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SECTION A

1. (a) Faraday’s law in integral form states that

]{E-dx:—i/BdA,
c dt Js

where the closed curve C' is the boundary of the arbitrary surface S. Use this
to derive one of Maxwell’s differential equations.

(b) Gauss’ law in electrostatics states that fs eoB;dA; = fv pdV where S is the
boundary of the arbitrary volume V. Use this to compute the electric field at
distance r from the centre of a spherically symmetric charge distribution with
density

Q

- 27r(1 + r?)?

(You may assume the electric field points outwards from the origin).

P

2. A muon is an unstable particle. In its rest-frame it has a lifetime of 2 x 1079 s. A
muon is created in the atmosphere 800 metres above the surface of the Earth.

(a) What is the minimum speed it should travel at to reach sea-level. (Take ¢ =
3 x 10% ms™1.))

(b) If it travels to sea-level at this speed how long is its lifetime in the rest-frame
of the laboratory? In the rest-frame of the muon, what length of atmosphere
does it travel through?

3. In one inertial frame three events A, B and C have co-ordinates (z/}) = (1,1,1,1),
(zh) = (14,4,5,13) and (zf,) = (13,4,5,13).

(a) For each pair of events in turn state whether they are space-like, time-like or
null separated. What can you conclude about the ordering of each pair of
events in time?

(b) Two events occur in the same place in a certain inertial frame, and are separated
by a time interval of 3 seconds. What is the spatial separation between these
two events in an inertial frame in which the time separation is 5 seconds?
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SECTION B
4. Maxwell’s equations in empty space are
@Ej = 0, EjklakEl = —Bj, 8ij = 0, EjklakBl = EoluoEj .

Define the complex vector field F to have components F; = E; 4 icB; with ¢ =

1/\/fio.

(a) Use Maxwell’s equations in empty space to show that
i -
Gij = 0, €jklak}7[ - EF}

(b) Use these equations for F to show that F satisfies the wave-equation.

(c¢) Show that the equations for F are unchanged under the transformation F —
F’' = ¢F where 0 is a constant. How do E and B change under this transfor-
mation?

5. The transformation

is a Lorentz transformation if

1 0 0 O
0O -1 0 0

T : _
L'nL=n with n= 0 0 -1 o0
0o 0 0 -1

(a) Show that this condition is satisfied by

coshf —sinhf 0 0
. —sinh® coshd 0 0 _
0 0 01

and show how @ is related to the velocity of one frame relative to the other.

(b) Find the relation between 6y, 65 and 65 so that
L(6) L(6:) = L(0s) .

(c) Use the result in the last part to derive the rule for velocity addition in special
relativity. Two particles are travelling away from each other, one along the
positive z-axis, the other along the negative x-axis of an inertial frame in
which each has speed ¢/2. What speed does one particle appear to have in the
rest-frame of the other?
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6. In an inertial frame F' two particles with rest-mass m move along the z-axis from
opposite directions but with the same speed and collide head on. They fuse to form
a single particle with rest-mass M which then decays to produce two particles of
mass m moving in opposite directions along the y-axis. The two initial particles
have four-momenta p/ and p4 and the final two particles have four-momenta ¢; and

G-

(a) Show that M > 2m and that p; - po = q1 - ¢o.

(b) Show that pi-qi =p1-ga=p2-q1 =p2- o

(¢) Suppose that the initial particles are photons, so that m = 0 and the frequency
of the associated electromagnetic wave is given by the photon’s energy divided
by Planck’s constant v = E/h.
Suppose also that an observer is situated on the z-axis of F' at x = oo moving
with a velocity half that of light in the positive z-direction. Use the relativistic
Doppler effect to find the frequency the observer measures of the electromag-

netic wave associated with the photon moving towards the observer in terms
of M, h and c.
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