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» Any countable semigroup in Tx embeds in a 2-generator
subsemigroup of Tx (Sierpinski, 1935)

» Any finite semigroup embeds in a 2-generator semigroup (BH
Neumann, 1960)
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Proof.
Embed S via St in Tx = T,, where n = |S|. Write
St = {ag, a1, ,a,_1}, where ap = ¢, the identity mapping in

Tn. We embed Sin T < PTz where Z =X x {0,1,2,--- ,n},
where we also put a, = ap.
(x,i)-a = (xj,0) (0 <i<n), (x,i)5=(x,i+1) (0 <i<n-1).

Then o = o2 and B"T! = 0, the empty map. O
Put A = 3"a; then A = t|x,(0}- Let v; = A3'a € T; then

(x,0) - vj = (on)-)\ﬂ"a = (x,O)-ﬁia =(x,i) - a=(x-a;,0),

and so a; — ; is a monomorphism of St into T.
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Other results in the literature

Theorem
(in McAlister, Stephen & Vernitski) T, may be embedded in a
2-generator subsemigroup T of T,.1.

Theorem

(Margolis) A finite semigroup S may be embedded in a 2-generated
semigroup T that is a Rees matrix semigroup T = M(S) over S
with a cyclic group adjoined as a group of units.

In both cases, the containing semigroup T is regular, so any finite
semigroup S embeds in a regular, finite 2-generator semigroup T.
Also Margolis shows that any (finite) n-generated semigroup
embeds in a (finite) semigroup generated by n+ 1 idempotents.
Hence any finite semigroup S embeds in a finite semigroup
generated by 3 idempotents.

Any semigroup (finite or not) generated by 2 idempotents has at
most 6 idempotents and no 3-element chain. (Benzaken and Mayr)
characterised all such semigoups.
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What is the next number in the sequence,

0,1,3,7,---7
It of course goes:
0,1, 3,7, 12, 20, 30, 44, 65, 80, 96, - - -

Definition

The MC sequence of non-negative integers begins mg = 0 and

m; > m;_1 is least such that there are no repeated differences
between any pairs in the sequence.

The construction for 2-generator semigroups has one principal
generator, «, containing copies of all mappings in S < PTx; dom «
and ran « consist of n copies of X; the second generator 8 moves
us around that cycle. The domain intervals are sparsely placed so
that products with multiple factors of « are defined for one interval
at most. The MC property ensures that unwanted products do not
arise - the main subsemigroup of T is a Rees-matrix semigroup over
S with identity matrix.
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» The Ingredients

St ={ag,01,+ ,an1} < PTx, ap = 4;
Z=Xx {0, 1,2,--- ,mz,,_l}, put m=14 mp,_1.
The generator 3 simply cycles (mod m) around the copies of X:

(x,i)-B=(x,i4+1)(0<i<mp1)

The principal generator « satisfies a® = 0 and acts only on the
intervals X x {mp;}:

(x, mpgj) - o= (x-aj,m;) (0<j<n—1)

» Structure of T = (o, 5):
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m-cycle,

Dg > Dy = {B"aB®:0 < r,s < m—1} is an H-trivial non-regular
D-class of order m?,

and D, > T; =2 (S x B)/I , where B is an m x m combinatorial
Brandt semigroup and / is the ideal S x {0} of S x B.

TIZ{)\(aiajak):OSiSn_la OS_],kSm—l},
(Xa.j) : )\(Oé,‘,j, k) = (X' aiak)'

E(T) = | EU(0,:) where E; = {\(e,i,i): e € E(S), 0< i< m—1}.
i=1

Corollary

Let S be a finite monoid with E(S) < S. Then S may be

embedded in a finite monoid T = («, B) as above such that E(T)
is a submonoid satisfying the same semigroup identities as E(S).
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The next construction looks to preserve regularity as well as the
idempotent structure. Here 3 is again a cycle but « now satisfies
a = a®. We now work with m; =2/ and m =1+ 2" as we need
a sequence where the MC property to hold for sums and differences
of more than two of its members. All additions in what follows are
now modulo m.

» The Ingredients

S ={ag,a1, - ,an_1} is as before but S is now assumed
regular: let o/ denote a fixed inverse of a;. The cycle 3 is formally
defined as before but, writing o} also as cj1, we define the
principal generator « as the self-inverse mapping:

(x,m) - a=(x-rn,Myn) (0<t<2n—1)

subscript signs are 4+ or — accordingas 0 <t <n—1or
n<t<2n-1.
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Structure of T = (v, 3)

Theorem

Again T is a disjoint union, T = Hg U D, U Ty but here

D, = {B"ap® : ¢ = 1,2} is a regular D—class with associated
principal factor isomorphic to the Brandt semigroup

MO[Zo, m, m, I,];

Ti={Nij,xtU{0} (0<i<n—-1,0<j,k<m-1}

E(T)=EUFU{.0} where
E={\eii):ecES),0<i<m—1},

F={Fa?7:0<j<m—-1}
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Theorem
(a) Any finite orthodox semigroup S may be embedded in a finite
orthodox semigroup T generated by two group elements.

(b) Any finite orthodox monoid S! may be embedded as a
semigroup in a finite 2-generated orthodox monoid T whose
subband of idempotents satisfies the same semigroup identities as
st

Corollary

(McAlister, Stephen and Vernitski) Every finite inverse semigroup
may be embedded is a finite 2-generated semigroup that is an
inverse semigroup.
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