
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for any value of E
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, in particular for E
M

= 5.
To determine E1

hom

, the RVE Ŷ was discretized by a mesh with 18,645,460 vertices with a higher
density of vertices near the boundary between the cell wall matrix and the microfibrils. Using Voigt
notation, the resulting macroscopic (e↵ective) elasticity tensors E1

hom

(E
M

) for E
M

= 10 and 20 are shown
in Table 1, to two decimal places. Using the symmetry of the microstructure it can be shown analytically
that the macroscopic elasticity tensors have tetragonal symmetry [?], meaning that the entries of the
matrices C

1(10) and C

1(20) that are zero are exact and that some of the coe�cients of the matrices
C

1(10) and C

1(20) are equal. Specifically, for E
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= 10 or 20, C1(E
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and C
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should be equal,
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)
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and C
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)
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should be equal, and C

1(E
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)
55

and C

1(E
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)
66

should be equal. The largest
scale involved in the numerical computations of the macroscopic elasticity tensors is determined by the
Young’s modulus of the microfibrils in the direction of the microfibrils and is equal to

2.2⇥ 105 MPa
Using this scale, the relative error (the di↵erence divided by 2.2⇥105) associated with C

1(E
M

)
55

and
C

1(E)
66

not being equal is on the order of 10�8.
For the numerical calculations of the e↵ective elasticity tensors for the microscopic structures given by

the RVE Y and the domain occupied by microfibrils Y
F

defined in (7) and (8), respectively, we discretize Y
by a mesh with 9,177,795 vertices in the case of (7) and 11, 750, 289 vertices in the case of (8), with a higher
density of vertices near the boundary between the cell wall matrix and the microfibrils. The calculated
macroscopic elasticity tensors E12

hom,1

(E
M

) for microfibrils configuration given by (7) and E12

hom,2

(E
M

)
for microfibrils configuration as in (8), where E

M

= 10 or E
M

= 20, are shown in Table 2 and Table 3
using Voigt notation. Similar to the results in the previous paragraph, the macroscopic elasticity tensors
should have tetragonal symmetry. The largest relative error associated with the components expected to
be equal is on the order of 10�5.

The results of this section allow us to compute the elasticity tensor for any Young’s modulus of the
cell wall matrix, however in the following analysis we only consider the case where E

M

= 5 MPa.
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Neglecting inertia and external body forces, the elasticity equations with these boundary conditions
for the displacement u are given by

div(E e(u)) = 0 in ⌦

u · ⌫ = 0 on �
0

(E e(u))⌫ is parallel to ⌫ on �
0

(E e(u))⌫ = f⌫ on �
max

(E e(u))⌫ = �p⌫ on �
I

(4)

where

e(u) =
1

2
(ru+ru

T )

is the symmetric part of the gradient of the displacement and ⌫ is the exterior unit-normal to @⌦. A
unique solution of (4) exists in H1(⌦,R3), see e.g. [?], provided that f 2 L2(�

max

), p 2 L2(�
I

), and E
satisfies the following conditions:

1. |E| is bounded in L1(⌦).
2. There is a strictly positive ↵ such that ↵|A|2  A · E(x)A for all symmetric A 2 R3⇥3 and x 2 ⌦.
3. E possesses major and minor symmetries, i.e. E

ijkl

= E
jikl

= E
klij

= E
ijlk

.

1.3 The elasticity tensor

Next, we specify the elasticity tensor E on the domain ⌦. To do so, we must specify the elasticity tensor
for the middle lamella and the cell walls for di↵erent microfibril configurations. The macroscopic elastic
properties of the cell wall are derived from the microscopic description of the elastic properties of the cell
wall matrix and microfibrils using techniques of periodic homogenization. This requires the specification
of the elastic properties of the cell wall matrix and the cellulose microfibrils.

