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nonlinear elasticity (hyperelasticity)

Z(u) := /Q W((Vu) — f-u (elastic energy functional),

where W is a non-convex energy density s.t.
e W(F) =W(RF) VF € R¥*¢ R € SO(d) (frame indifferent)
e W(Id) = minW = 0 (reference configuration = natural state)

e W(F) > adist?(F, SO(a)) VF € R**% (non-degeneracy)

u:Q — R
>
QCR? deformation u($2)




homogenization of non-convex integral functionals

T.(w) ::/vi(g,Vu(a:))da:

Suppose: W (y, F) U-periodic in y; & p-growth (p > 1)

Theorem: [MUller ARMA'87, Braides RAN'85]
Z. '-converges to Zhom(uw) := / Whom(Vu(x)) dx.
Q

e W convex = single-cell hom. formula & corrector

Whorn(F) = WOI(F) i=  min £ W(y, F+V6)) = { Wy, F+V - W)
oew () JO J

per

e /W non-convex = multi-cell hom. formula & no corrector

Whom(F) = inf  inf Wy, F 4+ Vo))
keEN pewl?(kO) J k[

per

effective properties analysis

notion of corrector V¢ = starting point for — (Large scale) regularity
§ quantitative homogenization



homogenization of non-convex integral functionals

T.(w) :=/QW(§,Vu(a:))da:

Suppose: W (y, F) U-periodic in y; & p-growth (p > 1)

Theorem: [MUller ARMA'87, Braides RAN'85]
Z. '-converges to Zhom(uw) := / Whom(Vu(x)) dx.
Q

e W convex = single-cell hom. formula & corrector

Whorn(F) = WOI(F) i=  min £ W(y, F+V6)) = { Wy, F+V - W)
oew () JO J

per

e /W non-convex = multi-cell hom. formula & no corrector

Whom(F) = inf  inf Wy, F 4+ Vo))
keEN pewl?(kO) J k[

per

Can we have Whom(F) = W@ (F) and a corrector?




Muller's counterexample

X macroscopic instability by buckling of microstructure

Layered (stiff/soft) elastic two-phase composite

= 3IF(compression) s.t. Whom (F)<WW(F)
1 3
LI

[MUller ARMA'87] [Geymonat, MUller, Triantafyllidis: ARMA'93]

Buckling pattern of a bended multi-walled nanotube (TEM image)

[Lourie et al., PhysRev.Lett. 98]




Commutability of homogenization and linearization at Id

[N (PhD-Thesis) 0], [Muller & N.: ARMA 'TT], [Gloria & N.: AIHP'T]

L4 Homogenization and linearization commute at Id

On the level of the energy density

W (y, Id+G)
= Whom (Id+G)

Q(v, G) + o(|G|?)
QW(G) + o(|G|?)

On the Llevel of energy functionals

T Lin T
L W(E Id+ hVe) — [Q(E, V)
lhom lhom

L [Whom(Id + hVe) —> [QD (V)

Similar statement for Id ~ F & SO(a) ?
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Validity of the single-cell formula for small strains

Assumption (A) on W : R? X R%*%¢ — [0, +00]:

Let p > d and o > 0. Suppose that

e W (y, F) is L-periodic in v,

o W(y, RF) =W(vy, F) VR € d (frame indifference),

e W(y,) = minW = 0 (reference configuration = natural state),

e W(y, F) > adist?(F, ¢) (non-degeneracy),

e W(y, ) is C3 close to SO(d) (regularity in F),

1
o a|F|P — = < W(y, F) (growth from below)



Validity of the single-cell formula for small strains

Theorem 1: (validity of the one-cell formula) [N. & Schaffner ARMA 18]

Suppose (A) and a regularity condition (R) on microstructure.

