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Reconstruction of Topology

Whether we can reconstruct the canonical topology of an
endomorphism monoid End (A) from its underlying abstract monoid
structure?

Automatic continuity

In which situations are homomorphisms or isomorphisms between
transformation monoids automatically continuous?
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Reconstruction of Topology

Whether we can reconstruct the canonical topology of a polymorphism
clone Pol (A) from its underlying abstract clone structure?

| A

Automatic continuity

In which situations are homomorphisms or isomorphisms between
function clones automatically continuous?
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Transformation monoids

@ For a set A, we denote by OS) := A% the set of all unary functions
on A and by
Tr (A)
the full transformation monoid on A.
@ The submonoids
M < Tr(A)

are transformation monoids on A.
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If we equip A with the discrete topology, then Tr (A) is a product space
of A equipped with the Tychonoff topology.

Pointwise convergence topology
Let / be an index set. For every finite J C land u : J — A:

U,u):={f: 1 —A|fl=u}.

A basis for the topology of A’ can be expressed as

Bowe = {0} U {U(J,u) | J C Ifinite A uc A'}.
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If we equip A with the discrete topology, then Tr (A) is a product space
of A equipped with the Tychonoff topology.

Pointwise convergence topology
Let / be an index set. For every finite J C land u : J — A:

U,u):={f: 1 —A|fl=u}.

A basis for the topology of A’ can be expressed as

Bowe = {0} U {U(J,u) | J C Ifinite A uc A'}.

Special case | = A, J = {a} e aQ"}, and we fix m elements
aé:u(aﬁ) eAfor1 <j<m.
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Topology on Tr (A)

A non-empty basic open set is:

Uu)={f: A= A|¥1<j<m:f(d)=u(d)=4a}.

@ Topological monoids are abstract monoids which carry a topology
under which the composition is continuous.

@ A transformation monoid M < Tr (A) is considered as a topological
subspace of Tr (A).
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Given a relational structure A = (A, (F:’A) Rez)’ where R* C A2(B) for
each Re Y. N

Endomorphism monoids

A function f ¢ OS) is called an endomorphism of A if
f:A™ A

The set of all endomorphisms on A is denoted by

End(A).
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Given a relational structure A = (A, (RA) Rez)’ where R* C A%(B) for
eachRe Y. B

Polymorphism

A function f € Oﬂ\k) .= A*" is called a polymorphism of A if
fo AR A
The set of all polymorphisms on A is denoted by

Pol(A) = | Pol® (A).

keN,
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fe ol ar (RA> =m
a1 aik flair ... aw)
fo . s , =
Mm m Mm
RA RA RA
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Topological closure

The submonoid M < Tr(A) is closed <= M = End (A) for some
relational structure A with domain A.
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Outline

Automatic homeomorphicity
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Definition (M.Bodirsky, M.Pinsker, A.Pongracz)

A closed monoid M < Tr(A) has reconstruction : <= for every other
closed monoid M’ < Tr (B), if there exists a monoid isomorphism
between M and M’, then there also exists a monoid isomorphism
between M and M’ which is a homeomorphism.

| A

Definition
A closed monoid M < Tr (A) has automatic continuity : <= every
monoid homomorphism from M into Tr (A) is continuous.

Corollary (D. Lascar (1991))

Any continuous isomorphism between closed subgroups of S, is a
homeomorphism.
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Definition (M.Bodirsky, M.Pinsker, A.Pongracz)

A closed monoid M < Tr(A) has automatic homeomorphicity : <=
every monoid isomorphism from M to a closed M’ < Tr(B) is a
homeomorphism.

Some monoids with automatic homeomorphicity:
Emb(N,=),Emb(I'),End ()

where ' = Random graph.
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Definition (M.Bodirsky, M.Pinsker, A.Pongracz)

A closed monoid M < Tr(A) has automatic homeomorphicity : <=
every monoid isomorphism from M to a closed M’ < Tr(B) is a
homeomorphism.

Some monoids with automatic homeomorphicity:
Emb (N,=),Emb (1), End(I'), End (Q, <), End (Q, <)

where ' = Random graph.

For groups, automatic continuity implies automatic homeomorphicity

Let A, B be countable. If Aut(A) has S.I.P, then
& Aut(A) — Aut(B)

is @ homeomorphism.
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We want to investigate the automatic homeomorphicity of

End(Q,<) End(Q,<)

Vargas E. Durham, July 25, 2015 14/33



i
UNIVERSITY OF LEEDS

We want to investigate the automatic homeomorphicity of

End(Q, <) End(Q, <) Pol (Q, <) & Pol (Q, <)

Constants
@ Forde@Q

¢q € E :=End(Q, <)
where cq(x) ;= d.
@ Anelementcc M < OS) is called a constant : <=

Vx,yeA:c(x)=c(y).