The cell wall matrix is isotropic [?], and so the elasticity tensor of the matrix E
M

is of the form

E
M

A = 2µ
M

A+ �
M

(trA)1,

where the Lamé moduli µ
M

and �
M

are related to the Young’s modulus E
M

and Poisson’s ratio ⌫
M

through

E
M

=
µ
M

(2µ
M

+ 3�
M

)

µ
M

+ �
M

and ⌫
M

=
�
M

2(µ
M

+ �
M

)
.

We take ⌫
M

= 0.3, which is common for biological materials, see [?,?,?,?] for more information about
the Poisson’s ratio for plant cell walls, and E

M

= 5 MPa. This value is lower than the Young’s modulus
measured for highly de-methylesterified pectin gels considered in [?] since the pectin within the cell wall
matrix is not fully de-esterified.

The cellulose microfibrils are not isotropic [?], so we assume that they are transversely isotropic
and, hence, the elasticity tensor E

F

for the microfibrils is determined by specifying five parameters: the
Young’s modulus E

F

associated with the directions lying perpendicular to the microfibril, the Poisson’s
ratio ⌫

F1

characterizing the transverse reduction of the plane perpendicular to the microfibril for stress
lying in this plane, the ratio n

F

between E
F

and the Young’s modulus associated with the direction of
the axis of the microfibril, the Poisson’s ratio ⌫

F2

governing the reduction in the plane perpendicular to
the microfibril for stress in the direction of the microfibril, and the shear modulus Z

F

for planes parallel
to the microfibril. A transversely isotropic elasticity tensor expressed in Voigt notation is given by
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where ↵i, for i = 1, 2, 3, 4, 5, are related to the five parameters described above through

↵
1

=
EF (1� ⌫F1

)

nF (1� ⌫F1

)� 2⌫2F2

,

↵
2

=
EFnF

2nF (1� ⌫F1
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,

↵
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nF (1� ⌫F1

)� 2⌫2F2

,

↵
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= ZF ,

↵
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=
EF

2(1 + ⌫F1

)
.

We assign these parameters the values

EF = 15,000MPa, ⌫F1

= 0.3, nF = 0.068, ⌫F2

= 0.06, ZF = 84,842MPa,

which are chosen based on experimental results [3] and to ensure that the elasticity tensor for the mi-
crofibrils is positive definite [12].

We assume that the middle lamella is isotropic, with elasticity tensor EML, and has a Young’s modulus
of 15 MPa and Poisson’s ratio of 0.3. It is know from experiments that the density of calcium-pectin cross-
links strongly influence the elastic properties of the cell wall matrix and middle lamella [21]. Thus, since
in the middle lamella almost all pectin is de-esterified and the density of the pectin-calcium cross links is
higher than in the cell wall matrix, where usually only 70% of the pectin is de-esterified, we assume that
the Young’s modulus for the middle lamella is three times larger than the Young’s modulus for the cell
wall matrix.

The cellulose microfibrils are arranged periodically within the cell wall matrix [19] and so standard
techniques in homogenization theory, see e.g. [10], yield a macroscopic elasticity tensor for a plant cell
wall from the microscopic description of the mechanical properties of a cell wall on the level of a single
mibcrofibril. In addition to the elastic properties of the microfibrils and cell wall matrix, the macroscopic
elasticity tensor depends on the orientation of the cellulose mirofibrils. The components of this tensor are
determined by solving unit cell problems, which have the form of the equations of linear elasticity and
reflect the arrangement of the microfibrils.

