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1. Find the limits of the following sequences as n → ∞, or show that the limit does
not exist. State explicitly every result that you use.

(i)

xn =
n2 + e−n

5n3
,

(ii)

xn =
(n!)2

(n− 1)!(n+ 1)!
,

(iii)

xn = n1+ 1
n (n−

√
n2 + 5)

2. (i) Find all real values of x for which |2x+ 1| ≤ |3x− 6|.
(ii) Using the standard triangle inequality |x+ y| ≤ |x|+ |y|, derive the following

inequality for any pair of real numbers a, b ∈ R:

| |a| − |b| | ≤ |a− b|.

3. (a) Give the (ε, δ)-definition of continuity of a function f : R→ R at a point x ∈ R.

(b) Using quantifiers, give the precise logical (ε, δ)-formulation that f : R → R is
not continuous at a point x ∈ R.

(c) Using the (ε, δ)-definition, show for any pair of functions f, g : R → R: If f is
continuous at x and g is continuous at f(x), then g ◦ f is also continuous at x.

4. (i) Let g : [0,
√

2π]→ R, g(x) = sin(x2). Calculate explicitly g−1([0, 1]).

(ii) Let f : [1,∞)→ R be defined as

f(x) =
3x+ 1

x(2 + cos(x))
.

Find infx∈[1,∞) f(x).
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5. (a) State the Completeness Axiom of the real numbers.

(b) Let (xn) be a bounded, monotone increasing sequence of real numbers. Using
the Completeness Axiom of the real numbers, show that (xn) is convergent.
Hint: Show first that the set {xn | n ∈ N} has a supremum and then show that
(xn) must converge to this supremum.

(c) Use (b) to show that the sequence (an), defined by

a1 = 0, an+1 = an +
sin2(n)

2n
for all n ∈ N,

is convergent. Hint: Use the geometric series and its limit

∞∑
n=0

cn =
1

1− c

for |c| < 1.

6. Determine whether or not the following series converge:

(a)
∞∑
n=1

(
n− 1

n5 + 2

)1/3

,

(b)
∞∑
n=2

(
n
√

log n
)−1

.

7. (i) Discuss the convergence of the series Σ∞n=1 [πn cos(πn)]−1.

(ii) Compute the radius of convergence of the power series Σ∞n=1an z
n,

where an = (4n)! (4n)−2n/(n!)2.

8. (a) Determine whether or not the following integral converges:∫ 1

0

√
x2 + 1

x
dx.

(b) Let f(x) = xp/
√
x5 + 1 for x > 0. Determine all the values of the real constant

p for which the integral
∫∞
1
f(x) dx converges.
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9. (a) Let (xn) be a real sequence. Prove that if the series
∑∞

n=1 |xn| converges, then∑∞
n=1 xn converges as well.

(b) Define a sequence of functions (fn) on the interval [0, 1] by

fn(x) = x2n/(1 + x2n).

Find the pointwise limit f(x) as n → ∞, and determine whether or not this
limit is uniform.

10. (a) Let (fn) be a sequence of continuous real-valued functions on the interval [0, 1],
such that fn → f as n→∞, uniformly on [0, 1]. Prove that∫ 1

0
fn(x) dx→

∫ 1

0
f(x) dx as n→∞.

(b) Determine whether the series

∞∑
n=1

n−1xn(1− x)

is uniformly convergent on the interval [0, 1]. (Hint: first compute the maxi-
mum of the function fn(x) = xn(1− x) on [0, 1].)
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