@ Theset C={g e E: (Vfe E) gf = g} is a definable subset of E.
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Proposition (M.Bodirsky, M.Pinsker, A.Pongracz)

Let A be a structure such that Pol (A) contains all constant functions,
and ¢ : Pol (A) — D be a clone isomorphism to a clone of functions D.
Then ¢ is open.
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Proposition

Let A be a structure such that M4 := End (A) contains all unary
constant operations, and § : M — Mpg := End (B) be a monoid
isomorphism. Then & is open.
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Proposition

Let A be a structure such that M4 := End (A) contains all unary
constant operations, and § : M — Mpg := End (B) be a monoid
isomorphism. Then & is open.

Leta,bc Aand Egp ={fe Mp|f(a)=b} ={fecMu|focs=cCp}

be a basic open set. Then, we show that ¢ (E, ) is open

§(Eap) ={&(f) | f € Manfoca=cCp}

={6(f) | fe Man&(foca) =E(Cp)} (since ¢ is inj.)
={{(f) | fe Man&(f)o&(ca) =&(cp)} (since € is ahom.)
={geMplgot(ca) =¢&(cp)} (since ¢ is surj.)

y
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A=1{0,1} B=N
My ={ida, co, C1} Mp = {idg, €9, €1}
Co(x)=0 0 ifx=0 (mod2)
eo(X): it x =
o (x) =1 1 ifx=1 (mod2)

2 ifx=0 (mod 2)
3 ifx=1 (mod2)

@ ¢ : My — Mg does not map constants to constants.

@ U={geMa|g(0)=0}={ida,co} and {[U] = {idg, o} are
basic open sets in M, and Mg, respectively.

v
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Lemma

P
~——
~—

LetS < (AA o) and T < <BB, o) be transformation semigroups and

¢: S — T be a semigroup homomorphism, whose im (§) < T acts
transitively on B (by evaluation). That is, for all x,y € B there exists
some fy, € S such that ¢ (fy ) (x) = y. In these circumstances & maps
any constant operation ¢ € S to a constant operation on B.

v
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Lemma

P
~——
~—

LetS < (AA o) and T < <BB, o) be transformation semigroups and

¢: S — T be a semigroup homomorphism, whose im (§) < T acts
transitively on B (by evaluation). That is, for all x,y € B there exists
some fy, € S such that ¢ (fy ) (x) = y. In these circumstances & maps
any constant operation ¢ € S to a constant operation on B.

| A\

Proof.
@ If ce Sisconstant, = cof=cforallfe S.
@ Forx,yeB: cofyy=c.

@ Forx,yeB: §(c)o&(fy) =E(cofyy) =¢€(0).

@ Evaluating at x € B: £(c) (x) = £(¢) € (fry) (X) = £(¢) (¥),
= £ (c) is a constant function.

D)
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Corollary

~——
P
~—

LetS < <AA,o , T< (BB, o) and ¢: S — T be a semigroup
homomorphism. Suppose S contains at least one constant operation,
then the following facts are equivalent:

@ im(¢) < T acts transitively on B (by evaluation).
@ im (&) contains all unary constants on B.
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Lemma

Assume,
e (C< <AA, o> contains all constant operations,

@ D < (BB, o) acts transitively,
@ ¢: C — D semigroup isomorphism,
then the image of any open subset of C under ¢ is open in BE.
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leta,bc A and Egp={fecC|f(a)y=b}={fecC|foca=cCp}bea
basic open set. Then, we show that £ (E, ) is open

§(Eap) ={&(f)| feCAfoca=cCp}

={{(f)|feCAnE(foca)=E(cp)} (since ¢ is inj.)
={{(f)|feCAnE(f)oé(ca) =& (cp)}  (since € is ahom.)
={geD|go&(ca) =¢(cv)} (since € is surj.)