To specify the microstructure of a cell wall, consider the unit cell Y = (0, 1)3 and let YM and YF

represent the parts of Y occupied by the cell wall matrix and microfibrils, respectively, so that YM and
YF are disjoint and Y = Y M [ Y F . Two configurations of microfibrils within Y are of primary interest.
The first is when there is only one microfibril in Y occupying the set

YF = {y 2 Y | (y
2

� 0.5)2 + (y
3

� 0.5)2 < 0.252}, (5)

and the other is when there are two microfibrils oriented in opposite directions and occupy

YF = {y 2 Y | (y
2

� 0.5)2 + (y
3

� 0.75)2 < 0.1252 or (y
1

� 0.5)2 + (y
3

� 0.25)2 < 0.1252}, (6)

see Figure 5.
Then, the elasticity tensor EY in Y is given by

EY (y) =

(
EM if y 2 YM ,

EF if y 2 YF ,

and can be extended Y -periodically to all of R3. Consider a subdomain U of ⌦ in which the cellulose
microfibrils are arranged periodically with the orientation specified in Y by (5) or (6). Let " be a small
parameter associated with the distance between the cellulose microfibrils. The microfibrils of a plant cell
wall are about 3 nm in diameter and are separated by a distance of about 6 nm, see e.g. [2,6,20], whereas
the thickness of a plant cell wall is of the order of a few micrometers. To obtain the elasticity tensor for
the part of the cell wall U with a periodic microstructure on the length scale of " defined by the structure
of "Y , the periodic extension of EY must be scaled appropriately. Namely, the elasticity tensor in U is
given by

E"(x) = EY

⇣x
"

⌘
for all x 2 U.

(Robert Moon, Review Wisconsin 2013-2014,   Diddens et al., 2008) 
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C
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2

(10) =

0

BBBBB@

10927.86 99.60 67.85 0 0 0
99.60 10927.69 66.46 0 0 0
67.85 66.46 91.00 0 0 0
0 0 0 186.83 0 0
0 0 0 0 193.97 0
0 0 0 0 0 352.58

1

CCCCCA

C

12

2

(20) =

0

BBBBB@

10943.35 107.84 75.25 0 0 0
107.84 10943.18 73.87 0 0 0
75.25 73.87 106.55 0 0 0
0 0 0 191.43 0 0
0 0 0 0 198.56 0
0 0 0 0 0 357.20

1

CCCCCA

0

BBBBB@

18393 6855 22277 0 0 0
6855 18393 22277 0 0 0
22277 22277 259901 0 0 0

0 0 0 84842 0 0
0 0 0 0 84842 0
0 0 0 0 0 5769

1

CCCCCA

Table 3 The macroscopic (e↵ective) elasticity tensor E12

hom,2

for a part of the cell wall with the microscopic structure

defined by the REV in which YF is specified by (8), expressed in Voigt notation to two decimal places when the Young’s
modulus of the cell wall matrix is 10 MPa and 20 MPa, respectively.

r denotes the inner radius of the cell and � the thickness of the cell wall. For our geometry this formula
gives f = 4.48p�,1.

For the boundary conditions we considered the following four cases:

(BC1) Base case: p = p�,1 = 0.209 MPa and f = 2.938p�,1 MPa

(BC10) Di↵erent turgor pressure: p = p�,2 = 0.3 MPa and f = 2.047p�,2 MPa

(BC2) No tensile tractions: p = p�,1 and f = 0

(BC3) Di↵erent turgor pressures in neighbouring cells and no tensile tractions: p
1

= p
4

= p
5

= p
8

= p�
and p

2

= p
3

= p
6

= p
7

= 1.3p�,1, where p
i

, for i = 1, . . . , 8, is the pressure in cell i, and f = 0

For each of these boundary conditions we consider five di↵erent configurations of the microfibrils in the
eight subregions corresponding to the lower and upper parts of the cell walls, see Figure 8.