Then 3p > 0 s.t. for all F € R%*X% with dist(F, SO(d)) < p:

e (single-cell formula and corrector).
Whom(F) = WW(F) = ][D W(y, F + Vor) dy

for a corrector ¢ € Wpléf([l) (unique up to a constant).

e (regularity of Whom).
Whom is C3 in neighborhood to SO(d) and

DWhom (F)[G]= /D DW (v, F+Vor)[G] dy

D®Whom(F)[G, Gl=  inf / D2W (y, F+V )G + VU, G + V] dy
weHl (O) JO




Validity of the single-cell formula for small strains

Theorem 1: (validity of the one-cell formula) [N. & Schaffner ARMA 18]

Suppose (A) and a regularity condition (R) on microstructure.

Problem: (R) = Lipschitz estimate for monotone elliptic systems
We discuss 3 variants for (R) :
e (s| (R1) (smooth): W is C3 in neighbourhood of RZX SO(d).

(R2) (laminate): W(y, F) = W (vq, F).

(R3) (piecewise smooth composite)

Then 3

fo
Geometry of microstructure as in
o (r [Li & Nirenberg: CPAM03]
W (Lipschitz estimates linear systems)

" »




Quantitative two-scale expansion

Consider
Ze(u) = / W(Z, Vu) — f-udz,
Q
Thom(u) = / Whom(Vu) — f - udz,
Q

subject to affine boundary condition u(xz) = Gz on 82 (BC)

Theorem 2: (Quantitative two-scale expansion) [N. & Schaffner ARMA'8]

Let 7 > d. There exists o0 > 0. Suppose smallness of the data in
form of

A(F, G) = |Ifllre + dist(G, SO(a)) < .
(a) Zhom admits a unigue minimizer ug € WHP(2) subject to (BQC).
(b) Every minimizer u. € W, P(Q) of Z. subject to (BC) satisfies

lue — wollL2()+llue — (Uo + EVOvu, (D)) Hr()
S eXN(S, G).




Quantitative two-scale expansion

Consider
Z:(uw) = / W(Z, Vu) — f-udz,
Q
Thom(u) = / Whom(Vu) — f - ude,
Q
subject to u = g on 02 (BQO)
Theorem 2: (Quantitative two-scale expansion) [N. & Schaffner ARMA'8]

Let > d. There exists o > 0. Suppose smallness of the data,
NS g, 90) == Ifllcr+I119 — gollwar() + [l dist(Vgo, SO(Q))|[Le) < P.
where go € W27 (R?) satisfies — div DWhom(V go) = 0.
(a) Zhom admits a unique minimizer ug € W1P(2) subject to (BC).
(b) ALL ue € WJP(2) with (BC) satisfy
lue — UollL2()+llue — (Uo + EVOvu, (2)) Il H1()
< EEA(S, 9, 90) + (Te(ue) — inf Ze)?

T

+ (1 4+ IV 9oll (o)) IV Goll 72y + A(F, g, 90)).
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Quantitative two-scale expansion

Consider
Z:(uw) = / W(Z, Vu) — f-udz,
Q
Thom(u) = / Whom(Vu) — f - ude,
Q
subject to u = g on 02 (BQO)
Theorem 2: (Quantitative two-scale expansion) [N. & Schaffner ARMA'8]

Let > d. There exists o > 0. Suppose smallness of the data,
AT, 9, 90) = [Ifllcr@+Ilg — gollwero) + [ dist(Vgo, SO())|[Le@) < P.

where go € W27 (R?) satisfies — div DWhom(V go) = 0.

go
I

Q:=(0,1) X (-4, %)




Homogenization and linearization at strained equilibrium

[N. & Schaffner ARMA'8]

Our result implies: For dist(F, SO(d)) K 1, ue(x) ;= FT+edr(3)
is a equilibrium state (with positive energy):

—V - DW(E,Vue(z)) =0  D(Q).

Motivated by this, rewrite the elastic energy in terms of a displace-
ment @ € W,'P(Q) relative to ue:

Gen() = 1 / W(Z, Vue + hV) — W(Z, Vi) dz
Chom,n(®) = / Whom(F + AV @) — Whom(F) dz
Celin(p) = / —D*W(E, Vue(z)) [Vl dzx

Ghomtin(@) = /QEDQWhom(F)[V(,O]QdCC



Homogenization and linearization at strained equilibrium

Corollary 1: [N. & Schaffner ARMA'I8]

Lin ~ Jist(F,SO(d)) K 1, ue(z) == Fx+epr(2)
Gen  —>  Gelin ith positive energy): ;

[hom [hom |z Vu.z)) =0  DI(Q).

