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1. (i) Find the modulus and principal argument of
1

(1 + i)10
.

(ii) Use de Moivre’s theorem to express sin(5θ) as a polynomial in sin(θ).

(iii) Find all complex solutions to the equation

z6 − 7z3 − 8 = 0.

(You may leave your solutions in polar form.)

2. (i) Calculate the limit of the sequence sn = n2

(
1

2n
− 1

2n+ 1

)
as n→∞.

(ii) Evaluate the limit lim
x→0

ln(cosx)

x2
, stating any standard results you use.

(iii) Use the definition

f ′(x) = lim
h→0

f(x+ h)− f(x)

h

to find the derivative of f(x) = x3/2 for x > 0 from first principles.

3. (i) Use Leibniz’ Rule to calculate the fourth derivative of f(x) =
cosx

x
.

(ii) Find the Taylor polynomial of degree 3 about the point x = π/4 of the function
f(x) = sin2 x.

(iii) The Taylor series for
√

1 + x about x = 0 is 1 +
1

2
x − 1

8
x2 + . . . , valid for

|x| < 1. Use this to calculate the limit

lim
y→∞

[√
y2 + y − y

]
.

4. (i) A plane passes through points A = (1, 1,−2), B = (3, 2, 1) and C = (3,−1, 1).
Find a vector which is normal to the plane and use it to find an equation for
the plane in the form ax+ by + cz = d.

(ii) Find the direction in which the function

f(x, y) = ex cos y + 2ey cosx

is increasing fastest starting from the origin (0, 0). What is the rate of increase
in this direction ?

(iii) Compute the divergence ∇·A and the curl ∇×A of the vector-valued function

A(x, y, z) =
(
x2eyz, y2ezx, z2exy

)
.
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5. (i) Determine all the critical points of the following function

f(x, y) = 3y − y3 − x2

and identify each as a local maximum, local minimum or saddle point.

(ii) Show that the following first order differential equation

(2y + x2 + 1)
dy

dx
= 6x2 − 2xy

is exact and find its general solution. (You may leave your answer in implicit
form.)

6. Find the general solution of the equation

y′′ + 6y′ + 9y = 9x2 + 12x− 7

and hence find the solution satisfying y(1) = 0, y′(1) = 3.

7. Consider the matrix

A =

 2 −1 0
−2 3 1
4 2 7

 .

(a) Determine whether or not A is strictly diagonally dominant.

(b) Determine whether or not A is positive definite.

(c) Express the matrix A in the form A = LU where L and U are triangular matrices
of the form

L =

1 0 0
∗ 1 0
∗ ∗ 1

 and U =

∗ ∗ ∗0 ∗ ∗
0 0 ∗

 .

8. Find the general solution to the following system of differential equations.

ẋ = −2x+ 6y,

ẏ = −2x+ 5y.
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