(C1) In subregions ⌦
1,l

, ⌦
1,u

, ⌦
3,l

and ⌦
3,u

the microfibrils are parallel to R

⇡/4

b

1 and in subregions

⌦
2,l

, ⌦
2,u

, ⌦
4,l

and ⌦
4,u

the microfibrils are parallel to R

�⇡/4

b

1. Thus, Ei,l

end

= Ei,u

end

= E1,⇡/4

hom

for

i = 1, 3, and Ei,l

end

= Ei,u

end

= E1,�⇡/4

hom

for i = 2, 4, see Figure 8(a).
(C2) In subregions ⌦

2,l

, ⌦
4,l

, ⌦
1,u

and ⌦
3,u

the microfibrils are parallel to R

⇡/4

b

1 and in subregions

⌦
1,l

, ⌦
3,l

, ⌦
2,u

and ⌦
4,u

the microfibrils are parallel to R

�⇡/4

b

1. Thus E2,l

end

= E4,l

end

= E1,u

end

= E3,u

end

=

E1,⇡/4

hom

and E1,l

end

= E3,l

end

= E2,u

end

= E4,u

end

= E1,�⇡/4

hom

, see Figure 8(b).
(C3) In all of the eight subregions the orientations of the microfibrils on the microscale are generated
by the RVE depicted in Figure 7(b). Thus, Ei,l

end

= Ei,u

end

= E12

hom,1

for i = 1, . . . , 4.
(C30) In all of the eight subregions the orientations of the microfibrils on the microscale are generated
by the RVE depicted in Figure 7(c). Thus, Ei,l

end

= Ei,u

end

= E12

hom,2

for i = 1, . . . , 4.
(C4) There are no microfibrils in the upper and lower parts of the cell walls. Instead, the upper and
lower parts of the cell walls consist of middle lamella and, hence, Ei,l

end

= Ei,u

end

= E
ML

for i = 1, . . . , 4.

As a base case for the geometry we consider the domain ⌦ depicted in Figure 2. For the numerical
simulations we discretize the domain ⌦ with a mesh comprising 12, 143, 330 vertices with a higher density
of vertices within the subdomains corresponding to the lower and upper parts of the cell walls and near
the round edges of the cell walls.

The results of the numerical simulations of the system (5) with the boundary conditions (BC1)–(BC3)
for the base case of the geometry, for the configurations (C1)–(C4) in the upper and lower parts of the cell
walls and the microfibrils in the side walls oriented orthogonal to the x

3

-axis are shown in Tables 4 and
6–8 and Figures 9 and 12. For the boundary condition (BC1) and the configurations (C1)–(C4) we also
consider the microscopic structure in the side walls defined by the layers of microfibrils rotated through
the wall thickness, see Table 5 and Figure 10.
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defined by the REV in which YF is specified by (8), expressed in Voigt notation to two decimal places when the Young’s
modulus of the cell wall matrix is 10 MPa and 20 MPa, respectively.

2.2 Numerical simulations of problem (5) for di↵erent boundary conditions and microfibril orientations
in the upper and lower parts of cell walls and in the side walls

Using the numerical results for the e↵ective elasticity tensor for di↵erent microfibril orientations, in this
section we consider di↵erent microfibril orientations in the eight subregions corresponding to the upper
and lower parts of the cell walls and di↵erent specifications of the turgor pressure p and tensile force f
in problem (5). We also consider two scenarios for the microfibril orientation in the side walls: (a) the
microfibrils are parallel to the cell walls and orthogonal to the x

3

-axis and (b) the layers of the microfibrils
are rotated through the cell wall thickness.

We consider two di↵erent choices for p in the boundary conditions in (5). For the pressure inside the
cells we set p = p�,j , j = 1, 2, with p�,1 = 0.209 MPa or p�,2 = 0.3 MPa, which are common values for the
turgor pressure in plant cells [?,?]. For the tensile traction condition in (5), following the experimental
results in [?], we consider the force f

ex

= 0.049 N acting on 1 mm of circumference plant tissue surface.
This corresponds to f = 0.614 = 2.938p�,1 MPa and f = 2.047p�,2 MPa, respectively. A similar value for
a force acting on the ends of a part of a cell wall was used in [?] by assuming that f = (r/2�)p�,1, where
r denotes the inner radius of the cell and � the thickness of the cell wall. For our geometry this formula
gives f = 4.48p�,1.