Lin
Chomh —>  Ghom,lin

commutes w.r.t. e the elastic energy in terms of a displace-
[ (L?)-convergence ive 1O Ueg:
Gen(p) = i/ W(E, Ve + hVe) — W(E, Vue) do
Gromn(9) = / Whom(F 4+ AV®) — Whom(F) d
Gein(0) = / I D2W(E, Vue(z)) [Vl do

Gromun(®) 1= /Q — D*Whom (F)[VQ]? dz



Comments on the proof of Theorem 1 (one-cell formula)

—» Matching convex lower bound

Lipschitz estimates for monotone systems



From non-convex to convex

Lemma (matching convex Lower-bound) [N. & Schaffner ARMA'8]
If (A), then 36, 4,0 > 0 and V : R% X R¥*? — R s.t.

e V(y, F) strongly B-convex in F, periodic in ¥
e BIFI?P— £ <V(y,F) < (A +|FI?)
o V(y,-) € C3(R¥*%)

® matching and Lower-bound property

W(y, F) +undet(F) > V(y,F) forall F e R
Wy, F) + udet(F) = V(y, F) for dist(F, SO(a)) < p

Variant of [Friesecke & Theil: JNonl.5ci.02 ], [Conti et al: JEMS06] (context: atomistic modeling).

det(:) Null-Lagrangian =>(W+u det)nom = Whom + i det



From convex to non-convex

Relate Whom and Vhom

® Poly-convex Lower bound:

Whom(F) > Vioh (F) — udet(F) for all F € Rexd

hom
® EXxploit matching property:

| dist(F + Vr, SO(@)l @) < 0
= Whom(F) = Viom(F) — pdet F = Wil (F).

hom hom

® Energy estimate:
| dist(F + Vér, SO@)lli2@) S dist(F, SO(a))

(not enough X).

e Exploit regularity condition (R) to get Lipschitz estimate for ¢r:

dist(F, SO(d)) < 1 = || dist(F + Vr, SO@))|l =@ < dist(F, SO(d)).
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(R3) (piecewise smooth composite)

W

Geometry of microstructure as in
[Li & Nirenberg: CPAM03]
(Lipschitz estimates linear systems)

[Byun, Ryu & Wang 10, Byun & Kim 16 & /]
(LP Gradient estimates for linear systems
and scalar monotone equations)

Comments on the proof of Theorem 1 (one-cell formula)

Matching convex lower bound

—» Lipschitz estimates for monotone systems



Assumption on (micro) geometry

® D := {Dy}scz is a laminate,
ing:{$€Rd’ che < zxT-e< hetr}
for a direction e € R% and
a strictly monotone sequence {hy}iez

@ D = {Dy}icz is (E, s)-regular (where 0 <
s < 1and E < o), ifitis a mutually disjoint
partition of R? and for all £ € R? there exists
a Laminate D, s.t.

1
sup r‘3<|87«|_1 Z |(DgAD:/E£)ﬂBT(CC)D2 < E,
o<r =y

where A denote the symmetric difference.

11



Class of monotone system

Strongly elliptic monotone system of class Ag (with B € (0, 1])
a € Ag iff @ : R%%% — R%X® satisfies for all F, G € R*¢

a(0) =0
BIF — G|? <(a(F) — a(G), F — G)
Bla(F) — a(G)| <|F — G|
BlDa(F) — Da(G)| <w(|F — G)) with w(t) = max{t, 1}

12



Class of monotone system

[N. & Schaffner]

Proposition 1: (Local Lipschitz estimate for monotone systems)
Suppose a is a (E, s)-regular coefficient field of class Ap