={ge€D|go(cp)=cCq}-
(for some constants p, g € B, according to Lemma 5)

O

v
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Assume,

@ Consth C C < (AA o)

@ D < (BB o) acts transitively

@ ¢: C — D semigroup isomorphism,
then ¢ is continuous.

| \

Corollary
Assume,
@ Consty C C < (A4, o)
@ D < (BB, o) acts transitively
@ &: C — D semigroup isomorphism,
then & is a homeomorphism, moreover, both C and D, contain all

constant respective unary operations.
vargas E: Durham; July 25, 201521733
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Outline

Clones
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Clone
F € Oa = Uken, Oﬁ\k) is a clone (of operations) on A iff

Q@ JLLCF
© F is closed w.r.t. composition.

| \

Definition
A function ¢ : F — F’ is a clone isomorphism iff
@ ¢ is a bijection,
@ ¢ respects the arities, i.e. ar (¢(f)) = ar (f) forall f € F.
@vi<j<n ¢(n")=x"eF,
Q forfe F® g1,....9x € F{™ we have

E(fo(gt, - 9k) =E&(F)o(§(91),---,E(gk))
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Examples
@ J, Clone of all projections.
© O, Clone of all operations.

© Arbitratry intersections of clones are clones again.
Let F C O4. The clone generated by F is

(F)o, =[){Cisclone | F C C}

and it is the smallest clone containing F.
@ Pol (A) for some relational structure (A).

Vargas E. Durham, July 25, 2015
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If we equip A with the discrete topology, then Oﬁ\”) is a product space of
A equipped with the product topology.

Pointwise convergence topology
Let / be an index set. For every finite J C land u : J — A:

U,u):={f: 1= A|fl=u}.

A basis for the topology of A’ can be expressed as

Bowe = {0} U {U(J,u) | J C Ifinite A uc A'}.
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If we equip A with the discrete topology, then OE‘”) is a product space of
A equipped with the product topology.

Pointwise convergence topology
Let / be an index set. For every finite J C land u : J — A:

U,u):={f: 1= A|fl=u}.

A basis for the topology of A’ can be expressed as

Bowe = {0} U {U(J,u) | J C Ifinite A uc A'}.

v

Special case | = A", J = {(a},...,a;,) ,...,(aT,...,a,,m)},and we fix

melementsag:u(aﬁ,...,a’n) e Afor1 <j<m.
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Lemma (¢ is open)
Assume,
@ Constly C C < Op,
@ D <Opg,
@ ¢: C — D clone isomorphism,

@ (= ¢ [.¢1) semigroup homomorphism, such that im (&) acts
transitively on B.

Then, foralln >0 ¢[U] is open in BE" for all open U C C(".
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Lemma (¢ maps any n-ary constant to an n-ary constant)
Assume,

@ Constl C C < Og,

@ D < Og, clone

@ ¢: C — D clone isomorphism,

Then, the restriction & := ¢ [.¢) maps unary constants to unary
constants and ¢ maps any n-ary constant to an n-ary constant

Proof

| A

fe OS) constant,
= VX, yeA f(x)=1f(y) < fowsz) = fowgz). Hence,
e(fyor® =¢(Noe(n?) =g (for®) =¢(for) =¢(Nord.

= ¢ (f) is constant on B.

y
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Lemma (¢ is open)
Assume,
@ Const) C C < Op,
@ D <Opg,
@ ¢: C — D clone isomorphism,

e ¢: ¢ — DM s the restriction of ¢ to the unary part of the clones
and monoid isomorphism.

Then, ¢ is open and ¢ is open.

From last lemma we know

¢ : Pol(Q, <) “™%* D is open )
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We can apply the automatic homeomorphicity of End (Q, <) and
following proposition to show that

¢ : Pol(Q, <) *®=58* ¢’ is open |
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We can apply the automatic homeomorphicity of End (Q, <) and
following proposition to show that

¢ : Pol(Q, <) *®=58* ¢’ is open |

Proposition (32 BPP)

@ LetC be a topological clone on A (with the product topology) such
that (") acts transitively on A,

@ let & be an injective clone homomorphism from C to a topological
clone C’ (on another set B).

Suppose that the restriction & rgz(f)); ¢ — M) js open, then so is €.

v
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Lemma (¢ is continuous)

Assume,
@ Const) C C < Op,
@ D <O0Og,
@ ¢: C — D clone isomorphism,
@ & := ¢ [q semigroup isomorphism, and suppose D) = im (&)
acts transitively on B.

Then, foralln >0 ¢ '[U] is open in A*" for all open U € D", i.e. ¢
is continuous.
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John K. Truss talk

0:E:=End(Q, <) — Tr(Q)

may be viewed as semigroup action of E on Q.

Q=J

i€l

where Q; = {aj; | B [Q]"}, [Q]" := {AC Q| |A| = n}

° 4(9) (afa) = agg if geG:=Aut(Q,<)

o 0(f) () =d)y i feM:=Emb(Q,<)
f € E:=End(Q, <) with |fB| = B.

Vargas E. Durham, July 25, 2015
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6 is continuous and open

0:End(Q,<) = M <Tr(Q) ishomeomorphism.
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Thank you :)
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