For the boundary conditions we considered the following four cases:

(BC1) Base case: p = p�,1 = 0.209 MPa and f = 2.938p�,1 MPa

(BC10) Di↵erent turgor pressure: p = p�,2 = 0.3 MPa and f = 2.047p�,2 MPa

(BC2) No tensile tractions: p = p�,1 and f = 0

(BC3) Di↵erent turgor pressures in neighbouring cells and no tensile tractions: p
1

= p
4

= p
5

= p
8

= p�
and p

2

= p
3

= p
6

= p
7

= 1.3p�,1, where p
i

, for i = 1, . . . , 8, is the pressure in cell i, and f = 0

For each of these boundary conditions we consider five di↵erent configurations of the microfibrils in the
eight subregions corresponding to the lower and upper parts of the cell walls, see Figure 8.
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3 Discussion and Conclusion

Our results indicate that in the case of (i) directed tensile forces applied to plant cells and tissues, (ii)
tissue tension created by di↵erent values of turgor pressure in the neighbouring cells, and/or (iii) the
staggered distribution of cells in plant tissues, the orientation of the microfibrils in the lower and upper
parts of the cell walls plays a role and may be important for the expansion and development of plant
tissues, see the grey columns in Tables 4, 5, 7–10. The orientation of the microfibrils in the upper and
lower parts of plant cell walls has a very small e↵ect on the elongation of the cells, but it influences
their radial expansion. Also, the qualitative impact of the orientation of microfibrils in the upper and
lower parts of cell walls on the deformation of plant tissues does not depend on the actual values for the
tensile forces and turgor pressure and the increase in tensile traction or turgor pressure results only in
the corresponding increase in the maximal values for the displacements.

The staggered distribution of cells in a plant tissue induce a di↵erent tissue tension than in the case
of a tissue without a shift in the positions of neighbouring cells. Also, the staggered distribution of cells
allows for larger deformations and larger values of the diagonal components of the strain tensor. This
can be explained by the fact that the upper and lower parts of the cell walls are not equilibrated by the
upper and lower parts from the neighbouring cells. The higher maximal values of the displacements in
the negative x

1

and x
2

-directions for the geometries with the staggered distribution of cells, compared to
the geometry without a shift in the positions of the neighbouring cells, constitute a noticeable di↵erence
between three geometries considered here. Also, for the geometry without a shift in the positions of
neighbouring cells along the x

3

-axis we have a uniform deformation of the side walls, whereas in the two
other cases we observe nonuniform patterns in the displacement and larger values of the displacement
occur near the lower and upper parts of the cell walls. The ability for larger and nonuniform deformations
can be favourable for plants and may be one of the explanations for the staggered distribution of cells in
plant tissues.

The orientation of microfibrils in the side walls has a strong impact on the deformation of the plant
cell walls and tissues. If the microscopic structure of the side walls is given by the layers of the microfibrils
rotated through the thickness of the cell wall, the maximal displacement in the x

3

-direction is reduced
by a factor of 14 compared to the case where the microfibrils are orthogonal to the x

3

-axis. The higher
values for the strain e

33

in the case of rotated microfibrils, compared to the case where the microfibrils are
orthogonal to the x

3

-axis, constitute a nonintuitive result, see Tables 4, 5 and 9 (the corresponding values
are coloured in brown). These large values for the strain e

33

may be important for some stress-related
signalling processes, e.g. related to the reorientation of microtubules [?]. Comparing Table 4 and Table 7
we also see that the presence of the tensile traction boundary condition causes the displacements in the
positive directions to increase by an order of magnitude.