Given g > d, 3 K > 0 and c € [1, o0) such that:
Suppose 4 € H'(B;1) and f € L9(B;) satisfy

—V-a(z,Vu) =f in 2'(B1),
and the smallness condition

oo ifd=2
. VU < <_ -
1F o + IV Ullze) < {K, ifd >3

Then,
“vu”LOO(B%) < c(lIVullczs)y + 1 FllLas)-

13



Comments on the proof

e homogeneous case (a(xz, F) = a(F)):
ge-regularity statements: ( see e.g. textbooks [Giaquinta], [Giusti] )
Va € (0,1) e > 0 such that for any u a-harmonic:

2
|Vu — a|2> <e¢ (smallness condition)

E(Vu, Br) .= main <]i

R

= E(Vu, Br) < <%>a E(YVu, Br) (excess decay)

® e,-layered case:

— controll decay of V'u and a(-, Vu)eq
— combine with strong ellipticity = excess decay of Vu
e (E, s)-regular coefficients:

...are Locally close to lLayered coefficients. Perturbation argument
in the spirit of [Kuusi & Mingione '12], [Byun & Kim '17]

14



Application: Uniform Lipschitz estimates




Previous results for linear systems

e Lipschitz-estimate (strongly-elliptic, constant-coefficient system):

—V - -LVu=0 in2(B) = |[Vull?>,.,...<cH |Vul?
L>®(5B) B

® [Avellaneda, Lin '87]
Consider L € Co2(R%, R%") is periodic & uniformly elliptic.

Homogenization: (—=V-L(;)V)™' = (=V-LhomV)™!
Philosophy: Lift good regularity of Lo to Lg.
Uniform estimate: Ic < oo such that for all € € (0, 1):

— V- (LeVu) =0 in2(B) = ||[Vul|l’,, ... <cH |Vul|?
L>®(5B) B

® Recent developments: stochastic homogenization and Llarge-scale
regularity, e.g., [Armstrong, Smart '14], [Gloria, Neukamm, Otto '14], [Arm-
strong, Mourrat '16], ...

15



Uniform Lipschitz estimate

Consider

Ze(u) = /DW(f,Vu)—f-uda:,

subject to periodic boundary condition u € Gz + Wple'f([l) (pBCO)

Theorem 3: (Uniform Lipschitz estimate) [N. & Schaffner]

Let ¢ > d and €, = 2, n € N. There exists p > 0. Suppose
smallnhess of the data in form of

A(F, G) = |[fllLe@ + dist(G, SO(Q)) < p.

(a) (Existence & uniqueness) Z., admits a unique (up to a con-
stant) minimizer u. € W?(J) subject to (pBQC).

(b) (Uniform Lipschitz estimate & Euler-Lagrange equation) Ev-
ery minimizer ue, € W1P() of Z,, subject to (pBC) satisfies

| dist(Vue,, SO(a))|lL=@ < Cdist(G, SO(d)) + || fllLe@)

and
—V - DW(%, VUue,) = f in 2/(L1)




ldea of the proof

Suppose
V-a(z,Vu) =0 in 2(Br) with 1<K R

dv=v9(6,ad4) € (0,1) and K(B,d) > 0 such that if

N[=

N - B 5 +oo ifd =2,
E(Vu, Br) = Fé%]:xa (][BRlvu (F‘I'vd’F)l) S {/4 ifd>3

Then,

® [ arge-scale (intrinsic) excess decay: for all v/ € (0, “y)

_ v
E(Vu, By) <y (%) E(Vu, Br)  forallr> 1,

e Large-scale Lipschitz estimate: fg |Vul|? < f5_ |Vul?.

® Lipschitz estimate (all scales):
IVullimen S 1. IVul
Br

(here we exploit (E, s)-regularity of a) 17



Summary:

e One-cell formula and Corrector close to SO(Q)
e Uniform Lipschitz estimate for small data

e Estimate on homogenization error for small data

Outlook:

e quantitative homogenization/linearization close to rotations

® quantitative stochastic homogenization in nonlinear elasticity
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