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SECTION A

1. A measurement operator A has eigenvalues n € {0, 1,2, 3} with normalised eigen-
states |n).

(a) If the system is in the pure state

1 1 7 1
NI-0)—=|D)+—7]2) ——|3
(G0 -5+ =1~ =)
for some N € C, what are the possible outcomes and associated probabilities
when measuring A.
(b) Calculate the expectation value of A in the above state.

(c) Describe what a mixed state is in general, and describe the specific mixed state
which has the same possible outcomes and associated probabilities as for the
pure state |¢) = N(|0) + |1)), for N € C, when measuring A.

Describe one way to distinguish a collection of a large number of such mixed
states from a large number of pure states [1)).

2. Consider a single qubit Hilbert space with orthonormal basis states |0) and |1)
represented by column vectors ( (1) ) and ( ? ) respectively.

(a) Find the density matrix for each of the following pure states:
1y (0} 11y 11
o) \1) B\1) B\i)"
(b) Find the density matrix for the following mixed state ensembles:
1\ . N (1
° ( 0 ) with probability 4, otherwise 7 ( 1 )

0 . e 1 .ooq (1
° < 1 ) with probability 3, otherwise 7 ( ; )

(c) What can be said in general about the values of Tr(p) and Tr(p?) for the density
matrix p of: a pure state; a mixed state?

Check your statements for one example from part (a) and one from part (b).
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3. (a) State the no-cloning theorem.
(b) Suppose a unitary operator U acts as U |Wg) = |¥) and U |®y) = |®) where
[Wo) = [9) @10), [¥) = [¢) @ |1h), |Bo) = |§) ©|0), [®) = [$) @ |¢), and [¢)),

|¢) and |0) are normalised states.

By considering suitable inner products show that the above unitary transfor-
mations are only possible if [¢)) and |¢) satisfy certain constraints.

(c¢) Find a unitary operator which acts as
U(Imy@0)) = @ln) . ne o1}

on the standard orthonormal basis states of a 2-qubit system.

You can write the operator in Dirac notation or using standard matrix notation.

4. Give a definition of the complexity classes P, NP and EXP.

For the factoring problem (given an n-bit number x, find its prime factors), a simple
algorithm is to consider each prime less than x and check whether it divides z. Which
class does this algorithm lie in?

Show that factoring also lies in the class NP.

5. Consider the quantum circuit

\fh)

|q0)

Determine its action on computational basis states. What is its action on the
superposition H®?|00)?

6. (a) Show that the subspace in a 3-qubit Hilbert space spanned by [001) and |110)
is a code subspace encoding a single logical qubit which allows for recovery
from single bit flip errors.

(b) Identify the error syndromes diagnosing the three possible bit flips.
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SECTION B

7. Consider a single qubit Hilbert space with orthonormal basis states |0) and |[1)
represented by column vectors ( (1) ) and ( (1] ) respectively.
(a) Explain why an arbitrary pure state can be represented by ( sin(6/2)¢
with 6 € [0, 7] and ¢ € [0, 27).

(b) Show that the density matrix of this state can be written in the form
p =3 (I +r0;) where

(10 (01 (0 =i /1 0
“No1) > \10)>%27\i 0 )3 o -1)"

What geometric interpretation of pure qubit states does this give?

cos(0/2) )

(¢) Define mixed states in general, and for a single qubit system, state how mixed
states are described geometrically in a similar way to the pure states in part
(b). In particular, state (without proof) how pure and mixed states are distin-
guished in this geometric description.

(d) Consider a pure state |¥) € Hy ® Hp in a general bipartite system. What
does it mean to say that |W) is separable or is entangled? How can these
two cases be distinguished by considering the reduced density matrix in either
subsystem?

(e) Suppose system A in part (d) is a single qubit system and
V) =al0) @[¥) +b[1) @ |¢)

where a,b € C and |¢) and |¢) are normalised.

Derive the condition for |¥) to be normalised and calculate the reduced density
matrix for system A.

(f) What is the entanglement entropy of |¥) in the case where:
e |¢) is orthogonal to |¢)?
 [¥)=19)?
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8. Consider a single qubit Hilbert space with orthonormal basis states |0) and |1)
represented by column vectors ( (1) ) and ( (1) ) respectively.

(a) If the system is in the state |¢)) = a|0) +b|1), what are the possible outcomes,
the probability of each outcome, and the final state after each outcome, of a
measurement:

.OfO'g—((l) _01>?
.OfO'lz(? é>?

(b) Now suppose Alice and Bob each have one qubit of a bipartite system in state
1Bo0) = = (10) @ [0) + [1) & [1)).
If Alice measures o3, what are the possible outcomes, the probability of each
outcome, and the final state after each outcome?

(¢) Suppose Bob measures o3 for his qubit after Alice’s measurement. How does
his result depend on Alice’s? Can Alice and Bob use this to communicate?
Justify your answer.

(d) What are the probabilities of each possible outcome of the measurements on
the state |Bgo) if:

e Alice measures o, and Bob measures o3?

e Alice measures o, and Bob measures o7

(e) Suppose Alice prepares a large number of states |5p0) and sends one qubit of
each to Bob. Using the results above, outline how Alice and Bob can construct
a secret random binary key.

Describe how Alice and Bob could detect any possible eavesdropping by Eve.
In particular, consider the possibility that Eve intercepts the qubits Alice sends
to Bob. Eve then decides to measure o3 and then forward each qubit to Bob,
but Bob cannot tell whether the qubit came from Alice or Eve.
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9. Consider the Quantum Fourier Transform, defined as the linear operator Upr on an
n qubit Hilbert space whose action on basis states |x), x =0,...2" — 1 is

2" —1

N 1 o om
UFT‘£> = TG Z €2mxy/2 ‘y>
y=0

(a) Show that we can rewrite the transform as a product of states for the individual
qubits,

~ 1 e
UFT’37> = W ®l:01 (’0> +C¥l|1>>7

where you should give a formula for the phases «.

(b) Show directly (that is, without assuming the unitarity of Upr) that for z # z,
Upr|z) is orthogonal to Upr|z).

(c¢) Consider a 3-qubit system, and consider the unitary transform U}TTOZJA] T,
represented by the quantum circuit below.

|42) —
lq1) = Urr UL,
l90) —

Show that this circuit implements the operation x — x + 2 mod 8.

10. Consider a function f(z), where x is a 3-bit number, which has two values a;, as
such that f(a;) = f(ag) =1, and f(x) = 0 for all other values.

(a) The state

v = B0 = =371
V/8 “

can be decomposed into a component [i), in the subspace H, spanned by
la1), |az), and a component |¢) | in the orthogonal subspace H . Give explicit
expressions for the unit normalized vectors

a — |¢>a —
” vV Walta)’ I

(b) Given a unitary Uy such that
Uslz) @ Im) = |z) @ [m + f(2)),

where |m) is the state of a single auxiliary qubit, construct an operation V
which reflects vectors in the Hilbert space about the subspace H . That is, if

IX) = [X)a + [X)L With |x)s € Ho and [x)1 € Ha,
VIX) = =|X)a+ X)L

(c) Show that if we have a vector in the two-dimensional subspace spanned by |a)
and | L), applying V' and

V)1
VL)

D =2l) (] =1
rotates the state in this subspace, and find the rotation angle.

(d) Give an algorithm to use this rotation to find one of the special values ay, as.
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