We also obtain that the di↵erent pressures in neighbouring cells, which can be observed during the
growth process, influence the direction of the maximal displacement, see Table 7 (here the maximal
displacement in the x

1

-direction is due to pressure distributions).
Using the fact that for most cases considered here (besides the case (BC1), (C4) for the geometry

where all four pairs of cells are shifted relative to each other) the maximal values for the displacement
in the positive x

3

-direction occur on the plane x
3

= x
3,max

, we can calculate the relative displacement
(RD) in the x

3

-direction, defined by the maximal deformed length in the x
3

-direction divided by the
initial length in the x

3

-direction. This quantity can be related to the measurements of the changes in
the length (extension or compression) of strips or cylinders of an outer or inner tissue, respectively, due
to the elimination of tissue tension by separating them from the plant hypocotyl [?]. In our numerical
simulations we used the same tension at the boundary of the plant tissue as in the experiments. The
relative changes in the length obtained from our mathematical model range between 0.38% and 6.98%,
see Table 11, and are in relatively good agreement with the experimental results ranging between 0.3% and
4.99%, see Table 1 in [?]. The small relative changes in the length correspond to the case where no tensile

RD (BC1) parallel MF (BC1) no shift (BC1) 4 shifts (BC1) rotated MF (BC2) (BC3)
(C1) 1.06497 1.06396 1.06984 1.00456 1.00683 1.00816
(C2) 1.06452 1.06391 1.00462 1.00671 1.00823
(C3) 1.06234 1.06294 1.06680 1.00379 1.00672 1.00831
(C4) 1.06411 1.06320 1.00497 1.00696 1.00811

Table 11 The relative displacement (RD) is defined as the maximal deformed length in the x

3

-direction divided by the
initial length in the x

3

-direction.

forces were applied and to the case where the microstructure of the side cell walls was given by layers

Good agreement with experimental data on changes in inner or outer tissue length due to 
tissue tension elimination, Hejnowicz, Sievers, J Exp.Botany 1995:
 
                                relative displacement (RD) ranging between 0.38% and 6.98%         
                                                                     versus experimental data: 0.3% - 4.99% 

Comparison with experimental results  
on tissue extension and compression 
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modulus of the cell wall matrix is 10 MPa and 20 MPa, respectively.

2.2 Numerical simulations of problem (5) for di↵erent boundary conditions and microfibril orientations
in the upper and lower parts of cell walls and in the side walls

Using the numerical results for the e↵ective elasticity tensor for di↵erent microfibril orientations, in this
section we consider di↵erent microfibril orientations in the eight subregions corresponding to the upper
and lower parts of the cell walls and di↵erent specifications of the turgor pressure p and tensile force f
in problem (5). We also consider two scenarios for the microfibril orientation in the side walls: (a) the
microfibrils are parallel to the cell walls and orthogonal to the x

3

-axis and (b) the layers of the microfibrils
are rotated through the cell wall thickness.

We consider two di↵erent choices for p in the boundary conditions in (5). For the pressure inside the
cells we set p = p�,j , j = 1, 2, with p�,1 = 0.209 MPa or p�,2 = 0.3 MPa, which are common values for the
turgor pressure in plant cells [?,?]. For the tensile traction condition in (5), following the experimental
results in [?], we consider the force f

ex

= 0.049 N acting on 1 mm of circumference plant tissue surface.
This corresponds to f = 0.614 = 2.938p�,1 MPa and f = 2.047p�,2 MPa, respectively. A similar value for
a force acting on the ends of a part of a cell wall was used in [?] by assuming that f = (r/2�)p�,1, where
r denotes the inner radius of the cell and � the thickness of the cell wall. For our geometry this formula
gives f = 4.48p�,1.

For the boundary conditions we considered the following four cases:

(BC1) Base case: p = p�,1 = 0.209 MPa and f = 2.938p�,1 MPa

(BC10) Di↵erent turgor pressure: p = p�,2 = 0.3 MPa and f = 2.047p�,2 MPa

(BC2) No tensile tractions: p = p�,1 and f = 0

(BC3) Di↵erent turgor pressures in neighbouring cells and no tensile tractions: p
1

= p
4

= p
5

= p
8

= p�
and p

2

= p
3

= p
6

= p
7

= 1.3p�,1, where p
i

, for i = 1, . . . , 8, is the pressure in cell i, and f = 0

For each of these boundary conditions we consider five di↵erent configurations of the microfibrils in the
eight subregions corresponding to the lower and upper parts of the cell walls, see Figure 8.
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2.2 Numerical simulations of problem (5) for di↵erent boundary conditions and microfibril orientations
in the upper and lower parts of cell walls and in the side walls

Using the numerical results for the e↵ective elasticity tensor for di↵erent microfibril orientations, in this
section we consider di↵erent microfibril orientations in the eight subregions corresponding to the upper
and lower parts of the cell walls and di↵erent specifications of the turgor pressure p and tensile force f
in problem (5). We also consider two scenarios for the microfibril orientation in the side walls: (a) the
microfibrils are parallel to the cell walls and orthogonal to the x

3

-axis and (b) the layers of the microfibrils
are rotated through the cell wall thickness.

We consider two di↵erent choices for p in the boundary conditions in (5). For the pressure inside the
cells we set p = p�,j , j = 1, 2, with p�,1 = 0.209 MPa or p�,2 = 0.3 MPa, which are common values for the
turgor pressure in plant cells [?,?]. For the tensile traction condition in (5), following the experimental
results in [?], we consider the force f

ex

= 0.049 N acting on 1 mm of circumference plant tissue surface.
This corresponds to f = 0.614 = 2.938p�,1 MPa and f = 2.047p�,2 MPa, respectively. A similar value for
a force acting on the ends of a part of a cell wall was used in [?] by assuming that f = (r/2�)p�,1, where
r denotes the inner radius of the cell and � the thickness of the cell wall. For our geometry this formula
gives f = 4.48p�,1.

For the boundary conditions we considered the following four cases:

(BC1) Base case: p = p�,1 = 0.209 MPa and f = 2.938p�,1 MPa

(BC10) Di↵erent turgor pressure: p = p�,2 = 0.3 MPa and f = 2.047p�,2 MPa

(BC2) No tensile tractions: p = p�,1 and f = 0

(BC3) Di↵erent turgor pressures in neighbouring cells and no tensile tractions: p
1

= p
4

= p
5

= p
8

= p�
and p

2

= p
3

= p
6

= p
7

= 1.3p�,1, where p
i

, for i = 1, . . . , 8, is the pressure in cell i, and f = 0

For each of these boundary conditions we consider five di↵erent configurations of the microfibrils in the
eight subregions corresponding to the lower and upper parts of the cell walls, see Figure 8.
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2.2 Numerical simulations of problem (5) for di↵erent boundary conditions and microfibril orientations
in the upper and lower parts of cell walls and in the side walls

Using the numerical results for the e↵ective elasticity tensor for di↵erent microfibril orientations, in this
section we consider di↵erent microfibril orientations in the eight subregions corresponding to the upper
and lower parts of the cell walls and di↵erent specifications of the turgor pressure p and tensile force f
in problem (5). We also consider two scenarios for the microfibril orientation in the side walls: (a) the
microfibrils are parallel to the cell walls and orthogonal to the x

3

-axis and (b) the layers of the microfibrils
are rotated through the cell wall thickness.

We consider two di↵erent choices for p in the boundary conditions in (5). For the pressure inside the
cells we set p = p�,j , j = 1, 2, with p�,1 = 0.209 MPa or p�,2 = 0.3 MPa, which are common values for the
turgor pressure in plant cells [?,?]. For the tensile traction condition in (5), following the experimental
results in [?], we consider the force f

ex

= 0.049 N acting on 1 mm of circumference plant tissue surface.
This corresponds to f = 0.614 = 2.938p�,1 MPa and f = 2.047p�,2 MPa, respectively. A similar value for
a force acting on the ends of a part of a cell wall was used in [?] by assuming that f = (r/2�)p�,1, where
r denotes the inner radius of the cell and � the thickness of the cell wall. For our geometry this formula
gives f = 4.48p�,1.

For the boundary conditions we considered the following four cases:

(BC1) Base case: p = p�,1 = 0.209 MPa and f = 2.938p�,1 MPa

(BC10) Di↵erent turgor pressure: p = p�,2 = 0.3 MPa and f = 2.047p�,2 MPa

(BC2) No tensile tractions: p = p�,1 and f = 0

(BC3) Di↵erent turgor pressures in neighbouring cells and no tensile tractions: p
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and p
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For each of these boundary conditions we consider five di↵erent configurations of the microfibrils in the
eight subregions corresponding to the lower and upper parts of the cell walls, see Figure 8.
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g ," N| on @G \ �", t > 0,

where J"g = det(Fg ,"), linearised elasticity

S" = S"(x ,ru",Fg ,") = E"(x) e
ell

(ru",Fg ,")

with

e
ell

(ru",Fg ,") =
1

2

⇥

ru" F�1

g ," + (ru" F�1

g ,")
T + F�1

g ," + F�T
g ," � 2I

⇤

Growth dynamics

µ@tFg ," = Kj(x ,ru")Fg ,", j = 2, 3

Fg ,"(0) = I

Assumptions

I ↵
1

|A|2  E(y)A · A  ↵
2

|A|2, Eijkl = Eklij = Ejikl = Eijlk , E"
(x) = E(x/")

I K
2

, K
3

- bounded
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Plant tissue growth: A priori estimates
Boundedness of Fg ,", extension of u", rigidity estimate for ru":

k(ru"F�1

g ,")symkL1
(0,T ;L2

(G"
))

+ k@t(ru"F�1

g ,")symkL2

((0,T )⇥G"
)

 C

kFg ,"kL1
(0,T ;L1

(G"
))

+ kF�1

g ,"kL1
(0,T ;L1

(G"
))

 C

kru"kL1
(0,T ;L2

(G))

 C
1

+ C
2

k(ru"F�1

g ,")symkL1
(0,T ;L2

(G"
))

 C

Convergence:
u 2 L1(0,T ;H1(G )), u

1

2 L2(GT ;H1

per

(Y )), F 2 L2(GT ⇥ Y )

ru" * ru+ryu1 two-scale

(ru"F�1

g ,")sym * F two-scale

Assume:

Kj(x ,ru") = Kj

⇣

Z

B�(x)

S"(⇠,ru",Fg ,")d⇠
⌘

, j = 2, 3, � > 0 fixed

=) strong convergence Fg ," ! Fg , F�1

g ," ! F�1

g

Fg 2 L1(0,T ; L1(G ))



Plant tissue growth: Macroscopic equations

Ansatz:

u
1

(t, x , y) =
d
X

ij=1

@xiu
j(t, x)wij(y) +

d
X

ij=1

Fg ,ijv
ij(y) + h(y)

Macroscopic equations in G , t > 0:

div

⇣

Jg
h

E
hom

(F�1

g ) e(u) + E2

hom

(F�1

g )(Fg )sym + E3

hom

(F�1

g )
sym

i

F�T
g

⌘

= �|Yw |�1

Z

�

Jg P F�T
g Nd�

divy

h
E(y)(ru+

dX

ij=1

@xiu
j ryw

ij
)F�1

g )

sym

i
F�T
g = 0 in Yw

divy E(y)
h� dX

ij=1

Fg,ijryv
ijF�1

g

�
sym

�
�
FgF

�1

g

�
sym

i
F�T
g = 0 in Yw

divy E(y)
h�
rhF�1

g

�
sym

+

�
F�1

g

�
sym

i
F�T
g = 0 in Yw

A.Boudaoud, MP 2018 (work in progress)



Thank you very much ! 

Questions ?


